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PREFACE. 



Among recent English educational works suitable to a high 
class of students, the subject of Statics does not appear to 
me to occupy the position which its importance demands; 
and this fact must, of course, be mainly my apology for pub- 
lishing the present treatise. 

Although I have commenced at the very elements of the 
subject, the work is addressed to students who intend to 
pursue Mathematics beyond what is required at mere pass ex- 
aminations in the Universities — ^to those, for example, who 
compete for Honours, or for places in the pubHc service at the 
liigher competitive examinations. 

I may briefly indicate the object and method which I have 
pursued. 

Into the solution of every physical problem three concep- 
tions must, each to a greater or less extent, enter — namely, 
the Physical, the Geometrical, and the Analytical. The first 
of these is, of course, much the most important, and for this 
reason the student should from the outset be taught, so far 
as is possible, to form a correct physical conception of the 
problem which he proposes to solve. When the problem is 
stated to him in a general manner, he should learn to regard 
it as something which might actually occur in practice ; and 
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thus, having a clear conception of what is required, he should 
also learn to know what his data ought to be. In this con- 
nexion the conception of homogeneity in all ^ results is one 
of cardinal importance for the student. I have insisted on it 
from the outset, and have perpetually recalled the student's 
attention to the subject. From a clear physical conception of 
a problem the mind naturaUy seeks, in the first instance, for 
a geometrical solution, since, as compared with analytical, 
geometrical representations axe more proximate to physical 
quantities ; and this, of course, results from the fact that such 
quantities are, at the starting point of the science to which 
they belong, represented by geometrical magnitudes. 

Although invariably the neatest and most concise, the 
Geometrical method must, however, yield in power and gene- 
rality to the Analytical. Hence the importance of a thorough 
comprehension of the principles of this latter method. An 
exclusive adherence to either of these would be vicious, and 
therefore, whfle exhibiting the principles of both, I have freely 
passed from the one to the other whenever the solution of a 
problem was thereby simplified. In the hands of a master 
like Lagrange, who aimed at exhibiting the power and gene- 
rality of a new physical method, an exclusive use of the 
Analytical method was justifiable ; but it wiU, I am sure, be 
admitted that such a treatment of Statics is, generally speak- 
ing, extremely dry, uninteresting, and unphysical. 

So far as was possible in a treatise like this, I have excluded 
questions involving manifestly wild and improbable supposi- 
tions, not only because those which bear to some extent on 
practice are sufficiently numerous and interesting in them- 
selves, but also because the habit of thinking in a physically 
unreal world is very injurious to the student who may have 
to apply his theoretical knowledge to real problems. 
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At a very early stage I have introduced the conception of 
Virtual Work, in order to familiarise the student with its use 
in the more advapoed part of the subject. This title of the 
principle I have borrowed from CoUignon, Delaunay, and 
other French writers, as preferable to the name "Virtual 
Velocities," which is still retained in English treatises. The 
conception of Work is the most prominent in modem physics, 
and therefore, at the risk of being charged with prolixity, I 
have shown in the earliest chapters how all the conditions of 
equilibrium of a system may be obtained from the Principle 
of Virtual Work, independently of the usual mode of the re- 
duction of forces. 

In the chapter on Friction I have followed Mr. Jellett. 
Indeed, nearly the whole of this chapter is taken either from 
my notes of the lectures which he delivered in Trinity College, 
Dublin, or from his work on the Theory of Friction. All that 
is essential in the rational theory of friction had, however, 
been given long before with remarkable clearness by the Rev« 
Canon Moseley (see \m Illustrations of Practical Mechanics). 
The completeness of physical conception, and the neatness 
of the geometrical method employed by these writers, cannot 
fail to strike the reader as a great improvement on the ordi- 
nary treatment of this part of Statics. 

I have given an account of the fundamental principle of 
the method of Lagrange, and exemplified it in several prob- 
lems. The conception of this method was an enormous ad- 
vance in physics ; and although Lagrange did not express 
himself in modem phraseology, his method is easily seen to 
be the same as that of Potential Energy applied both to the 
external and to the internal forces of a system. To the 
exposition of this method considerable space has been devoted 
in the latter chapters of the book. 
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The vast importance of the theory of the Potential in the 
hands of such men as Gauss, Sir William Thomson, and the 
modem writers on Electricity, Magnetism, and Thermo- 
dynamics, rendered it absolutely necessary that considerable 
space should be devoted to the subject. I have accordingly 
applied it to the calculation of Attractions and to some of the 
fundamental principles of Electrostatics. 

In the theory of Attractions I have used the Potential 
method in preference to the Geometrical, although in many 
cases the latter is productive of much elegance. The danger 
of increasing the book to an undue extent rendered a choice 
necessary, and the great importance of the former method 
decided me to adopt it. 

It is characteristic of the system of " cramming " which 
has been called into existence by modem competitive exami- 
nations, that the applications of Mathematics, as exhibited in 
the solution of examples, are greatly negfected. A cause con- 
tributory to this objectionable system appears to me to exist 
in our mathematical treatises, many of which are almost 
wholly filled with unsolved problems and dry " book-work," 
which the student never learns to apply. 

I have, therefore, very largely illustrated the principles 
of the subject by solved examples, and I have attached at 
least as much importance to examples, all through, as to the 
abstract principles which they illustrate. In this respect I 
have taken a lesson from Walton, whose book of Mechanical 
Problems has done more than any other work to convey a 
knowledge of Statics and Kinetics to English readers. For 
the historical notices and references which lend such a charm 
to Walton's treatise, I had, I regret to say, no room. 

Another point which deserves to be noticed is, that I have 
not followed the example of many of the French writers, and 
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of Thomson and Tait, in beginning with a discussion of Kine- 
matics. Whether it woidd be more logical to do so or not, I 
have rejected this method as less simple for the begioner than 
the conception of rest. I have, indeed^ introduced as many 
fundamental kinematical theorems, in their proper place, as 
were necessary for the discussion of the displacements of 
bodies contemplated in the ordinary applications of the 
Principle of Virtual Work ; but, as I have not dealt with the 
strains of natural solids, an elaborate discussion of the geo- 
metry of such displacements (Kinematics) did not appear 
necessary. 

I have not put the usual prefix " elementary " to the 
treatise, although it will be seen that it does not deal with 
some of the higher portions of the subject, which are so pro- 
foundly treated of by Thomson and Tait. Indeed, the main 
object of the book is to supply to all but the select few who 
make themselves acquainted with the work of these great 
physicists a tolerably comprehensive view of Statics. 

That the book (especially in the earlier portions, which 
are always the most difficult to the author) contains faults, I 
am quite aware. I maybe charged with prolixity, as I have 
already said; but I have assmned that I am addressing 
beginners who work without much extraneous assistance. A 
desire to keep the treatise within proper boimds has compelled 
me to omit a formal chapter on Graphic Statics (although 
graphic methods are much used in the earlier portions), and 
also one on the Theory of the Strains and Stresses of Natural 
Solids. 

I have many friends to thank for their assistance. The 
proofs were all revised by Mr. Panton, F. T. C. D., and from 
him I have adopted very many hints as to examples and 
arrangement. Professor Wolstenholme very kindly placed 
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at my disposal his book of Mathematical ProblemSy from 
which I have "borrowed freely, with due acknowledgment. 
To Professor Reilly's extensive knowledge of mathematical 
sources I am very deeply indebted ; and, were it not for his 
assistance, the book would be much less comprehensive than 
it is. I must thank Mr. Eagles, not only for revising the 
proofs, but also for having taken the trouble to verify many 
of my examples : and, finally, among published works on 
the subject, none have afforded me more valuable hints than 
the admirable and elegant works of Collignon. 



Coopek's Hill, 
Mai/y 1877. 
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N. B. — Since Chapter XI. was written, I have learned that the results there 
arrived at, in connexion with the stability and instability of the equilibrium of 
a heavy body resting on a rough surface had been given previously by Mr. 
Routh (see Vol. xi. of The Quarterly Journal of Pure and Applied Mathematics y 
p. 102). 
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CHAPTEE I. 

THE COMPOSITION AND RESOLUTION OF FORCES ACTING IN ONE 

PLANE AT A POINT. 

I . Definition of Force. — Force is an action exerted upon a body 
in order to change its state either of rest or of moving uniformly 
forward in a right line. 

This is the definition of Force given by Newton (see 
Principia, Book i., Def. 4). 

2. Divisions of the Science. — The Science which treats of 
the action of Force on bodies is called Dynamics. Of this 
science there are two branches : the first treats of the laws to 
which forces are subject when they keep bodies at rest, and 
this branch is called Statics; the second treats of the laws to 
which the motions of bodies are subject when these motions are 
produced by given forces, and this branch is called Kinetics, 

3. Matter. — ^Matter is something which exists in space, and 
attests its presence by such observed qualities as extension, 
resistance, and impenetrability. 

A limited portion of matter is called a Body^ and the 
quantity of matter contained in a body is called its Mass, 

It was proved by Newton from experiments on pendulums 
that the weight of a body may be taken as a measure of its 
mass. 

4. Statical Measure of a Force. — The magnitude of a force 
is estimated statically by the weight which it is just capable 
of lifting vertically. When a body rests upon the groimd, 
we know by experience that a muscular eflEort is necessary to 
lift it. Hence we conclude that the body is "uig^A. tcm^jcftj^ 

B 



2 Composition and Resolution of Forces. 

the ground by some force. This force we call the weight of 
the body ; and we also observe that the larger the body (its 
material remaining the same), the greater is the muscular 
effort required to lift it ; or, in other words,, the greater is its 
weight. Muscular effort, therefore, gives us the conception 
of forces of different magnitudes, though it cannot be a very 
accurate means of comparing these magnitudes. If a cubic 
decimeter of water whose temperature is 4° is solidified, and 
then placed on the groxmd, the force to be exerted by the 
hand in just lifting it is called a kilogram. If double of the 
quantity of water be solidified, the necessary force is two 
kilograms, and so on. A force of 100 kilograms is one which 
is just capable of lifting vertically the weight of 100 cubic 
decimeters of water whose temperature is 4°. 

5. Ways in wliicli Forces are applied to Bodies. — We have 
just seen that a force may be applied to a body by the hand, 
the pull or muscular effort which we experience being the 
measure of the force applied. Force may also be applied to 
a body by means of a string which from some cause is 
stretched, the pull or temion of the string being precisely the 
same as the muscular effort of a hand. Again, we know that 
a piece of soft iron, if placed near a magnet, will rush towards 
it, and that to prevent it from doing so we must hold it, and 
experience a muscular effort. Hence the iron is urged towards 
the magnet by a force. This force we call attraction^ and for 
its production it does not appe^ to require anything inter- 
vening between the bodies. Since it produces a definite 
amount of muscular effort, it is, of course, capable of being 
estimated in kilograms, though the experiment might require 
great nicety. Of the same nature is the force exerted be- 
tween two electrified bodies, and also that exerted between 
the Sun and Planets. 

We do not require for our present purpose that such forces 
should be actually measured ; it is enough to conceive that 
they can be measured. 

6. Determination of Force. — ^A force, when acting on a 
particle, or very small portion of matter, requires two things 
for its determination. Firstly, before the force can be known, 
we must know its magnitude — that is, the number of kilo- 
grams which it is capable of just lifting vertically — ^and, 

secondljr, we must know the direction in which it acts. 
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7. Linear Bepresentation of Force. — ^It is very usual to re- 
present the magnitudes of physical quantities by the lengths 
•of right lines. Thus, a quantity of heat or light may be re- 
presented by the length of a right line, and in this way it 
may be compared with other quantities of heat or light. But 
a right line is a peculiarly fit representation of force, since it 
-can represent both characteristics of force, namely, magnitude 
and direction. Thus, suppose that a 
particle, (fig. i), is acted upon in the 
■direction OA by a force of 10 kilo- 
grams, and in the direction OB by a force 
of 15 kilograms. Then, measuring off 
OP to contain 10 units of length (sup- 
pose centimeters), and OQ to contain ^^' '* 

15 centimeters, the lines OF and OQ will represent both the 
magnitudes and directions of these forces, respectively. 

A force equal to P in magnitude and directly opposed to 
it would be represented in the figure by producing OA back- 
wards through to P', so that OP" = OP. The arrow-heads 
at the extremities of the lines indicate the directions in which 
the forces act along these lines. 

It is in virtue of such a representation of force that Dyna- 
mics becomes a science subject to the laws of Geometry and 
Algebra. 

8, Dynamical Axioms. — The following axioms may be 
received either as self-evident, or as results abundantly at- 
tested by experience : — 

(a.) Two forces of equal magnitudes applied to a particle 
in opposite directions are in equilibrium ; that is, under their 
influence the particle either remains at rest or moves uniformly 
in a right line. 

(/3.) The effect which two forces acting simultaneously on 
a particle tend to produce may be produced by the action of 
a single force, which is, therefore, called the Resultant of the 
two forces. 

(7.) The Resultant of two forces acting on a particle acts 
in the plane of the two forces. For there is no more reason 
why it should act at one side rather than at the other of this 
plaiie. 

(S.) The Resultant of two equal forces which act in any 
directions on a particle acts in the direction oi tti^ "VAa^ciX^T oil 

jB 2 




4 Composition and Resolution of Forces. 

the angle contained by the directions of the forces. If the^ 
two equal forces are P and Q (fig. 2), acting at 0, it is evi- 
dent that there is no reason why their Resul- 
tant should make a greater angle with the 
line OP than with OQ. 

(e.) If any number of forces act on a par- 
ticle in the same direction, their Resultant is 
equal to their sum ; and, conversely, a single J^»g- *• 

force (such as P, fig. 2) may be considered as compounded 
of any number of forces acting in its direction, if their sum 
is equal to the given force. 

(^.) When a force acts on a particle, the force will pro- 
duce the same effect if it be supposed applied at any point 
along a string connected with the particle, the string lying- 
in the line of action of the force. 
Thus, if a force of P kilograms (fig. 3) 
act on a particle, 0, in the direction 
0-4, P may be supposed to act at A 
or B on the end of a light string at- 
tached to 0. Imagine the particle 
to be connected with an indefinitely 
thin rigid membrane, ahc ; then any ^^* ^* 

force P acting on may be supposed to be directly applied 
to any point of the membrane in the line of action of P. 

This axiom is known as the principle of the transmissibility 
of force ; it is one of the fundamental principles of Rational 
Statics, and in most treatises on the subject, it constitutes the 
basis of the investigation of the conditions of equilibrium. 
It is essentially necessary to observe that it holds good only 
for a rigid body — ^that is, a body whose parts, under all cir- 
cumstances, must maintain constant distances from each 
other. Thus, if we suppose such a body about to he acted on 
by any set of forces given in magnitudes and directions, we 
can say, before the forces are actually applied at certain points in 
the body, that the effect will be the same if these forces are 
applied at any other points in their respective lines of direc- 
tion. On the contrary, if the body is deformable, we can make 
no such assertion. Take, for example, a set of parallel rulers, 
ABCD (fig. 4), of which the ruler CD is fixed, and suppose 
a force F to act on the ruler AB^ at the point a. If, previom 
/b /A^ action of the force, it were allowable to transfer its point 
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of application to 6, on the fixed ruler CD, it is clear that the 
system would remain at rest. But we know that the force jF, 
applied at a, will cause the ruler AB 
to move until the braces AD and 

CB are parallel to the direction of a 

F. However, after the deformahle ^ ''* 

body lia% taken up a position of equili" 

irium under the action of the forces^ 

-each f orpe may be transferred to any ^^' ^' 

point in its line of action, just as in the case of an indefor- 

mable body. 

There are no such things in nature as rigid bodies. Those 
which most nearly approximate to them are called natural 
-solids. It is most important that the student should keep 
these considerations in view. 

9, Statical Proof of the Parallelogram of Forces. — M. Ser- 
ret's. Two equal forces applied in opposite directions to an 
indeformable body, at two points which are in the same right 
line, produce no motion of the body. Let and ff be two 
points in a rigid body at which two 
«qual forces, JS, are applied in op- 
posite directions along Off (fig. 5). 
Then, by Axiom (2), since the body 
is rigid, the force ^ at C may be 
supposed to act at 0, where it is di- 
rectly opposed to an equal force in 
the opposite direction. Hence no 
motion* is produced in the body, ^ig- 5- 

and the forces at and (/ balance or equilibrate each other. 

Again, if at Otwo equal forces, P, act on an indeformable 
body, and at another point, (/, on the bisector of the angle 
POP^ two forces equal and parallel to the previous forces are 
applied, there will be no motion produced. For (Axiom (8)) 
the resultant of the forces at is a force acting in the bisec- 
tor of the angle at 0, and the resultant of those at (/ bisects 

* No visible motion is produced in an ordinary indeformable body, such as 
"we meet in nature, by the action of two equal forces acting in opposite direc- 
tions along the same line; but since the body is not perfectly rigid, such forces 
will produce internal strains and slight deformations, unless they are directly 
■opposed at a point. 
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the angle at (7. But these resultants, whatever may be their 
common magnitude, are obviously equal, and directly opposed 
along Off. Hence they equilibrate each other. 

If the two forces, P, acting at (/, were each reversed in 
direction with unaltered magnitude, it is manifest that their 
resultant would be reversed in direction, with unaltered mag- 
nitude, i. e., it would be exactly the same force as the resultant 
of the forces P at 0. This, again, amounts to saying that the 
system of two equal forces^ P, at 0, may be replaced by the 
sfystem of two equal forces^ P, at (7, the extremity of the diagonal 
of the lozenge. 

From this it is easy to see that — 

If two forces^ one of tchich is any integral multiple of the 
other y act on a particle ^ the direction of their resultant is the 
diagonal of the 2^arallelogram detennined by the tioo forces. 

For, let OA and OB (fig. 6) represent two forces acting- 
on a particle at 0, and l®t 
OA = n . OB, where n is an /— ^ ^ 5 

integer. Then, taking OAi = / 

A1A2 = A2A3 = . . . = OB, we ^ -^ 

can suppose that the force OA ' v a 

consists of n separate forces, ^^' * 

each equal to OB, the first, OAi, acting at 0, the second, AiAoy, 

acting at Ai, and so on. From B draw a line, parallel to OA^ 

and complete the lozenges as in fig. 

By what we have just seen, the forces OAi and OB may be^ 
replaced by BBi and AiBi, respectively. Again, A1A2 and 
AiBi may be replaced by P1P2 and A2B2 ; A2AZ and A2Bz 
may be replaced by P2P3 and A^z- Continuing this process 
of substitution until all the submultiples of OA are exhausted, 
it is clear that the force OA will be transferred to the position 
Bff at the same time that the force OB is transferred to the 
position Aff. But the point of intersection of the directions 
of two forces is a point on their resultant. Hence (7 is a 
point on the resultant of OA and OB, and therefore this re* 
sultant must act in the line 00\ 

In exactly the same way it can be shown that if the forces 

OA and OB (fig. 7) bear to each other the ratio of any two 

integers, the diagonal. Off, is the direction of their resultant. 

For let OA be m times a certain unit and OB, n times this unit» 
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Divide OB into n equal parts, 0-Bi, -81^2, . . . , each part being 
the unit referred to. 

Then the force OB can be con- 
sidered as composed of n equal 
forces OBxy B1B2, . . . acting at 
0, J?i, J?2, . . . respectively. By 
what we have proved, the forces 
OA and OB can be replaced by ^ p- 

the forces Bi Oi and A Oi. Again, 

the forces jBiOi and B1B2 can be replaced by the forces JB3O2 
and O1O2. Continuing this process of substitution, it is clear 
that the force OA will be transferred to the position jBC, 
at the same time that the force OB is transferred to the posi- 
tion AO^. Hence (X is a point on the resultant. 

10. Extension of the Reposition to Incommensurable 
Porces. — ^All that was needed to prove the proposition for two 
forces was that each force was a multiple of some unit, whe- 
ther that unit was great or small. Now, it is clear that in 
the case of any two quantities, P and Q, which do not bear 
to each other the ratio of any two finite whole numbers, one 
of them (Q, suppose) may be divided into an immense num- 
ber of equal parts, each part being extremely small, and that 
if each of these parts be successively taken away from P, 
there will be a remainder of the same order of magnitude as 
that of the part itself, i. e., the remainder will be indefinitely 
small. Suppose OB (or Q) has been divided into n indefinitely 
small parts, each denoted by u, and that u is contained in OA 
(op P) m times with a remainder, r, less than u ; then 

Q = n .u 
P=m.u + r. 

Take OA^ = mu, and .•, AA' = r. Then the resultant of 
OA^ and OB goes -^ through 0". 
But by diminishing the unit, u, 
the remainder, r, or AA\ may be 
made as small as we please ; that 
is, the force OA^ may be made as ^ . ^'^ 

nearly equal to OA, and, conse- ^^s- ^• 

auently", the point &^ as close to (/, as we please. Whence 
iie proposition. 
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Fig. 9. 



1 1 . Theorem. — The direction of the resultant of two given 
forces being known, its magnitude is determined. 

Let it be granted that the resultant of P and Q acts in 
the diagonal, Off (fig. 9), of the parallelogram determined 
by P and Q, Measure back- 
wards through a line, OR^ 
the length of which repre- 
sents the magnitude, ft, of 
the resultant. A system of 
forces acting at 0, represented 
in magnitude and direction ^ 
by P, Q, and R, will evidently 
be in equilibrium. Each force is, therefore, equal and oppo- 
site to the resultant of the other two. If, then, we consider 
P as equal and opposite to the resultant of Q and iJ, OP^y the 
production and equal of OP, must be the diagonal of the 
parallelogram determined by Q and R. Now, since OQP^R 
IS a parallelogram, OR = P'Q; and since OP'Qff is a paral- 
lelogram, P^Q^Off; therefore OR = 00'.— Q. E. D. ^ 

12. Besolution of Forces. — Having proved the principle 
of the Composition of Forces, the principle of the Resolution 
of Forces at once follows. If two forces, P and Q, are equiva- 
lent to a single force Off « R (fig. 9), it is evident that the 
single force R acting along Off can be replaced by the two 
forces P and Q, represented in magnitude and direction by two 
adjacent sides of a parallelogram of which OO' is the diago- 
nal. Since an infinite number of parallelograms of each of 
which Off is the diagonal can be constructed, the force R can 
be resolved in an infinite niunber of ways into two other 
forces. These forces are called the components of R. 

1 3 . Proper Representation of Forces. — ^In representing the 
resultant of two forces which act together at a point, 0, the 
student should be careful to draw the 

two forces acting from the point. ^ 
Thus, if of the two forces, P and Q, 
one, P, is represented as acting from 
0, and the other towards 0, we must 
produce the line QO to Q', so that 
O^y = OQ; completing, then, the pa- 
rallelogram OPRQfy its diagonal, OR, 




Fig. 10. 



win represent in magnitude and direction the resultant of 
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P and Q. The marking of forces with arrow-heads will ex- 
liibit the directions of the forces in any particular problem. 

14. Relations between three Forces in Equilibrium. — 
When three forces maintain k particle in equilibrium, each force 
is equal in magnitude to the resultant of the other two, and 
Acts ii\ the direction exactly opposite to this resultant. Thus, 
in fig. 9,. each of the lines, OP, OQ, and OR, which repre- 
sent in magnitude and direction the forces P, Q, P, is equal 
and opposite to the diagonal of the parallelogram determined 
by the two remaining Hues. 

This enables us to express the relative magnitudes of three 
forces in equilibrium by means of the three angles between 
them. For (fig. 9) the forces P, Q, R are equal in magni- 
tude to the lines OP, POf, ffO, respectively. Now, since 
the sides of a plane triangle are to each other as the sines of 
the opposite angles, we have 

OP\Pa:aO = sin PffO: sin ffOP : sin OPff. 

AAA 

Denote by PQ, QR, RP, the angles between the direc- 
tions of the forces P and Q, Q and P, R and P, respectively. 
Then, evidently, 

sin PaO = sin QOff = sin QOR = sin QP ; 

sin a OP = sin ROP = sin RP ; sin OPff = sinPOQ = sinPQ. 
Hence we have the fundamental relations 

P : Q : P = sin QP : sin PP : sin PQ. 

It may, perhaps, assist the 
beginner to mark the angle 
opposite to each force by the 
corresponding small letter (fig. 
11); and then the proportions 
lyetweeii the forces may easily 
be remembered in the form 

P : Q : R = sinp : smq : sin r. (a) 

Since the sides of the triangle OPO" (fig. 9) are con- 
nected by the equation 

Off' = op'-20P. pa cos opo' + pa\ 
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we have evidently 

E' = P' + 2FQ cos FQ + Q\ 

an equation which gives the magnitude of the resultant of two 
forces in terms of the magnitudes of the two forces and the 
angle between their directions, the forces being represented by 
two lines, both drawn //-owi the point at which they -ect, as in 

A 

Art. 13. If FQ = o, the above equation gives F = F + Qy 
or the resultant of two coincident forces is equal to the sum 

A 

of the forces. If PQ = tt, J? = P <-' Q ; or, the resultant of twa 
forces which act at a point in exactly opposite directions ia 
equal to the difference of the forces. 

15. Theorem. — // ant/ one set of forces (P, Q, R) acting- 
in three given directions are in equilibrium, all other sets acting 
in equilibrium in the same directions are merely multiples of the 
set {F,Q,R),^^^ 

For, let the given directions make angles p, q, r, with each 
other in pairs, and let the sets (P, Q, R) and (F, Q', R^) 
acting in these directions be separate systems in equilibrium* 
Then we have 

P : Q : jB = sinjt? : sin ^^ : sin r 
and P' : Q' : jR' = sin jo : sin g' : sin r. 

Therefore, P : Q : P =P' : Q' : P', or ^ = ^ = ^. Hence 

F Q R 

the forces P', Q', Rf are separately proportional to P, Q, P> 

and therefore the former set is not essentially distinct from 

the latter. This theorem is equivalent to the statement — 

when we have deter?nined any one set of forces in equilibrium 

in three given directiotiSy we have determined all such sets. 

Thus, if we know (see example i, p. 14) that three forcea 

acting along the bisectors of the sides of a triangle drawn from 

the opposite angles, and proportional to the lengths of these 

bisectors, are in equilibrium, we know that this is the onli/ 

set in equilibriimi in these directions. 
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EXA3IPL£S. 

1. Find the magnitude of the resultant of two forces of lo kilograms and & 
kilograms, which act at an angle of 105°. 

Ans. 5 = 2 V 41 - 10 (V6 - V2) = 1 1.06 kilograms. 

2. Two forces, F and Q, of which P is given, act at an angle of 600 ; givoa. 
the magnitude of their resultant, E^ find the magnitude of Q. 

2 

From this it appears that E cannot he less than . P; explain this re- 

2 

suit hy a figure. 

3. Two forces, Pand Q, inclined at an angle of 120", have a resultant, JR ; 

when they are inclined at an angle of 600, the resultant becomes n times as great- 

&} before ; show that 

E 

^^TJz (a/sw* - I -I- \/3 -'*') 



and Q = 



E 



Q = ^ (v^S^**- 1 -v^S -/*-)• 



4. If two forces, acting at a given angle, he each multiplied hy the same- 
number, show that their resultant is also multiplied hy this number and un- 
changed in direction. 

5. Two forces act at an angle ; each force hecomes n times as great as- 

hefore, and the angle hetween the forces is reduced to — : each of these latter 

forces again hecomes n times as great as hefore, and the angle hetween them 

reduced to — . It is observed, that in all these cases the magnitude of the resul- 

4 
tant is unaltered. Show that 

« = 4 cos-i ^9 + 4>>' - I 

6. Two chords, OA and OB, of a circle represent in magnitude and direc- 
tion two forces acting at the point ; show that it their resultant passes through 
the centre of the circle, either the chords are equal or they contain a right 
angle. 

7. Find the components of a force, P, along two directions making angles^ 
of 30" and 45* with P on opposite sides. 

2P ^ pVI 

Ans, r, and -r 

I + V3 1 + V 3* 

8. Show that a force represented in magnitude and direction hy the diameter 
of a circle may he resolved into two rectangular components represented by 
any two rectangular chords of the circle drawn from the extremity of the 
diameter. 
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9. Two rectangular forces, PandP\/3, act on a particle lying on the 
ground. If P makes an angle of 30° with the horixon, show that the particle 
will have no horizontal motion. 

10. Three forces equal to P, P + Q, and P— Q, act on a particle in directions 
mutually including an angle — ; find the magnitude and direction of their 

resultant. 

11. Being given that the magnitude of the resultant of two given forces is 
represented by the diagonal of their parallelogram, prove that its direction is 
also represuDted by this diagonal. 

12. Two supplemental chords of an ellipse, drawn from a fixed point on the 
circumference, represent in magnitude and direction two forces ; show that, 
however the chords vary, the resultant force is fixed in magnitude and direction. 

16. Theorem. — Many examples like the last can be most 
easily solved by the following Theorem : — 

If two forces acting at a point, 0, are represented in mag- 
nitude and direction by OB 
and n . OA^ their resultant is 
represented in magnitude and 
direction by (w + i) , OG, the 
point G being taken on AB so 
thsitBG = n.AG. *'^- '"' 

For, produce OA to C so that OC = n . OA. Then the 
two forces acting at are represented by OC and OB, Com- 
plete the parallelogram OCRB, Then the diagonal OR is 
the resultant force. Now, considering the line OR as a trans- 
versal drawn across the sides of the triangle ABC, we have, 
by geometry, 

CO CM BG BG ^ ^^^ ,^^ 

-TT — = — m . T^T-; = ^ J, because VM — MB. 
OA MB GA GA' 

Hence BG = n.AG, because, by construction, CO = n . OA, 
Again, drawing GN parallel to OB, 

OROC^qC^ OA _ w4j[ _ 
OG" 0N~ OA' ON'""' n '"'^^^ 

OA BA w + I 




€mce 



ON BG n 



Therefore, the resultant passes through the point G, deter- 
mined so that BG = n .AGy and is in magnitude = (n + i ) . OG. 

— a :b. d. 

Ajs a particular case, the resultant of two forces repre- 
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sented by OA and OB passes through the middle point of 
ABy and is equal to twice the line joining to this point. 

If the two forces are equal to n . OA and m . OB^ the 
resultant passes through the point G determined so that 

— ^ = — , and is represented on the same scale by {m + w) . OG. 

For, diminishing the scale to which the forces are drawn 

in the ratio of m : i , the two forces will be represented by 

ft 
OB and — . OA, It then follows, by what precedes, that the 

'n 
resultant acts through a point G^ such that BG = — > AGy, 

(n \ 
and is equal in magnitude to f — + i ]. OG^. If, now, we re* 

vert to the original scale, this must be multiplied by m, and 
we have for the resultant {n + w^) . OG, — Q. E. D. 

17. Graphic Bepresentation of the Besultant. — If several 
forces, Pi, P2, . . . act together on a point, their resultant 
is f oxmd thus : — Take the resultant 
of Pi and P2 ; compounding this re- 
sultant with P3, we get a new force 
which is the resultant of Pi, P2, and 
P3 ; compounding this force with P4, 
we get the resultant of Pj, P2, P3, an(f 
P4 ; and carrying on this process 
until all the forces have been used, 
we obtain in magnitude and direc- 
tion the resultant of the whole sys- 
tem. 

Let /7i be the middle point of the ^^* '^* 

line P1P2J which joins the extremities of the first two forces* 
Then the resultant of Pi and P2 is represented in magnitude 
and direction by 2 . Og^, Compounding the force 2 . Og^ with 
P„ we get a resultant represented in magnitude and direc- 
tion by 3 . Og% (Art. 15), where g-i is a point on g^P^ such 
that P3^2 = 2 . ^1^2. Again, the resultant of 3 . Og^ and P4 is 
4 . 0^3, where g^ is the point on P4^2 such that P4^3 = 3 . ^2^3. 
If there are n forces acting on 0, and if G is the last point 
determined as above, the resultant is represented in magni- 
tude and direction by n . 00. 
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Def. — The point (r, thus determined, is called the " centre 
of gravity" of the system of points Pi, P2 . . . P«. 

Cor. I. — If the point, 0, at which the given forces act 
is the centre of gravity of the extremity of the forces Pi, 
P2, . . . Pn^ the resultant force vanishes, and the point is 
in equilihrium. 

Cor. 2. — The more advanced student will perceive that if 
at the points Pi, P2, , , , Pn there be placed equal particles, 
each of mass ;w, and if each of these particles attract or repel 
the particle with a force proportional to m and to the dis- 
tances OPi, OP2, . . . OPn^ lespectively, the resultant attrac- 
tion or repulsion on will be nm . 0(?, or M . 0(?, where 
M = the sum of the masses and G is their centre of gravity. 

Cor. 3. — If the attracting or repelling particles form a 
continuous body, of mass Jf, and the law of attraction or re- 
pulsion is that of the direct distance, the resultant attraction 
or repulsion will be M . 0(r, acting in the line 0(?, where O 
is the centre of gravity of the body. 

This important result is, therefore, seen to be a simple 
consequence of the theorem in this Article concerning the 
resultant of a number of forces acting on a particle — a theo- 
rem which was first given by Leibnitz. 

Examples. 

1. Find a point inside a triangle sucli that if it be acted on "by forces repre- 
«ented by the lines joining it to the vertices, it will be in equilibrium. 

Ana, The intersection of the bisectors of the sides drawn jfrom the oppo- 
site angles. 

2. Pi, P2, . . . Pn are points which divide the circumference of a circle 
into n equal parts. If any point, Q, taken on the circumference, be acted upon 
by forces represented by QPu 0^2, . . . QPny show that the magnitude of 
the resultant is constant wherever Q is taken on the circumference. 

It is « . QO, being the centre of the circle. 

3. ABCh a triangle, and Pis any point taken in the plane of ABC: Pis 
acted on by forces FAj P5, TC, If the magnitude of the resultant is constant, 
find the locus of P. 

Ans, A circle described round the centre of gravity of the triangle. This 
result is true for an assemblage of particles forming a mass of any 
figure in two dimensions; in three dimensions, the locus is a sphere. 

4. Two forces are represented by two semi-conjugate diameters of an ellipse ; 
prove that their resultant is a maximum when the diameters are equidL 
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5. ABCD is a quadrilateral of wluch A and C are opposite vertices. Two 
forces acting at A are represented in magnitude and direction by the sides AB 
and AD ; and two forces acting at C are represented in magnitude and direction 
by the sides CB and CD. Prove tbat the resultant force is represented in mag- 
nitude and direction by four times the line joining the middle points of the 
^diagonals of the quadrilateraL 

6. is any point in the plane of a triangle, ABC^ and D^ E^ F are the middle 
points of the sides. Show that the system of forces OA^ OBj OC is equivalent 
to the system OD, 0£, OF. (Wolstenholme, Book of Mathematical Problems.) 

7. If be the centre of the circumscribed circle of a triangle, and ABC, 
and Z the intersection of perpendiculars from the angles on thf sides, prove that 
the resultant of forces represented by LA, LB^ and LG will be represented in 
magnitude and direction by %L0. (Wolstenholme, ibid.) 

If G is the centre of gravity of the triangle, the resultant is 3 . LQ (Art. 16) ; 
but this, by a well-known theorem in Geometry, is 2 . ZO. 




18. Grapliic Representation of the Kesultant. — There is 
another mode of exhibiting the resultant of a number of 
forces acting in one plane on a particle. 

When two forces, OA and OB ^fig. 12, p. 12) act at 0, 
their resultant is the diagonal of the parallelogram OCRS ; 
or, again, it may be considered as the 
third side of the triangle determined 
hj OC and CRy the latter line being 
•drawn from the extremity of the force 
OC parallel to the other force, OB. 

Let any number of forces, OA, OBy 
OC, OB (fig. 1 4), act at 0. Then draw- 
ing oa I fig. 15) parallel and equal (or 
proportional) to OA, and from the ex- 
tremity a drawing ah parallel and equal (or proportional, on 
the same scale) to OB, the resultant of 
the forces OA and OB is represented by 
ohy the third side of the triangle oah, (Of 
course the resultant acts at 0, and is pa- 
rallel to oh). Again, drawing he parallel 
and equal (or proportional) to OC, the 
resultant of oh and he is oc. Compound- 
ing this with cd, which represents OD in 
the above manner, we get the resultant 
of the whole system represented in mag- '^" ^^' 

nitude and direction by ody the last side of the poVygou oobcd. 



Fig. 14. 
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Hence to represent the resultant of any number of forces 
acting at a pointy — 

Take any pointy o, and draw the sides of a polygon succes^ 
sively parallel and equal {or proportional) to the forces acting at 
; then the last sidCy or that which is required to close up the 
polygony represents in magnitude and direction the resultant of 
the system, 

CoR. I. — If the last vertex, d, of the polygon of forces 
closed up into o, the side od would vanish, or the resultant 
force would vanish ; that is, the system of forces would be^ 
in equilibrium. Hence — 

//' the sides of a closed polygon^ marked with arrows which 
all go round the polygon in the same direction, represent in 
magnitude and direction the forces which act together on a par» 
tide, these forces form a system in equilibrium. 

Cor. 2. — When only three forces act, the preceding Cor. 
shows that they will be in equilibrium if they are parallel 
and proportional to the sides of a triangle which are marked 
with arrows all going round the triangle in the same direc- 
tion. 

This constitutes the proposition known as the Triangle of 
Forces. 
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CHAPTEE n. 

GENERAL CONDITIONS OF THE EQUILIBRIXTBd: OF A PARTICXB 
UNDER THE ACTION OF FORCES IN ONE PLANE. 

1 9. Absolute Condition of Equilibrium. — One condition is ne- 
cessary and sufficient for the equilibrimn of a particle — and 
that condition is, that the magnitude of the resultant force 
acting upon it shall be zero. In the case of an extended body 
the student will afterwards see that this single condition is 
not sufficient. The vanishing of the Resiiltant may be called 
the Absolute condition of the equilibrium of a particle. 

20. Several Forces. — ^When several forces act upon a par- 
ticle, the condition of its equilibrium may be expressed as in 
Cor. I, p. 14 ; or as in Cor. i, p. 16. But, in practice, these 
representations would frequently be found clumsy, and we 
obtain simpler results by using the principle of the Resolu- 
tion of Forces than those given by the principle of Composi- 
tion. 

2 1 . Resolution of Forces along Fixed Directions. — ^It has 
been proved that a force can be resolved into two others along 
any two directions in the same plane. Simplicity is gained 
by taking these two directions at right 

angles to each other. Thus, let Ox and ^ 

Oy be any two lines at right angles to y ^p 

each other, and P any force acting at 
in the plane Oxy. Then, complet- 
ing the parallelogram OXPY, we find 
the components, OX and OF, of the ^le. 16. 

force P along the axes Ox and Oy. 

Let OX and OF be denoted simply by X and F. It is, then, 
evident that 

X = p cos e, 

F=P sine, 

where is the angle which the direction of P makes 'wltk Ox 

c 
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In strictness, when we speak of the component of a given 
force along a certain line, it is necessary to mention the other 
line along which the other component acts. For example, 
the force P may have an infi- 
nite number of components 
along the same right Une Ox. 
If the line associated with Ox 
be Om, the component of P 
along Ox will be OM, the other 
component being 0M\ If, 
again, the resolution of P be 
effected along Ox and On, the 
component of P along Ox wUl be OiV; and it is evident that 
if ci> be the angle between the axes along which P is resolved, 
the component along Ox will be 




P. 



sin (a> - 0) 
sincu 



In what follows, unless the contrary is expressed, by the 
component of a force along any line we shall understand the 
rectangular component ; that is, the resolution is supposed to be 
made along this line and the line perpendicular to it. It must 
be remembered, then, that — 

The component of a force, P, along a right line is P . cos (angle 
between right line and direction of P). 

22. Equations of Equilibrium, or Analytical Conditions. — 
If several forces. Pi, P2, P3, 
. . . act at 0, each of them 
may be replaced by its two 
components, one along Ox, 
and the other along Oy, 
which is perpendicidar to .«©. 
Ox (fig. 1 8) . Thus, the com- 
ponents of Pi are Pi cos ft, 
and Pi sin 0i ; those of Pa 
are Pa cos ft, and Pa sin ft, 
and these latter are mea- 
sured in exactly the same 
directions as the components of Pi ; that is to say, Pa cos ft 
is the component of Pa along Ox in the direction Ox, The 
component of P2 in the fig. is actually in the direction oppo^ 




Fig. 18. 
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^ite to 0^, that is, in the direction 0^-x\ still, the component 
in the direction Ox is P2 cos O2, for cos O2 is negative. If the 
directions Ox and Oy are regarded as the positive directions, 
any components which act in the opposite directions, 0, - x 
and 0, - y, would suhtract from the positive components, and 
must be considered negative. It will be seen that the nega- 
tive sign of every component will be perfectly represented and . 
accounted for by the general expressions, P cos d and P sin 0, 
for the two components. Thus, the figure shows that both 
tjomponents of P3 are negative, and accordingly both of the ex- 
pressions P3 cos O3 and P3 sin O3 are negative, since O3 is > 1 80°. 

In order that the expressions P cos d and P sin may ahcays 
represent components in the positive directions Ox and Oy^ the 
angle must be measured from Ox towards the line of action of 
the force in a fixed direction — ^that opposite to watch-hand ro- 
tation being generally chosen. 

With this understanding, then, we may say that the com- 
ponents of Pi, P2, and P3 in the direction Ox are Pi cos ©i, 
P2 cos O2, and P3 cos 63, and those in the direction Oy are 
Pi sin 01, P2 sin 62, and P3 sin 63. 

Replacing each of the forces, Pi, P2, P3, ... by its com- 
ponents, we have 

Pi cos 01 + P2 cos 02 + P3 cos 03 + . . . , or 2P cos along Ox, 

and 

Pi sin 01 + P2 sin 02 + P3 sin 03 + . . . , or SP sin along Oy. 

If the component, P cos 0, of a force, P, along Ox^ be de- 
noted by X, and that along Oy by F, the whole system of 
forces is equivalent to the two single forces, 

Xi + X2 + X3 + . . . , or SX along Ox^ 

and Fi + F2 + F3 + . . . , or SF along Oy. 

Now, since (Art. 14, p. 9), the r esultant of two forces, 
P and Q, at right angles is v^P* + Q*, the resultant, P, of 
the system of forces Pi, P2, . . . , is given by the equation 

R = y(2X)H"(2F)^. (i) 

For the equilibrium of it is necessary and suflScient that 
JJ = o. Hence 

(2X)2+(SF)» = o. Vi^ 

c 2 
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« 

Now, tliis equation cannot be satisfied, so long as 2X and sy 
are real quantities, unless 

SX = oand2F=o. (3) 

These, then, are the two necessary and sufficient conditions, 
for the equilibrium of the particle, and they are equivalent to 
the single condition iJ = o. (See Art. 19.) 

The equations (3) are equivalent to the following state- 
ment : — 

For the equilibrium of a particle acted on by any number 
of forces in one plane, it is necessary and sufficient that the^ 
algebraic sum of the rectangular components of the forces, along 
each of two right lines at right angles to each other in the planer 
of the forces, should vanish. Since the directions Ox and Oyy 
along which the forces are resolved, may be any whatever in 
their plane, we may evidently vary the above statement 
thus — the algebraic sum of the rectangular components of the- 
forces along every right line in their plane is zero. 

It is merely for uniformity of notation that we have mea- 
sured Oi, O2, 03, . . . (fig. 18), 
aU in the same. direction — 
that opposite to watch-hand 
rotation. In resolving forces P^ 
along a line. Ox, it is simpler 




in practice to use the acute 
angles made by the forces 
with the line, and to indi- 
cate negative components by 
the sign minus, p. 

Thus, if (fig. 19) the forces ^^' ^^' 

P, P', P' make acute angles 0, ff, &\ with Ox, the sum of th^ 
components of the forces along Ox is 

P cos - P' cos O' - P" cosr, 

and that along Oy is 

Psin0 + P'sine'-P"sinr. 

The rectangular component of a force along a line is some- 
times called the effective component along this line. 

CoR. — ^A force has no eflEective component in a direction. 
at right angles to itself. 
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Fig. 20. 



23. Direction of the Resultant. — ^The direction of the re- 
sultant of any number of forces acting 
in one plane on a particle, 0, is known 
when its components, SX and 2F, SY^ 
along any two directions, Ox and Oy, 
are known. For, if Ox and Oy are 
rectangular, and a be the angle which 
the resultant, i2, makes with Oxy we 
have, evidently (fig. 20), 

tana = ^; (4) 

and if Ox and Oi/ include an angle oi, 

sing _ 2F 

sin (w - a) ~ IX* 

24. Tension of a String. — ^When a string is employed to con- 
nect two or more particles which are acted on by given forces, 
the fibres of the string become subject to a certain pull, stress, 
or tension, which, if increased beyond a certain limit, will 
■cause the string to break. This tension is a force which at any 
point of the string may he conceived as acting in either of two 
opposite directiom, or in both of these directions at once, accord- 
ing to the nature of the question under discussion. Let us 
consider, as a simple example, the case of a very light 
string, AB (fig. 21), fixed at the extremity Jt, and 
attached at .B to a weight W. If, now, we imagine 
the string to be cut at any point p, and the lower por- 
tion, pB, to be removed, it is clear that the remaining 
portion, pA, will not be in the same state of stress as 
before unless we apply at the section p a force equal 
to JFy and acting downwards. Again, let the string 
he cut a httle above jo, at q, and suppose the portion 
qA removed. Then the small portion, pq, will not re- 
main in its place unless an upward force equal to JF 
is applied at the section q. The small portion of the 
string included between^ and q is then kept at rest ^^* *^' 
by two equal and opposite forces, each equal to W. Thus, 
then, if we consider any portion, pq, as isolated from the rest 
of the string, we must represent it as subject to two equal 
tensions directly opposed to each other. li we coT\35i3L<e)T^5lL\)ci& 
action o£ the upper portion, pA, on the lower, pB, -^e ^ ' ^ 



jp 



B 



Ow 
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represent pB as acted on by an upward force applied at ^ ; 
and if we consider the action of the lower on the upper, we 
should represent pA as acted on by a downward force applied 
at the section of separation oipA smdpB. Thus, the action 
at B of the string on the body W^ is an upward force, or ten- 
sion, equal to W; while the action of Won the string consists 
of an equal force in the opposite direction. 

25. String passing over smootli pegs or surfaces. — When 
a light string passes over a smooth peg, or over any number 
of smooth siirfaces, we shall assume for the present that the 
stress of its fibres, or its tension, is the same at all of its 
points. Should it, however, be hiotted at any of its points to 
the other strings, we must regard its 
continuity as broken, and the tension 
will not be the same in the two por- 
tions which start from a knot. Thus, 
if the string pass over two smooth sur- 
faces, A and B (fig. 22), and if it is 
pulled at one extremity by a force P, 
it must be pulled at the other extre- 
mity with an equal force ; but if, after 
leaving the surface -4, it is knotted at 
O to another string which is pulled 
with a force equal to B, the tensions 
in the portions between C and A and 
between C and B are no longer the 
same, and their relative magnitudes must be determined by 
equation (a) of Chap. I., Art. 14. 

26. Equilibrium of a System of Particles. — ^When several 
particles are connected together and form a system, each par- 
ticle being acted upon by special forces in addition to the forces 
produced upon it by its connexion (by strings or rods) with 
the other particles, we can consider the eqmlibrium of any 
one particle apart from all the others, provided tJiat we take 
account of all the forces which are produced on it by its connexion 
icith the others, in addition to the special forces acting upon it. 

Thus, in No. 7 of the following examples, we may write 
down equations for the equilibrium of the point iV as if it 
were entirely disconnected with the other points. A, P, My 
By if we represent it as acted on by the force, Wy and by the 
^a2isions^ T2 and T3, of the strings by which it is connected 
with thfi fivatem. 
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Fig. 23. 



I. At the point, 0, of intersection of diagonals of a square (fig. 23), let two 
forces of 8 grams, and 1 2 grams, act along 
the diagonfds, and two forces of 10 grams, 
and 2 grams, act perpendicularly to two 
sides ; required the magnitude and direction 
of their resultant. 

Kesolving the forces along Or, the line 
of action of one of them, the component 
of the force 10 is 10, that of the force 8 is . 
8 cos 45% that of 2 is zero, and that of 12 
is — 12 cos 45°. Hence 

8 12 /- 

V2 V2 
Similarly, 

^ 8 12 /- 

2r= — + 2 + — = 2 + 10 y/2^ 

yi V2 

Therefore 

i2 = V (10 — 2 v 2)* + (2 + 10 V 2)* = V 312' 
Again, if a he the angle made hy B with Ox, 

2 + 10V2 I +5 V2 



tana = 



10 



- 2 vi 5 — V2 



2. Three forces, P, Q, i2, act on a particle : find the magnitude of their 
resultant. 

Let the angles opposite P, Q, andiZhe denoted hyp, ^, r (fig. 11, p. 9). 
Then resolving all the forces along the direction of P, we get f 01 their combined 
component in this direction P + Q cos r + It cos q. Resolving them perpendicu- 
larly to P, the component = Q sin r — J2 sin ^. Hence the square of the resul- 
tant = (P + Q cos r + P cos ^)2 + (Q sin r — P sin q)^. Remembering that 
p + q i- r=: 2T, this is easily seen to be 

P« + (32 + p2 + iPQ . cos r + 2QP . coap + 2PP . cos q. 

3. Verif;^ in the last question that if the three forces are in equilibrium, the 
expression given for the resultant vanishes. 

When tile forces are in equilibrium, 

P : Q : P = sin j7 : sin ^ : sin r. 

Hence the expression for the square of the resultant is proportional to 

sin'j'-l- sin'^ + sinV + 2 sin/> sin^ cosr+ 2sin^ sinr cosp + 2 8inr sinpcos;. 

The last two terms = 

a sin r sin (j» + ^) = — 2 sin V, \* jp + 3 = iw - r. 
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Therefore the above expression is 

sin 2 p + sin^g' — sin* (p + g') + 2 cos (p + q) sin^p sin ^ = sin^j? + sin^l^ - i 

+ cos {p + q) cos {p — q)y '.' 2 ainp sin g' =» cos (/> — ^) — cos (p + ^). 

Now, 

cos (j^ + q) coa{p — q) = i'' sin ^p — sin^^, 

« .*. the square of the resultant = o. 

4. A heavy particle, (fig. 24), whose weight is JF, is held in equilibrium 
by three forces (in addition to its weight) — 

— acting horizontally, F acting in a direction malting an angle i with the 
n 

horizon, and B at right angles to F; find ^R 

the magnitudes of F and £ in terms of 
the given force W, 

Eesolve all the forces along the di- 
rections of F and B successively. These y^: ►W 

directions are chosen rather tian any ,.-'''' IT 

others, because, since jR is at right an- ,,--''' 

gles to F, it will give no component along ^^ * ^ 

F^ and, for the same reason, F will give 

no component along B. Fig. 24. 

W 
The component along OF ia F+ — cos » - ^sini. 

For equilibrium it is necessary (Art. 22, equations (3)) that this component shall 

be zero. Hence 

IF 
F+ — cos i - JFsin » = o, 
n 




,\F= TV [sini - icosij. 



Again, the sum of the components along OR is 

R - W Qo%% — — sin i ; 

n 

and this must also be zero. Hence 

R=W I cos » 4- - sin » J . 

The same values would, of course, be found if we had selected any two 
other directions for the resolution. Thus, if we resolve all the forces vertically, 
or in the direction IF, we get 

W ' F aini — S cos % = o ; 

}F 
and resolving horizontally, or in the direction of — , we get 

W 

— + if cos » - JJ sin » = o. 

n 

Solving these last two equations for H and F^ we get the same values as 
3e/bre, 
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The advantage of a judicious selection of directions for the resolution of the 
forces is now apparent. By resolving at right angles to one of the unknown 
forces, we obtained an equation free from that force ; whereas when the direc- 
tions were selected at random, both of the unknown forces entered into each of our 
•equations, and to find these forces it was then necessary to solve the equations. 

Having selected one direction for resolution, it is not necessary that the 
43econd should be selected at right angles to it ; for the student has seen (p. 20) 
that when a particle is in equilibrium, the sum of the components ot the forces 
■along any direction whatever must be zero. Hence we might, in the present 
case, have resolved vertically and along the direction OF, and the equations thus 
obtained would have given the same results as before. 

5. One end of a light string is attached to a fixed point, A (fig. 2O ; the 
string, after passing over a smooth peg, By sustains a given weight, P, at its 
•other extremity, and to a given point, C, in the ^^ ^ 

45tring is knotted a particle of given weight, W, ^^ 

Tind the position of equilibrium of the system. \^ 

Before setting about the snlution of statical _\ 
3)roblems of this kind, the student will clear \ 

the ground before him, and greatly simplify \ 

his labour by asking himself the following 
•questions : — ^ 

(a.) What lines are there in the figure 
whose lengths are already given ? 

{b.) What forces are there whose magni- 
tudes are already given, and what are the forces Fig. 25, 
whose magnitudes are as yet unknown ? 

(<;.) What variable or variables in the figure would, if it or they were known> 
-determine the required position of equilibrium ? 

Now, in the present case (a), the linear magnitudes which are given are the 
lines AB and AC. The entire length of the string is of no consequence, since 
it is clear that, once equilibrium is established, P might be suspended from a 
point at any distance whatever from 5. The forces (A) acting upon W are its 
weight, W, a tension in the string CA, and another tensi(m in the string CP. 
Of these, IF is given, and so is the tension in CP, which must, since the peg is 
smooth, be equal to P (see Art. 25) ; but there is, as yet, nothing determined 
4ibout Tj the tension in CA^ except its direction. And [c) the angle, B, of inclina- 
tion of the string CA to the horizon would, if known, at once determine the po- 
49ition of equilibrium. For, if is known, we draw -4 C of the given length: 
then, joining C to P, the position of the system is completely known. The 
Angle, ^, of inclination of BC to the horizon, would do equally well ; and it is 
evident that-, since either angle suffices, each must be capable of being expressed 
in terms of the other, and the given magnitudes in the question. 

Let -4P = a, AC — b. Then, for the equilibrium of the point C, resolving 
Tertically the forces which act upon it, we have 

^T-Psin^- Tsine^o. 

Besolving horizontally, 

P cos ^ - T cos d = o. 

Substituting in the first equation the value of T, namely, ^, derived from 



the second, we have 

„„ „ / . cos A sin d\ 

»^- P sin ^ + — ^-— 1 = o, 
\ ^ cose / 



COS0 
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or, sin (6 + ^) W 



cose F 



0) 



This result might have been obtained at once from (o), p. 9. 

To this equation must be joined the relation between B and <p given by the- 
geometry of the figure. We have, evidently, 

AC .smACB = AB . sin ^, 
or, 

h sin (0 + ^) r= a sin ^. (2^ 

Equations (i) and (2) give 

a sin ^ W 

icose ^ P' 

or, 

sin d> = -— • cos 6, 



,*. cos^ 



^\/a'^F^-b'^ JF^cosH 



aF 



Expanding sin (0 + d>) in (2), and substituting these values of sin ^ and 
cos ^, and reducing, we have the equation 

cos^0 }^ L . cos '6 + = O. l^lr 

The student will do well to observe that the coefficients of this equation are- 
ratios of magnitudes of the same kind. Thus, force and linear magnitude ar& 
quantities of essentially different kinds. It is true, indeed, that the magnitude 
of a force may be conventionally represented by the length of a line, and so may a. 
quantity of light or heat ; but it is only in comparison with other forces that 
any one force ean be so represented, and the scale of representation is arbitrary. 
Hence cos 9, which is a mere number, if it is expressed in terms of force, must 
be expressed as the ratio of one force to another ; and if it is expressed in terms- 
of linear magnitude, it must be as the ratio of one line to another. If, for ex- 

Fa^ 
ample, the coefficient of cos^d in (3) being unity, the last term had been -™7» 

we should have known at once that the result was wrong. For the numerator 

and denominator of this expression are not of the same degree in force ; neither 

Fa^ 
are they of the same degree in linear magnitude. Such a term as ^ denotea 

«3 F 

the product of an area, -7-, by the reciprocal of a force, -rr^. 

Similar remarks as to the homogeneity of our results will be of frequent 
occurrence in the sequel. By attention to considerations of this kind the- 
student will often be able to detect an error in his work. 

6. If, in the last example, the weight W^ instead of being knotted to the 
string at C7, is suspended from a smooth ring which is at liberty to slide alon^ 
the string A OF, find the position of equilibrium. 
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In this case, the string PBCA, which passes over a smooth surface at By 
and through the smooth ring, "will have its tension constant at each of its pointa 
(Art. 25), and therefore equal to P. Hence, putting T = P, and resolving forcea 
vertically for the equilibrium of C, we have 

W- 2Psine = o, 
or, 

sm 6 =5 -r=i. 
iF 

7. A weightless string, BMNPA^ is suspended from two fixed points, A and B ; 
and from given points, M, JV, P, 
. . . , in the string, are suspended 
a series of equal particles whose 
weight is W. Find the inclina- 
tions, 01, 02, ^3) • • • ) of the suc- 
cessive portions of the string to 
the horizon. 

Consider the equilibrium of 
the point if. This point is acted 
on by three forces — W acting ver- 
tically. Pi, the tension of the string 
MB, and T2 the tension of MN, 

Resolving these forces verti- 
cally, 




Fig. 25. 



?r+ P3 sin 02 - Pi sin 01 = o; 
and, resolving horizontally, 

Pi cos 01 - P2 cos 03 = o. 
For the equilibrium of N, resolving horizontally, 

P2 cos 02 — P3 cos 03 = o. 

Pi cos 01 = P2 cos 02 = Pa coa.03 = . 



(O 



Hence, 



or, in other words, the horizontal components of the tensions in the different 
portions of the string are constant. Let this constant be denoted by P; then 



ri = 



P2 = 



cos 01* ' cos 02 
Substituting these values in (i), we have 



, &c. 



Similarly, 



W 
tan 01 =s tan 02 + - . 

X . . ^ ^ 
tan 02 = tan 03 f - , 

tan 03 = tan 04 + — , 



^s 
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Hence the tangents of the successiye inclinations form a series in Aritlime- 
tical Progression, and therefore, if any one of them is known, the others can bd 
ibund. In the figure 

^4 = o, .'. tan ^3 = — , tan ^2 = -^ , tan ei = — . 

If the suspended weights are not equal, it is still true that the horizontal 
components of the tensions are all equal. 

The figure formed by the string BMNPA is called the Funicular Polygon. 




8. To construct the Funicular Polygon, when the horizontal projections, 
^Qi QPi P^t n^i ^i • • • ) of the successive portions of the chain are all of 
•constant length, a. 

Let Pp = c \ then, since (last example) the tangent of the inclination of 
PN = 2 . tangent of inclination of PQ, it follows that, Pn being horizontal, 
Jfn* = 2Pp = 2e. Also tan of inclination of MN=s 3 tan of inclination of PQ ; 
.*. Mm' = 3c. 

Hence, taking the middle point, 0, of the horizontal portion, JRQj as origin, 
and the horizontal and vertical lines through it as axes of x and y, the co-ordi- 
nates of P are (fa, c) ; those of JVare (f «, e+ ic); those of M are (^a, « + 2^ + 3c) ; 
■and those of the n** vertex from Q are evidently 



X = 



2n+ I 



w(n + 
y = — ^ . e, 

2 



^ The value of the ordinate, y, of any vertex at once enables us to determine 
"this vertex. 

If we eliminate n from the two equations for x and y, we get an equation 
which is satisfied by all the vertices indifierently. This equation denotes, there- 
fore, a curve passing through all the vertices of the polygon. Eliminating ft, 
we get 

- 2a* a' 

a;2 = — . y + — . 

« 4 

This denotes a parabola whose axis is the vertical line Oy, The vertex of 
the parabola is vertically below at a distance = -. 

The smaller the distance PQy Qp, pn^ . . . , the more nearly does the Funi- 
-cular Polygon coincide with the parabolic curve. 
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9. To represent graphically the forces in the general case of the Funicular 
Polygon. 

It'or convenience, let the vertices of the string or chain be denoted by the- 
numbers i, 2, 3, . . . , and let the forces P2, Ps* . • • act at the vertices. Let 
also the tension in the portion of the string (i, a) be denoted by T12, &c. 





Fig. 29. 

Now, take any point, 0, and from it draw the line in parallel to the string- 
(i, 2), and proportional to the tension T12. From the extremity of tu draw the 
li^e» P2y parallel and proportional to the force F2. It follows, then, tliat since 
the forces Tu, Im, and P2, form a system in equilibrium at the point (2), the 
third side, ^23, of the triangle ^12, J»2, ^23 is parallel to ^23, and proportional to 
it (Cor. 2, p. 16). In the same way, drawing pz parallel and proportional to 
Ps, the side tu is parallel and proportionarto T^ ; and continuing this construc- 
tion, the tensions in the successive portions of the string are all represented by 
the lines in, /231 ^34» • • • in the new figure (fig. 29). 

The figure (fig. 29) which represents by its lines, both in magnitude and in 
direction, all the forces of the system in fig. 28, is called 
by Professor J. Clerk Maxwell, a " Force Diagram" of 
the svstem. (Transactions of the Royal Society of Edin- 
burgh, vol. xxvi.) 

When, as in example 8, all the applied forces, P2) Ps* 
. . . are parallel, the Force Diagram of the system 
consists of a triangle with Unes drawn from the vertex 
to different points in the base. Thus, taking any point, 
(fig. 30), and drawing oh parallel to MB (fig. 27), 
and proportional to the tension in it; and then draw- 
ing bm vertical and proportional to the weight suspended 
at if, it follows that om will be parallel to MK, and 
proportional to the tension in it. Similarly for the rest 
of the figure. If all the suspended weights are equal, 
the lines bm, tnn, np, pq, . . . are all eoual, and fig. 30 
at once shows that the tangents of the successive incli- 
nations of the parts of the chain are in Arithmetical Pro- 
gression. This figure also exhibits the constancy of the 
horizontal components of the tensions oby om, on, ... , 
these components being all equal to oq, -pig. -so. 

10. Suspension Bridge. — The number of vertices of the polygon beiu^ 
very great, and the suspended weights all equal, the parabola Vi^c^b. i^aau^ 
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Fig. 31. 



througli all the vertices virtually coincides with the chain forming the polygon, 
and gives the figure of the Suspension Bridge. In this bridge the weights 
suspended from the succes- 
sive portions of the chain A B 

*re the weights of equal por- ^^ 

tions of the flooring. The 
weight of the chain itself 
and the weights of the sus- 
taining bars are negligible in 
•comparison with the weight 
-of the flooring and the load 
which it carries. 

Fig. 30 may be taken to represent the Force Diagram of the Suspension. 
Bridge, the vertical line aby representing the weight of the flooring, being 
divided into as many equal parts as there are divisions of the chain. If these 
parts are sufficiently numerous, the lines ob^ om, on, &c., are parallel to tangents 
to successive points of the chain. Let the span, AB, of the bridge = 2a, and 
let the height OH = h. Then, the equation of the parabola referred to hori- 
zontal and vertical axes of y and x, respectively, through (fig. 31) is 

y' = 4mxj 

m being a constant ; and the tangent of the inclination to the vertical of any 
portion 

dy 2m y 

dx y 2X 

Hence the tangent at the point of support, B, makes with the horizon an angle 

, . 2A 

whose tangent is — . 

a 

Now, oq (fig. 30) being parallel to the tangent at the lowest point of the 

bridge, and ob parallel to &e tangent at the point B^ 

tan boa = — . 
a 

Hence, since bq represents half the weight of the bridge, and ob the terminal 
tension of the chain at B^ 



Terminal tension = — : — r- = TT - 



2 sin boq 



4^ 



W being the weight of the flooring. 

Also, the vertical tension at ^ = JTT, and the constant 



a 



Horizontal tension = W —:» 

4A 



1 1. The entire load of a suspension bridge is 160,000 kilograms, the span is 
<4 metre;*, and the height is 5 metres ; find the tension at the points of support, 
•and also the tension at the lowest point. 

Am. Terminal tension «= 268,192 kilograms. 
Horizontal tension = 256,000 



i> 
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12. If the vertical bars which support the roadway of a suspension bridge 
are not at equal horizontal distances, prove that the vertices of the polygon 
formed by the chain will still lie on a parabola, provided that each vertical bar 
supports half of the adjacent portions of the roadway. 

This follows from the fact that the cotangent of the inclination of any 
chord of a parabola to the axis is proportional to the sum of the ordinates of the 
extremities of the chord. 

'13. A weightless string passes over three smooth pegs, A, 5, C, which are 
in the same horizontal line. From the extremities of the string are suspended 
two weights, P and P'; and to two 



given points in it are knotted two 
weights, W^and W\ the first suspended 
between A and J?, and the second be- 
tween B and C. Find the position of 
■equilibrium. 

In this problem the given quantities 
are the suspended weights, P, W, P', 
and W\ the distances AB and BC^ and 
the length of the portion mBm' of the 
string (fig. 32) 



B 



^N^ 


0A 






^yW 


iw' 


*P 


*w 


p' 



Fig. 32. 



Evidently the quantities which we wish to determine are the inclinations, 
^, ^, . . . , of the portions of the string to the horizon. 

Let AB = a,BC- a\ and the length of mBm' = k. Consider the equilibrium of 
the point m. Since the string FAm passes over a smooth peg at Ay the tension 
in it =^P throughout If T = tension in mBm', we have for the equilibrium of m, 



•P 



cos ^ 



TF siu {e + <py 

r _ cos e 

W~ sin Ce + <py 

Again, for the equilibrium of w', 

P* _ cos 4)' 
W' ~ sin (fl' + <p'y 

T cose' 

W' " sin {& + 4)')' 

Equating the two values of T, we have 

JTcose TT'cose' 



(0 



(2) 



sin (e + ^) sin (d' + ^') 



(3) 



These are all the equations that can be obtained from statical considerations. 
One more equation is rjquired to determine the four unknown quantities, ©, ^, Q\ 
and ^'. This is obtained by expressing that the length of mBm' = k. Evidently 



^ a sin © , ^ , «' sin ©' 

Bm — - — Tzr—Xi and Bm' = — 



a sin 



'\ ' 



sin (0' + <l>') 



a' sin ^ 
+ -.-^— ^ = At. 



sin {e + ^) sin {0' + ^') 



^^^ 
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These four equations determine 0, ip, B', and 4>', and therefore the position 
of equilibrium. 

14. If the weights TFand W, instead of being knotted to two given points 
in the string, are attached to two smooth rings which are capable of sliding- 
freely along the string, determine the condition and position of equilibrium. 

Here, since the string passes freely over and through smooth surfaces, the 
tension is constant throughout its length. Kow, the tension in Am is P, and 
that in (7w' = F, Hence 

For the equilibrium of m, we have, resolving vertically, 

W 
^ = 2P sin © ; .'. sin 6 = — ; 

and for the equilibrium of w', 

W 
W = 2Psin e'; .-. sin 6' = -^. 

2P 

15. A heavy particle is attached to one end of a string, the other end of 
which is fixed. Find the horizontal force which must be applied to the particle 
in order that the string may deviate by a given angle from the vertical, and find 
also the tension of the string. 

Ans, It F- the horizontal force required, T = tension of string, W =s 
weight of particle, and $ = angle of string's deviation, 

.P«7rtan6, T= WBecO. 

16. A string ACB (fig. 25, example 5) has its extremities tied to two fixed 
points, A and ^ ; to a given point, C, in the string, is knotted a given weight, W» 
Find the tensions in the portions CA and CB. 

Ans, Since AC and BC are given, the angles CAB and CBA are also 
given. It' these angles are denoted by 9 and 0', and if Tand T^ 
are the tensions in CA and CBy 



r= 



TT COB e' 



•\t 



sin {$ + e') 



r = 



w cos e' 

sill {e -f 9')' 



17. If (same figure) the extremities A and B are fixed, and the weight Wis 
that of a smooth, heavy ring at C, which is capable 

ot sliding freely along the string, find the horizontal -^f " *" 

force which n ust be applied to the ring C in order 
that the system may take a given position of equi- 
librium. 

An8, If the angles CAB and CB 4 are and ©', H 

and P = the required force, 

0-0* 
F= JFiBJO. . 

2 

18. ABCF (fig. 33) is a system of pegs forming C 
a square in a vertical plane ; a light string attached 
to A and B passes through a heavy, smooth ring, -R, 
while Another string is attached to C and B. The ring is kept in equilibrium 




Fig. 33 
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lialf way between JT*, the middle point of CA and 0, the centre of the square ; 
find the tensions in the strings ARB and CR. 

Ana. If W= weight of ring, 2*= tension in. ARB, and T' = tension in CR, 

32 16 

19. In the last example if the tensions in the two strings are equal, find the 
point at which the ring must be placed on OS. 

OR 
Ana. If ;r— . = aj, a; is determined by the equation 
OS 

3«* - 3ic2 — lox + 6 = 0. 

This equation has only two real roots, one between o and i, and the other 
between i and 2. 

ao. A light string passes over three smooth pegs, A, B, C (fig. 34), in a 
vertical plane, and sustains two equal weights, W, from its extremities. Find 
the pressures on the pegs; and find also the 
magnitudes of the ajigles a, fi, and 7, when the B 

system of pegs is least likely to brecik, the pegs ""^ 

being all equally strong. ^^ ^ ^ 

Ans. If P, Q, and jB be the pressures on ^^^ 
the pegs Af B, and C, respectively, 

a, ^ y 

P=2^cos-, Q-2^cos-, 5:»2^cos-; W^ 

222 4W 

and since the sum of o, i3, and 7 is *^^S' 34* 

2 
given (= 2ir), it follows that in the best arrangement a = i3=7 = -ir. 

3 
2 
For, unless each of the angles = - ir, some one of the pressures must 

3 

be > 2?F"cos -, or W\ and if the pegs are of equal strength, it is 

3 
best under these conditions, to have the pressures on them all equal. 

2 1. If the string passes over any number of equally strong, smooth pegs, in 
the same vertical plane, find the best arrangement. 

Ans. If there are n pegs, each of the angles, a, iS, 7, $, . . . must be 
(n — 2) IT 

n 

32. A particle, 0, is placed on a smooth circular table, at a distance equal 
to half the radius from the centre, and is connected with five strings which pass 
over five smooth pulleys, A, B, C, D^ H, at the edge of the table. Weights 
equal to ^1, W2, Wz, Wi, and W^, hang from the strings OA, OB, OC, Oi>, 
and OH, respectively ; A and B are points of trisection of one semicircum- 
feience, while EE* is the diameter through 0^ and E'G and H'D are qx^& ci ^^ 

J) 
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and Qo° on the other semicircumference, respectively. Find the conditions of 
equilibrium. 

Ans, The conditions of equilibrium are expressed by the equations 



^1+7^2 r- Wz I ^—T=-Wi^=0, 



2 .r«- * 

, —-r-TT,-- 
5 -H 2 V2 V5 



V? V5+2Vi VS 

23. If a particle is in equilibrium under the action of any forces, prove that 
the sum of the obUqtte components of the forces along any right line is zero. 

If :iX and :SF denote the sum of the components along two lines inclined at 
an angle = », the square of the resultant is equal to 

(5X)2 + 2 (5X) . (SF) . cos« + (2r)2; 

and this E (2X + 5 Y)^ cos^ - + (2X - 5 7)^ sin' -. 

Hence the result follows as in equations (3), p. 20. It is otherwise evident, 
since the resultant is the third side of a triangle, two of whose sides are :SX 
andSF. 

24. If the strengths of the pegs, A^ S, (7, in example 20, are proportional to 
/, m, ttf find the best arrangement of the system. 

Ans, The angle a is given by the equation 

2mnx^ + (p + m' + w') «* — ^ =5 o, 

d 

in which x = cos -. The angles fi and 7 are at once found from a. 

2 
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CHAPTER III. 

THE EQUILIBRIUM OF A PARTICLE ON PLANE CURVES. 

Section I. 
Smooth Curves. 

27. Smootli Surface. — When a body is placed in contact 
with a surface, it is evident that, in addition to the given, 
forces acting on the body, there is a certain force produced 
by the surface — ^the force, namely, which the surface exerts 
to prevent the body from passing through it. This force is 
oalled the Reaction of the surface. Now, the surface being 
supposed to be rigid, there is evidently no limit to the mag- 
nitude of the force with which it is capable of reacting ; but 
the direction of the force depends on the nature of the surface 
itself. If the surface be perfectly smooth, it can react on any 
lody in contact with it only in the direction of the normal to 
the surface at the point where the body is in contact with it. 
Thus (fig. 35), if a body, Jf, ]JJ^ 
•acted on by any given system 
of forces, be in contact at a point 
O with a smooth surface, AB, the 
force which this surface exerts 
on the body takes the direction, 
OiV, of the normal to the sur- 
face at the point of contact, 0, 
and its magnitude will be such 
as to destroy the effect of all the other forces acting upon M. 
To the magnitude of the reaction, iJ, there is no limit ; so 
that if each of the other forces acting on M were increased 
100 times, for example, the surface would react with a force 
«qual to 100 i? ; but the direction of H is strictly limited to 
that of the normal. "We may therefore state that — 

D 2 
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Fig. 36. 



When two smooth bodies are in contact^ their mutual reaction 
is normal to the surface of contact. 

28. Example. — If P (fig. 36) is a heavy particle whose 
weight is TF, placed on a smooth spherical surface whose ver- 
tical diameter is 0£, what is the position of equilihrium ? 

Here the forces acting on P are only 
two in number — namely, its weight, TT, 
and jB, the reaction of the smooth surface. 
Now, this reaction takes place in the di- 
rection of the normal, PO, to the sphere 
at P ; and since the particle is in equili- 
brium imder the action of only two forces, 
these must be equal in magnitude, and act 
in opposite directions. Hence, since TT 
acts vertically, PO must be a vertical line ; 
that is, P must be placed at A, the lowest 
point of the sphere, or outside the surface 
at B, the highest point. 

Whatever be the smooth surface on which the particle is 
placed, it is evident that the points on it at which the particle 
will rest are points the normals at which are vertical lines. 
And, generally — 

A particle will rest at those points of a sfnooth surface at 
which the normal coincides unth the direction of the resultant of 
all the forces acting on the particle. 

29. Normal to a Curve. — The normal to a curve at a given 
point is not, like the normal to a surface at a given point, a 
definite line, but is any line whatever in the plane perpendicular 
to the tangent at the point. 

Hence, for the equilibrium of a particle placed inside a 
smooth tube of any form, the resultant force on the particle 
need not act in a given right line, but must act in a given 
plane — ^namely, the plane which is normal to the tube at the 
point where the particle is 

{)laced. Thus, for example, --^c^«- B 

QiAB (fig. 37) be a smooth A 
tube of any form, and let P 
be a particle placed inside it. ^^* 37' 

If we imagine a string attached to P, coming out of the tube 
through an opening at P, which is not sufficiently large to 
allow jP to come out, it is evident that we may pull at P with 
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any force however great in the plane normal to the tube, 
and in all directions round P, and the equilibrium of the par- 
ticle will not be disturbed. But if we incHne the string ever 
ISO little to the normal plane at P, motion will ensue along 
the tube. 

30. Plane Curve. — ^In the present chapter we shall consi- 
der only plane curves^ i. e., curves which lie altogether in one 
plane. 

Moreover, when a particle is placed on a curve, and acted 
on by given forces, we shall suppose that all the forces act in 
the plane of the curve. 

Now, it is evident that the only effect which a curve pro- 
duces on a particle placed upon it is a normal reaction of some 
definite magnitude. If, then, we produce upon the particle, 
by any other means, a force identical with this reaction, we 
may dispense with the curve altogether. This being so, if 
we call the reaction of the curve i2, we may suppose the par- 
ticle acted upon by all the given forces, and also by a new 
force equal to jB, this latter acting in the direction of the 
normal to the curve. Thus, the case is the same as that 
treated in the last chapter — namely, the equilibrium of a par- 
ticle acted upon by any number of forces in one plane ; and 
in writing down the equations of equilibrium, we shall merely 
have to include the new force R among all the others. 

Examples. 



I. A heavy particle is placed on a smooth inclined plane, AB (fig. ^8), and is 
sustained by a force, F, which acts along AB in the yertical plane which is at 
right angles to AB ; find F^ and also P 

the pressure on the inclined plane. 

The only effect of the inclined 
plane is to produce a normal reaction, 
B, on the particle. Hence, if we in- 
troduce this force, we may imagine 
the plane removed. Let W he the 
weight ot the particle, and t the in- A 
<dination of the plane to the horizon. 

Resolving the forces along AB^ \yy w 

we have i.- o 

iig. 38. 

JP- TTsinteo, or 2f=;r sine; 
and, resolving perpendicularly to AB, 

B" JFcoaizno, otB=: Wcos i. 
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If, for example, the weight of the particle is 4 grams, and the inclination 

of the plane 30**, there will be a normal pressure of 2 V3 grams on the plane, and 
the force F will be 2 grams. • 

2. In the previous example, if J* act horizontally, find its magnitude, and 
also that of R. 

Resolving along ABy and perpendicularly to it, we have, successively, 



and 



jF cos t — ^ sin » = o, or J = )^ tan » ; 



jFsin » + Wco^i - R = o, .*. J? = 



cos % 




£ is therefore in this case greater than it was before, as is sufficiently evident 
a priori. 

3. If the particle is sustained by a force, F, making a given angle, d, with 
the inclined plane, find the magnitude of this 
force, and of the pressure, all the forces acting in 
the same vertical plane. 

Hesolving along the plane, 

t? ^ -nr ' ' 17 ^sint 

jF cos — ^ sm » = o, or F= : 

cos B 

and resolving perpendicularly to the plane, 

J? + JJ- sine -r cos* = 0, ...J2=^^.2?ii±i). YW 

cos e ^, 

Fig. 39. 

The student will, of course, observe that these values of F and R could hav& 
been at once obtained, without resolution, by the equation (a), p. 9. 

4. A heavy particle, whose weight is W, 

is sustained on a smooth inclined plane, by 

W 
three forces applied to it, each equal to — ; one 

' 3 
acts vertically, another horizontally, and the 

third along the plane (fig. 40) ; find the incli- 
nation of the plane. 

Since we do not want R, the pressure on the 
plane, we shall resolve forces at right angles to 
Ry that is, along the plane. Hence, 

W WW 

-- sin » + h — cos » - ^ sin t = o, 

3 3 3 

2 sin f = I + cos f, .'. 2 sin - cos = cos- -. (i\ 

22 2 

If we reject the factor cos - , for the present, we have 

tan - = - , 
2 2 




which determines Oie inclination. 
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The student shoidd obserre that we haye expelled the factor cos from equa- 
tion (i), and this amounts to rejecting the solution 

• 

t 

cos- = o. 

2 

Now in this, as well as in many physical and geometrical problems, such a 
solution ought not to be rejected, unless it is shown to be irrelevant to the ques- 
tion. So long as our equations are perfect interpretations of the physical or 
geometrical conditions of the problem, no factor can furnish an irrelevant solu- 
tion. It is only when an equation expresses more or less than is implied in the 
given conditions that irrelevant factors can present themselves. Instances 
of these factors frequently occur in the operations of Algebra and Analytic 
Geometry — as, for example, when we rationalize an equation by the process of 
squaring. If, before this procc ss, the square root of a quantity was affected 
with a minus sign, this sign will be indifferent in the rationalized result, and 
this latter, consequently, expresses more than was contained in the original 
equation. Hence it may happen that the result will furnish us not only with 
what is relevant, but, in addition, with what is wholly irrelevant 

In the present instance the equation cos - = o would give the inclination of 

the plane = 180°, and the figure would 
then become fig. 41, in which the particle 
is placed underneath the plane in such a 
way that equilibrium is manifestly im- t^ 
possible. T 

Hence it appears as if the equation 

cos - = o were wholly without meaning. ' " Yia. 41. 

A little reflection, however, will show that it is quite relevant. For equa- 
tion (i) is merely the analytical expression of the physical condition thnt the 
component of the acting forces along the plane shall be zero. Now it is not 
enough for equilibrium that the component along some one line shall be zero ; 
for this, the component along some other line must vanish as well. Hence our 
result expresses in no way the condition of the particle's equilibrium, but merely 
apart of that condition ; and each of the equations 

tan - = -, and cos - = o, 
22 2 

expresses perfectly all the physical conditions contained in (i). For when the 
inclination is 180% the force — which acted along the inclined plane becomes a 

horizontal force opposite to the given horizontal force — ; and the vertical — 
furnishes no component along the plane. 

5. A heavy particle, P (fig. 42), is placed inside a smooth parabolic tube 
whose axis is vertical, and is acted upon by a horizontal force, t\ equal /t FM^ 
PJf being the ordinate of the point F ; find the position of equilibrium. 




40 



Equilibrium of a Particle on Plane Curves. 



Here tlie forces acting are TF", the weight of 
the particle, R, the normal reaction of the tube, 
and F, We shaW obtain an equation between 
F and W, without M, by resolving along the 
tangent at P. If = angle between the tan- 
gent at F and the vertical, 

Wcoae = FBlii0 = fiy. sin 6, where y = FM. 

Hence, for the position of equilibrium, retain- 
ing the factor cos 0, 

cos e ( W- fit/ tan 6) = o. 



But if the equation of the parabola is y^ = ^mXy tan 

tion is 

cos e{W'-' 2/tm) =o. 




Fig. 42. 



2m 



— . Hence the equa- 

(I) 



This equation of equilibrium can be satisfied in two ways. Firstly, we can 
have 



cos = o. 



(0 



or = — , which gives the vertex of the tube as the position of equilibrium. This 

position is d priori evident, since the particle would at the vertex be acted upon 
only by its weight and the reaction of the tube, the force F here being = o. 
Secondly, the equation will be satisfied if 



W— 2fim = o. 



(3) 



Now, this is simply a relation between the constants of the problem, and 

gives no value of $ — that is, no definite position of equilibrium. In fact, if the 

equation (3) is satisfied, (i) will be satisfied, no matter what 6 may be. In 

jir 

physical language, thyn, the result is as follows : if ft = — , the particle will 

2in 

rest in all positions ; and if this relation does not hold, the vertex is the only 

position. 

It is well for the student to observe that fi is here the quotient of a force by 

a line, the force being expressed in the same units as those of 7F, and the line 

in the same units as those of FM. For since we have put F= fi FM, if Q is a 

force in the same units as those of Wj and / a line in the same units as those of 

FM^ it is clear that the proper representation of ^ would be something of the form 

6. A heavy particle, resting on a smooth inclined plane, is attached to a 
tstring which, passing over a smooth pulley, sustains another heavy particle : 
find the conditions and position of equilibrium. 

Let W be the weight of the particle on the plane, F that of the hanging 
particle, and 6 the inclination of the string to the inclined plane in the position 
of equilibrium. 
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For tbe equilibrium of tlie particle on the plane, we have, resolving along the 
plane (since the tension of the string = P), 

F'6in» = Pcos6 



.'. cos = 



In order that there may be a position of equilibrium, this value of cos B 
must be < I, .*. ^sin % must be < P. 
Explain the result when P = W. 

7. Find the position of equilibrium of a heavy particle placed on the smooth 
conic whose equation is 

the axis of y being vertical, and the conic lying in a vertical plane. 

The particle must rest inside the curve at the lowest point, or outside at the 
highest point. At these points the tangent is horizontal, or parallel to the axis 

of X, Hence such points are determined by the equation --so. But differen- 
tiating the equation of the curve, we have 



f. ^ JL^l f.^^ \^^ 

a2 ^i \^A2 b^'jdx 



Therefore 



X 






o. 



Combining this equation with that of the conic, we find 



«=± 



an 



J^ = ± 



hH 



^h'^^a^b^' ^h*-aH* 



8. Three particles, whose masses are mi, »n2, 
f»3, are placed at three points, A, B, C (fig. 43), 
inside a smooth circular tube ; they attract or 
repel each other with forces directly proportional 
to their masses and their distances ; find the 
position of equilibrium of ihe system. 

Consider the equilibrium of mi at A. It is 
acted upon by two forces equal to mzAB and 
f»3 ACy in the directions AB and BC, The re- 
sultant of these must be normal to the tube at A. 
But (Cor. 2, p. 14) the resultant acts towards 
«, the centre of gravity of «J2 and 1113, and if 

is the centre, 03 = OC, Hence ^^ = *"* ; 

sin z ms 
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and, by considering the equilibrium of B. we have -; — = — . Therefore 

sin s mz 

sin X : sin y : sin z = m\ : wz : m^. Also a; + y + 2 = ir ; therefore a?, y, and z 

are the angles of a triangle whose sides are proportional to mi, »i2, and mz. These 

angles being known from some such equations as cos x = , &c., 

zni'zWz 

the relative positions of the particles are at once determined. The centre, 0, of 

the tube is the centre of gravity of the particles. 

9. Two smooth heavy rings, A and C (fig. 44), slide on two rods which are 
inclined to the horizon at angles i and i* ; a string connecting A and C passes 
through a smooth heavy ring, B. Find the condition of equilibrium. 




m 




Fig. 44. 

Let the weights of Ay B, C, be P, W, P*, respectively, and let -B and R' be 
the reactions of the rods on A and C. Construct the force-diagram of the sys- 
tem by drawing om from an arbitrary origin, 0, parallel and proportional to 
J?', and >w// parallel and proportional to P' ; then on will be parallel to BC and 
proportional to the tension in it. Drawing again ftp parallel and proportional 
to Wn op will b<j pjirallel to BA^ and represent its tension. Finally, if ^y repre- 
sents P, nq will represent P. Since the tension in ABC is constant, on — op ; 
.*. a perpendi ulnr from on mq bisects np. The length of this perpendicular 
is on the one hand {inn 4 \ ftp) tan t', and on the other (pq + J np) tan *. 
Hence, equating these, we have 

(P' + J ^ tan i' = (P+ i JT) tan t. 

This is a relation between the constants of the problem, and it therefore con- 
stitutes a condition that equilibrium should be at all possible. If this condition 
is fultilled, the position of equilibrium can be obtained by finding the angle, 0, 
which the string BC makes with the vertical Evidently, from the force- 
diagram 

taa = = — tan » . 

10. Two heavy rings, whose weights are Pand P' (fig, 45), rest on the cir- 
cumference of a smooth vertical circle, and are connected oy a weightless string 
on which a heavy ring, whose weight is Qf slides freely. Find the position of 
cqujJibrium. 
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Construct the force-diagram. Let 6 and 0'be the inclinations of the radii CA 
and CA' to the vertical, and let ^ be the inclination of the portions of the string^ 
AB and BA* to the yertical. 




Fig. 45. 
The fi/rce-diagram then gives the statical equations 

Q 



(1^ ^ 



= (- + P* 1 tan 6'. 



■) 



Q 



tan = — tan 6. 
2 



(i> 



(A 



To these must he added the geometrical equation which connects the lengthy 
/, of the stringy with the radius, a, of the circle. 

Since the horizontal projections of the broken lines AC A' and ABA' are the 
same, we have 

a (sin 9 + sin 9') = I sin 0. (3) 

Equations (i), (2), and (3) are sufficient to determine the unknown angles. 
0, 9\ and 0. 

II. A body, whose weight is 10 kilogrammes, is supported on a smooth in- 
clined plane by a force of 2 kilogrammes acting along the plane and a horizon- 
tal force of 5 kilogrammes ; find the inclination of the plane. 



Ans, sin-^l - J 



12. A heavy body is sustained on a smooth inclined plane (inclination t) by 
a force F acting along the plane, and a horizontal force, Q. The inclination 
being halved, and the forces P and Q each halved, the body is still observed to 
rest ; find the ratio of F to Q. 

Ana. — = 2 cos' -. 
Q 4 

13. Two weights, F and Q (fig. 46), rest on a 
smooth double-inclined plane, and are attached to 
the extremities of a string which passes over a 
smooth peg, 0, at a point vertically over the inter- 
section^ of the planes, the peg and the weights 
being in a vertical plane. Find the position of 
equiUbiium. 

"Pig. ^^. 
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Ans, If I — the length of the string, and CO = A, the position of equili- 
l}rium is defined by the equations 

« 

sin a __ ^ sin fi 
cos cos 4>' 

cos a cos fi I 

—. f- — — - = - • 

sin B sin 4» A 

14. Two weights, P and Q, connected by a string, rest on the convex side of 
^ smooth vertical circle. Find the position of equilibrium. 

Ans. If the radius of the circle drawn to P make an angle 6 with the ver- 
tical diameter, I - length of the string, and a - radius of the circle, 
the position of equilibrium is defined by the equation 



P sin 6 = Q sin f — 6 J, 
being circular measure. 



15. Show, by considering the equilibrium of P and Q (in the last example) 
as one system, that their centre of gravity lies in the vertical radius of the 
circle. 

j6. Two weights, Pand Q, connected by a string rest on the convex side 
of a smooth cycloid. Find the position of equilibrium. 

Ans. If 1 = tlje length of the string, and a = radius of generating circle, 
the position of equilibrium is defined by the equation, 



Q 



I 



. e 

2 P+ Q 4a* 



where is the angle between the vertical and the radius to the point on the 
generating circle which corresponds to P. 




Fig. 47. 
^7. Two weights, Pand Q (fig. 47), rest on a smooth cycloid, and are con- 
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nected by a string wHcb passes over a smooth peg, B^ at a point vertically over 
the highest point, A^ of the curve. Find the position of equilibrium. 

Ans. Let a = the radius of the generating circle ; h s the heifrht AB ; 
I — the length of the string ; and = the angles which define 
the positions of P and Q, respectively ; a and /3 = the angles be- 
tween the tangents at P and Q and the portions FB and QB of 
the string, respectively ; then the position of equilibrium is defined 
hy the statical equation 

. , <f, 

sm - sm ~ 

P. -^Q. -, 

COS a cos jS 

and the three geometrical equations 

.0,6 .0 

A cos a 6 sm - A cos a <t siix 

2 2 2 2—7 

. + ^— — ^_ — *, 

sin a sm j3 

{h + 2a) tan a tan - 4- «d f tan a + tan - ] - A = o, 

(A + 2a) tan /Stan - + «0 f tan/3 4- tan -J - A = o. 

i8. If in the last example the weights P and Q rest on the convex side of a 
smooth vertical circle, find the position of equilibrium. 

Ans. Let A = the distance between the peg, -B(fig. 47), and the centre, C, 

of the circle ; and <p = the angles made with the vertical by tho 

radii to Pand Q, respectively ; a and /3 = tho angles made with 

' the tangents to the circle at P and Q by the portions FB and QB 

of the string ; / = length of the string ; then 

sin d sin 

P = Q a* 

cos a cos /3 

, /sin 6 sin <b\ 

h + — -^ = /, 

\ cos a cos /3 / 

A cos (0 + a) = a cos a, 

A cos (^ + /3) = a cos /8. 

19. Two weights rest on the convex side of a parabola whose axis is vertical 
and are connected by a string whi« h passes ovt^r a smooth peg at the focus ; 
show that equihbrium is impossible unless the weights are equal. ' 
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20. Two weights, F and Q (fig. 48), rest on the 
concave side of a parabola whose axis is horizontal, 
and are connected by a string which passes over a 
.smooth peg at the focus F, Find the position of equi- 
librium. 

Ans. Let I = the length of the string ; = the 
angle which FF makes with the axis ; 
4m = the latus rectum of the parabola ; 
then 



cot - = — Trrz: 

2 ^/f^ 



To^y 



I— 2m 



m 



21. A particle is placed on the convex side of a 
«mooth ellipse, and is acted upon by two forces, F and 
F, towards the foci, and a force, F"f towards the cen- 
tre. Find the position of equilibrium. 




Fig. 48. 



Ans, If r = the distance of the particle from the centre of the curve ; 

F-F' 



b = semi-axis minor ; and n = 



?n 



; then 



r = 



Y I — »* 



22. A heavy particle, P, is placed on the concave side of a smooth vertical 
tjircle whose lowest point is A and highest point B. If the particle is acted 
upon by two forces, in the directions A P and FF, equal to fi BF and /i AF, re- 
spectively, find the position of equilibrium. 

Ans. Let W^ the weight of the particle; d — the angle made with the 
vertical by the radius to P ; a = the radius of the circle ; then 



tan B = 



2fia 



23. A particle, P, is acted upon by two forces towards two fixed points, S 

and J?, these forces being -^rh ^^^ i^> respectively ; prove that P will rest at 

all points inside a smooth tube in the form of a curve whose equation is SF. SIT 
= k^f k being a constant. 



24. A particle, P, is placed inside a smooth circular tube, and acted upon 
by two forces towards the extremities, A and P, of a fixed diameter, AB ; the 
forces are respectively proportional to FA and PP: prove that the particle will 
rest in all positions. 
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25. Given the base, NS (fig. 49), of a triangle 
NTS, and also the sum of the cosines of the h:tse 
angles, SNP and NS ; let the curve locus of P be 
«on8tmcted« Prove that if a particle be placed at 
any point of the curve and acted on by two forces, 

u, 

«ne repulsive from N and equal to -^pj* *^d the 

other attractive towards S and equal to — j, the 

Tesultant force is, at every position of the particle, 

directed along the tangent to the curve. Fig. 49. 

JQ". B. — This curve is called the ''Magnetic Curve," being one of those in 
'which small iron filings would arrange themselves under the influence of a fixed 
magnet whose poles are N and S. 




Section II. 
Rough Curves. 



31. Friction. — The curves and surfaces which we have 
Mtherto considered were supposed to be incapable of offering 
xesistance in any other than a normal direction. Such curves 
and surfaces, however, exist only in the abstractions of lia- 
tional Statics, and are not to be found in nature. Every 
surface is capable of destroying a certain amount of force in 
its tangent plane ; or, in other words, every surface in nature 
possesses a certain degree of roughness, in virtue of which it 
resists the sliding of other surfaces upon it. 

Now, there are two 'ways in which a surface may resist a 
sliding motion. Firstly, it may possess small inequalities 
which act as fixed obstacles to sliding ; and, secondly, there 
may exist an adhesion between its substance and that of ano- 
ther body in contact with it. If the inequalities were of a 
magnitude comparable with that of the surface of either body 
in contact, it is clear that the phenomena of reisistance to 
sliding could not be grouped under any simple law. In this 
case, we should be obliged to consider the separate action of 
each inequality on the surface as causing a tilting motion. 
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Very probably most instances of resistance to the sliding of 
one body on another are examples of the combined action of 
these two causes ; and in some cases, no doubt, there is a 
great preponderance of one cause over the other. The tan- 
gential force (or force in the common tangent plane) which 
resists the sliding of one body on another is called the Force 
of Friction. 

32. Laws of Friction. — Experiments made by Coulomb 
and Morin have established the following laws of friction : — 

1°. The tangential force necessary to establish the hegi^i- 
ning of a sliding motion is a constant fraction of the normal 
pressure between the two surfaces in contact. 

2°. With a given normal pressure, the tangential force 
necessary to establish the beginning of a sliding motion ia 
independent of the extent of the surface of contact. 

Subsequent experiments have, however, considerably mo- 
dified the first of these laws, and shown that it can be re- 
garded only as an approximation to the truth. If R be the 
normal pressure between the bodies, F the force of friction, 
and ju the constant ratio of the latter to the former uhen 
slipping is about to ensue, we have 

JP= iu^. (a) 

The fraction fi in this equation is called the coefficient of 
friction, and if the first law were true, /u would be strictly 
constant for the same pair of bodies, whatever the magnitude 
of the normal pressure between them might be. This, how- 
ever, is not the case. For great differences of normal pres- 
sure there are considerable differences in the values of ^» 
Equation (a) is nevertheless very nearly true when the dif- 
ferences of normal pressure are not very great, and in what 
follows we shall assume this to be the case. 

33. Causes which Modify the CoefQ.cient of Friction. — 
Friction being a force called into play by the mutual action 
of two bodies in contact, ju depends on the particular pair 
of bodies in contact, and is not a quantity pertaining to 
any one body by itself. Moreover, it varies for the same two 
bodies according as the state of each body varies. Thus, it is 
not the same for iron and dry oak, as for iron and the same 
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pieoe of oak with a moistened surface. Neither, again, is it 
the same for two pieces of wood when their fibres are parallel 
tB when they are perpendicular. In fact, when great accuracy 
is required, a special experiment should be made to ascertain 
the coefficient of Motion between two bodies which in any 
case are to act upon and sustain each other. Tables of the 
coefficient of friction between bodies in specified states are to 
be found in most practical treatises on Statics, and whore 
great accuracy is not required, these tables are suiHciently 
reliable. 

34. Independence of the Extent of the Surface of Contact.-— 
The second law of Friction may at first sight appear strange ; 
but a little reflection will remove objections agamst its truth. 
If the total normal pressure between two bodies be J2, and the 
Bnrface of contact S, the pressure per imit of area (which we 

R 
shall call the specific pressure) is -^. If now, while the nor- 
mal pressure remains the same as before, the surface of contact 
is doubled, the pressure per unit of area is only — ^, which is 

just half as great as before. Hence, though the area over 
which friction acts is doubled, the specific pressure is halved ; 
and it is consistent with common sense that the friction per 
unit of area should be halved also. Thus, on the whole, the 
same total tangential force is required to set up sliding in 
both cases. 

35. Friction of Adhesion. — It is probable that the resistance 
to the sliding of one body on another is partly due to an ad- 
hesive force between the parts in contact. Experiments do 
not appear to have been made for the purpose of ascertaining 
how far this is the case. The ordinary experiments have all 
been made in air, and not in vacuo, and undoubtedly a layer 
of air between two bodies plays the same part as a layer of 
oil or any other lubricant. To ascertain how far friction may 
be due to adhesion, it would be necessary to multiply the 
number of points of contact as much as possible, i. e., to ren- 
der the surfaces in contact as even as possible, and by the use 
of a screw (or other) arrangement to cause one body to slide 
on the other in an exhausted receiver. 

36. Other kinds of Friction. — It is found by experiment 

E 
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that the friction which resists the beginning of sliding is 
greater than that which resists its continuance. Again, the 
resistance which is opposed to the rolling of one surface on 
another is distinguished by the special name of Rolling Fric- 
tion. This last species we shall consider when we come to 
the treatment of extended bodies. At present we shall limit 
ourselves to the consideration of the friction of the beginning 
of motion which is expressed by the equation 

F=iiR. 

37. Beaction of a Itougli Curve ^\ 

or Surface. — ^Let AB (fig. 50) be a \ Al 

rough curve or surface ; P the posi- r I -7( 

tion of a particle on it ; and sup- 1 / \ 

pose the forces acting on P to be i / If t 

confined to the plane of the paper. ^^^^^^^^ y -- — ' lUT 

Ijet Ri = the normal resistance of ^^^^ \ ^ 

the surface, acting in the normal, A \ 

Plfy and F= the force of friction, 

acting along the tangent, PT, ^^^' 5°- 

The resultant of ^1 and JP is a force which we shall call 
the Total Resistance of the surface. It is represented in 
magnitude and direction by the line PR « R, which is the 
diagonal of the parallelogram determined by Ri and F. We 
have seen that the total resistance of a smooth surface is 
normal ; but this limitation does not apply to a rough surface. 
The angle, ^, between R and the normal is given by the equa- 
tion 

tan ^ = ^. 
R 

Hence, ^ will be a^ maximum when the force of friction 
bears the greatest ratio to the normal pressure. But this 
greatest ratio is what we have called the coefficient of fric- 
tion, /u ; and this ratio is attained when the particle is just 
on the point of slipping along the surface. Therefore the 
greatest angle by which the Total Resistance of a rough curve or 
surface can deviate from the normal is the angle whose tangent is 
the coefficient of friction for the bodies in contact ; and this devia- 
//p/^ is attained when slipping is about to commence. 
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38. Angle of Prietion. — The angle between the normal 
and the total resistance of a rough surface when slipping 
is about to take place is called \h.Q Angle of Friction,* We 
shall throughout denote it by X ; and if )lc is the coefficient of 
friotioii, 

tan X =* /u. 

39. Xizperiniental Determination 
of pi. — ^Let P be the position of a 
heavy particle, whose weight is IF, 
on a rough plane, AB^ whose incli- 
nation is gradually increased until 
P is on the point of slipping down. 
Consider the equilibrium of P in 
these circumstances. It is acted ^ 
upon by two forces, namely, its 
weight, Wj and the total resist- ^ig-S'- 

unce, jB, of the plane. For equilibrium these forces must be 
•equal and act in opposite directions. Hence R acts in a ver- 
tical line ; and since slipping is about to take place, the angle 
between R and the normal, PiV, to the plane must (Art. 37) 
le equal to X, the angle of friction. But the angle between 
the vertical and PN is also equal to the inclination of the 
plane to the horizon. Hence the inclination of a rough plane 
•on which a particle^ acted upon solely by its own u'eight, isj'mt 
4ibout to slipj is the Angle of Friction. 

This result might have been proved by the resolution of 
forces. Thus, if JBi be the normal pressure, the force of fric- 
tion acting up the plane is fiRi, since slipping is about to 
begin. BLence, resolving forces horizontally for the equili- 
brium of P, 

Pi sin i - fiRi cos i = o, 

f being the inclination ; or tan i = fi .*. i = X. 

40. Limitation of the Total Resistance. — ^As in the case of 
the resistance of a smooth curve or surface, there is no limit 
to the magnitude of the total resistance of a rough curve or 
surface — ^for the surfaces with which we are at present con- 
cerned are supposed to be capable of resisting penetration to 
any extent — the only limitation to which the total resist- 

* Sometimes called the Angle of Itepose* 

E 2 
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ance is subject being one of directiony and this limitation i» 
thus expressed : — 

The Total Resistance of a rough curve or surface^ though 
unrestricted in magnitude^ can never make with the normal an 
angle greater than the angle of friction corresponding to the two 
bodies in contact. 

Within this limit, the total resistance can assume any 
magnitude and direction, so that we at once deduce the fol- 
lowing important principle : — 

If the Total Resistance can maintain equilibrium, it will 
do so. 

Thus, let P (fig. 52) be a heavy 
particle placed upon a rough plane 
whose inclination is less than X, the 
angle of friction. Then it is clear that, 
to keep P at rest, the total resistance, 
R, has only to be equal and opposite to 
JF, the weight of P. 

But drawingPQ, making the angle 
of friction. A, with the normal, PiV, we 
see that the direction of R falls within 
the prescribed limit ; and therefore the equilibrium will sub- 
sist, no matter how great JFmay be, for there is no limit as 
to the magnitude of R. 

4 1 . Limiting Equilibrium. — ^A particle acted upon by any 
forces and placed upon a rough surface is said to be in limits 
ing equilibrium when it is in such a position that the total 
resistance of the surface makes the angle of friction with th& 
normal. In such a position if any slight change should occur 
in the circumstances of the particle, in virtue of which the 
total resistance would be compelled to make a greater angle 
with the normal, equilibrium could subsist no longer ; for the 
total resistance can never be inclined to the normal at an 
angle greater than the angle of friction. Or we may put the 
matter thus. In every case the equilibrium of a particle re- 
stricted to a rough curve or surface is broken only by some 
circumstance which compels the total resistance to make with 
the normal an angle greater than the angle of friction. The 
manner in which this is supposed to happen depends on the 
jp^rticular problem. For example, let us enquire into the 
circumstances of the equilibrium of a heavy particle, whose 
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weight is W^, on a rough curve,-45 (fig. 53), whose plane is ver- 
tical, the particle heing acted upon by a horizontal force, F. 

The problem proposed for solution 
may he any one of the three follow- 
ing :— 

{a.) Determine the least horizon- 
tal force that will sustain a particle, 
of weight JF, at a given point, P, of 
■a given rough curve, AB, 

(6.) Determine the point at which 
a particle, of weight W^ will be just 
«ustained by a given horizontal force, 
Fy on a given rough curve, AB. 

(c.) Determine the least coefficient of friction that will 
allow a particle, of weight 7F, to rest at a given point, P, of 
■a curve, AB, the particle being acted on by a given hori- 
zontal force, F, 

If PiVbe the normal at P, and PR be drawn making the 
«,ngle of friction. A, with it, PR will be the direction of the 
total resistance, since, by supposition, the particle is about 
±0 slip down. All three problems are solved by the equation 

^=cot(0-A), 

S being the incHnation of the tangent at P to the horizon. 
But the manner in which equilibrium is supposed to be 
T)roken is not the same in each of them. If, in the first case, 

F< fF tan (0 - X) ; in the second, > X + tan"* [-^X and in 

the third, X < - tan"* \'w\ ^^ particle will not rest at P. 

Thus the equilibriinn may be broken by 

(a.) A slight change in some of the acting forces. 
{b,\ A sHght change in the position of the particle ; or, 
(c.) A shght change in the nature of the supporting sur- 
face, i. e., a (Sminution of its roughness. 

If the particle is in limiting equilibrium (i. e., if the total 
resistance makes the angle of friction with the normal to the 
supporting surface) it is evident that equilibrium will always 
be broken if the third of these changes occurs ; but it may 
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not be broken by either of the others. Take, for example, a. 
heavy particle placed on an inclined plane whose inclination 
to the horizon is the angle of friction. It is evident that any 
change maybe made, either in its weight or in its position on 
the plane, and equilibrium will still subsist ; for in neither 
case is the total resistance (equal and opposite to W) com- 
pelled to make with the normal an angle > X. 

In every case of equilibrium it is to be observed that tho 
Force of Friction (Art. 31) takes the direction opposite to that in 
which motion would ensue if the bodies in contact became gradually- 
smoother. 

EXAIIPLES. 

1. A heavy particle is placed on a rough plane inclined to the horizon at an 
angle less than the angle of faction ; find the limits of the direction of the force- 
required to drag it down. 

Let PN (fig. 54) he the normal to the inclined plane, and let PQ be drawn,, 
making the angle NFQ = A, the angle of friction. Now, the necessary and suf- 
ficient condition that equilibrium should exist is 
that the resultant of the weight, W^ and the 
force applied, JP, should fall within the angle 
NFQ, Hence, producing NP and QP to n and q, 
we see that no force applied to P within the p 

angle nPq will disturb the equilibrium. F must, 
therefore, be applied within the angle NPq, and 
act firam P towards the left of the figure. ^-"""^ '^ 

2. Two heavy particles, whose weights are P 
and Q, rest in limiting equilibrium on a rough _. 
double-inclined plane, and are connected by a *^S' '54* 

string which passes over a smooth peg at a point, A (fig. 55), vertically over 
the intersection, B, of the two planes. Find the position of equilibrium. 

Let the inclinations of the planes be a and j3 ; let the length of the string. 
be /, and ^^ = A ; and let the portions of the a 

string make angles 6 and ip with the planes. ^ 

Suppose that F is on the point of ascend- 
ing, and Q of descending. Then, since the mo- 
tion of each body is about to ensue, the total 
resistances, R and 8, must each make the 
angle of friction with the corresponding nor- \ 

mal ; and since the weight Pis about to move ^ V \ 
upwards, M must act towards the left of the 
normal, while, since Qis about to move down- 
wards, S must act to the right of the corre- 
sponding normal. 

If T is the tension of the string, we have 
for the equilibrium of P, 





T=P 



sin {a 4 A) 
cos {B - X)' 



Fig. SS' 
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Agaixiy for the equillbriiixn of Q, 

COS (^ + X) 

Hence, equating tlie yalues of T, 

sin (g + X) _ Q sin (/3 - A) .. 

* cos (6 - X) "" ' cos (0 + A)* 

Tliis is the only statical equation connecting the given quantities. "We ob- 
tain a geometrical equation by expressing that AB and the length of the string 
are giyen. This is, evidently, 

_ /cos a cos/3\ , , . 

\sm e sin <pl 

Equations (i) and (2) determine the values of d and ^, and constitute the 
solution of the problem. 

Other Solution, — Instead of considering the total resistances, R and S^ we 
may consider two nOi*mal resistances, R\ and Su and two forces of friction, fiRy^ 
and fjJSi, acting respectively down the plane a and up the plane /3. In this case, 
considering the equilibrium of P, and resolving forces along and perpendicular 
to the plane a, we have 

Psina + /ii?i = Tcosd, ) , .. 

Pcosa= Ri 4- Tsin6, ) 

and for the equilibrium of Q, 

Q sin i8 = /iS'i + r cos ^, i ,^^ 

Q cos /3 = 8\-\-T sin ^. ) 

Eliminating JRi, iS'i, and T from the systems {A) and (^), we arrive at the 
eame statical equation as before. 

The method of considering total resistances instead of their normal and 
tangential components is almost always more simple than the separate considei- 
ation of the latter forces. 

3. If in the last question F is given, what are the limits of Q consistent with 
equilibrium ? 

If Q be so large that it is about to drag P up, its value, Qi, will be given by 
equation (i), 

_ si n (g + A) cos (^ + A) ^ 

^ ~ ' sin (/3 - A) cos (6 - A) * 

and if Q be so small that P is about to descend, its value, Q2, will be 

() =p 8^" C« - ^) cos (^ - ^) 
* 'Bin(i8 + A)cos(e + Ay 

the angles $ and ^ being connected by equation (2). 
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4. A heavy ring is placed on a rough yertical circle ; find the limits of its 
position consistent with equilibrium. 

Ans. Draw two diameters making the angle of friction with the yertical 
diameter. The ring will rest anywhere on the circumference be- 
tween the two upper extremities, or between the two lower ex- 
tremities, of these diameters. 

5. A heavy body whose weight is 20 kilograms is just sustained on a rough 

inclined plane by a horizontal force of 2 kilograms, and a force of 10 kilograms 

2 
along the plane ; the coefficient of friction is - ; find the inclination of the plane. 

Ans, 2 tan-^ f -^ 



- m- 



6. A heavy particle is placed on a rough plane whose inclination to the ho- 
rizon is sin'^ ( ~ ) ) ^^^ ^ connected by a string passing over a smooth pulley 

with a particle of equal weight, which hangs freely. Supposing that motion is 
on the point of ensuing up the plane, find the inclination of the string to the 

plane, the coefficient of friction being -. 

Ans, By resolving forces along the inclined plane, we have, if = inclina- 
tion of the string to the plane, 

- sin 6 = I — cos d, or - sin - cos - = sm'* -, 
2 2222 

one solution of which is = o, and the other is tan - = -. 

2 2 

7. In the second solution of the last question, exhibit the position of the 
string, and explain the result. 

8. A heavy particle acted upon by a force equal in magnitude to its weight 
is just about to ascend a rough inclined plane under the influence of this force ; 
find the inclination of the force to the inclined plane. 

Ans. If is the required inclination, \ = angle of friction, and i = incli- 
nation of the plane, 

IT IT 

= - i. and 6 = 2A + i 

2 2 

are possible solutions. (0 is here supposed to be measured from the upper side 

IF 

of the inclined plane. If — > 2 \ + i, the applied force will act towards the 
uAfoifir side). 
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9. In the first solution of the last question, what is the magnitude of the 
pressure on the plane ? 

Ans. Zero. Explain this. 

10. Prove that the horizontal force which will just sustain a heavy particle 
«n a rough inclined plane will sustain the particle on the same plane supposed 
cmooih, if the inclination is diminished by the angle of friction. 

11. In example 9, p. 42, if the rings A and Care equally rough, find the 
condition that there may be a limiting equilibrium in which each is about to 
slip down. 

^ns. If A. is the angle of friction, the required condition is 

(^+j) tan(i'-A)= (-P+^t) tan(t-A). 

In this case the lines Om and Oq must be drawn making angles i' - A, and 
i — X, respectively, with the line mq, 

13. In the same example, if one of the rings, C, is in a position of limiting 
equilibrium, find the direction of the string, the position of the other ring, A^ 
4uad the direction of the total resistance at it. 

Ans. The position of the string is determined by the equation 

— .tane= ( — + P'J tan(»'±A), 

the + or — sign being used according as C is about to slip up or down, 
^hen $ is known, the position of A is known ; and the direction of the total 
resistance at A is found from the equation 

/y+ p\ Un0^m= (- +^') tan (t' ± a). 

13. A heavy body is to be dragged up a rough inclined plane : find the direc- 
tion of the least force requisite. 

Ans, The force must make the angle of friction with the inclined plane. 
This follows at once either by resolution of forces, or by drawing 
the force-diagram. Viewed in the latter way, the prol)lem is 
this : — Given one force (the weight) in magnitude and direction, 
and the direction of another (the total resistance), when is the 
resultant a minimum ? Evidently when it is at right angles to 
the total resistance. 

N. B. — This result is often expressed thus : — The best angle of traction up 
« rough inclined plane is the angle of friction. 

14. Two weights, P and Q, connected by a weightless string, vest on a rough 
vertical circle, the string being supposed not to be anywhere in contact with tue 
4urcle ; find the limits of the position of equilibrium. 
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Ans, If 6 be the angle made by the radius to P with the vertical, I = the 
length of the string, and a =■ the radius of the circle, may have 
any value between 01 and 02) these being gi^en by the equations 



tan B\ — 



Qsin [- + Aj +Psin A 



Q cos 



(.' * «) 



+ Pcos A 



tab 02 = 



A being the angle of friction. 



Q sin (r - A ) - -P si 



sm A 



Q cos 



(^o 



+ P cos A 




Fig. 56. 



15. Two heavy bodies rest, at points P and Q, on any rough curve in a ver- 
tical plane, and are connected by a weightless string, which is nowhere in con- 
tact with the curve ; show that in the limiting positions of equilibrium the total 

resistances at P and Q intersect on the circle passing 

through P, Q, and the point of intersection of the '^^ ^^ ^ 

normals at P and Q. 

16. Two heavy particles, Pand Q (fig. $S\ rest, 
one on a rough diameter, AB^ of a rough vertical 
circle, and the other on the convex side of the circle, 
the particles being connecttd by a weightless string 
which passes over a smooth peg at the upper extre- 
mity, -B, of the diameter. Find the position of equi- 
librium, the string being supposed to be nowhere in 
contact with any rough surface, and the coefficients 
of friction for P and Q being diflferent 

Ans. If o = the inclination of AB to the vertical, d = inclination of the 
radius drawn to Q to the vertical, /i = coefficient of friction be- 
tween P and AB, /i' = coefficient of friction between Q and the 
circle, the limiting positions of equilibrium are given by the 
equations 

Q (sin 01 + /i' cos 0i) = P (cos a — /i sin o), 

Q (sin 02 - /i' cos 02) = P (cos a + /i sin a). 

17. AB is the vertical diameter of a rough circular tube, of which Cis the 
centre ; Pis a heavy particle placed inside the tube, and attached to three strings 
which, passing through a narrow slit in the inner side of the tube, pass over 
smooth pegs fastened at u^, P, and C. Find the position of equilibrium. 

Ans, If the weight of the particle = TT, and the weights suspended over 
the pegs, Ay C, and P = Pi, P2, and P3, respectively, the angle 0, 
which CF makes with the vertical when the particle is about to 
slip down, is given by the equation 

F'sin (0 + a) 4- Pi cos f - + A J - P2 sin A - P3 sin [ - + A j = o ; 
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and by dianging the sign of A. in this equation we obtain the position in which 
F Ib about to slip up. Anywhere between these positions the particle will rest 
in non-limiting equilibiium. 

1 8. Two heavy particles, P and Q (fig. 57)» 
rest on two rough circular arcs which have a ccm- 
mon vertical tangent at ; Pand Q are connected 
by a string which passes over a smooth pulley 
at \ find the positions of limiting equilibrium. 

Ans, Let and ^ be the angles subtended 
by the arcs OP and OQ at the centres 
of the corresponding circles, a and b 
the radii of the circles, A and c the 
angles of friction for P and Q, re- 
spectively, and I the length of the 
string ; then, if P is about to slip 
down, the equations 

cos (e + A) _ cos (^ - 6) 




Fig. 57. 



and 



(;- + a) cos(t-.)' 



cos I - + A 



a sin - + d sin - = -, 

2 2 2 



determine the position of equilibrium. Changing the signs of A and €, we ob- 
tain the position in which Q is about td slip duwn. 

19. A particle rests on a rough curve whose equation is f{x, y) - o, and is. 
acted on by forces the sums of whose components along the axes of x and y are 
X and Y\ prove that the particle will rest at all points on the curve at which 



ax ay 



•I=Tr= . J(|)% (I) 



> COS A. 



20. Two rings whose weights are P and Q are moveable on a rough rod in- 
clined to the horizon at an angle » ; these rings are connected by a string of given 
length which passes through and supports a smooth heavy ring W'y find the 
greatest distance between P and Q, 

Ans, If is the inclination of either portion of the string to the vertical, 
the greatest distance between the rings is obtained by giving tan ^ 
the greater of the values 



^T- tan(A 



^+2P 

0, — ^;— tan(A + »)i 



Q being the upper ring. 
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Section I. 



A Single Particle. 

42. Orthogonal Projection. — ILetOx emdAB (fig. 58) be any 
two right lines inclined at an angle d. If from the extremi- 
ties, A and jB, of the right line B 
AB, two perpendiculars, Aa and 
£b, be let fall on Ox, the line ab 
is called the orthogonal projection 
of AB on Ox. If the lines Aa 
and Bb had been each drawn ^ 
parallel to a given line, which is 
not perpendicular to Ox, ab would be an oblique projection of 
AB. 

In the case of orthogonal projection it is evident that ab 
= AB cos 0. 

43. Projection of a Broken Line. — ^Let ABCD (fig. 59) be 
a zig-zag or broken line. Then it is evident that the projection 
(orthogonal or oblique) of the line ADy joining the first and 
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last points, A and 2), is equal to the sum of the projections of 
the ssparate lines, AB, BC, and CD, on any line Ox. 

This is also true when the line Ox, on which the projoc- 
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tion takes place, cuts any or all of tlie lines AB, BC, . . . 
between the vertices, A, B, Cy . . . y of the polygon formed 
by them, as in fig. 60. 

If the sides of a closed polygon taken in order be marked 
with arrows pointing from each vertex to the next one, and 
if their projections be marked with arrows flying in the same 
directions, then, Knes measured from left to right being con- 
sidered positive, and lines from right to left negative, we may 
evidently state this result as foUqws : — 

The sum of tJie projections of the sides of a closed polygon on 
any right line, allowance being made for positive and negative 
projections, is zero. 

44. Virtual Displacemejit. Virtual "Work. — If a point at 
O (fig. 61) be conceived as displaced to A, OA may be called 
the virtual displacement of the 
point. 

Let OP be the direction of a 
force, P, and let AN be drawn 
perpendicular to it ; then ON is 
the projection of the virtual dis- 
placement along OP, and the 
product of the force, P, by the ^ Fi 61 

projection, ON, of the virtual 
displacement is called the virtual tcork of the force. We 
fihfiJl therefore say that — 

The Virtual Work of a force is the product of the force 
and the projection along its direction of the Virtual Displacement 
of its point of application. 

If be the angle between the force and the virtual dis- 
placement, 

The Virtual Work = P . 0N= P . OA cos = P gos . OA. 

Now P cos is the projection of the force along the direction 
of displacement, and is equal to OM, if PM is perpendicular 
to OA. Hence we may also define the virtual work of a 
force as follows : — 

The virtual work of a force is the product of the virtual 
displacement of its point of application and the projection [or 
component) of the force in the direction of this displacement. 

This latter definition is for some purposes more convenient 
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than the former. It is to be observed that the projection of 
a line,^J5 (fig. 58), of given length remains imaltered in mag- 
nitude when AB is moved parallel to itself into any position. 

45. Theorem. — The virtual work of a force is equal to the 
sum of the virtual works of its components^ rectangular or oblique. 

Let a force -R, represented by 
OR (fig. 62), act at 0, and let its 
-components be P and Q, represented 
\j OP and OQ. Let OA be the vir- 
tual displacement of 0, and let its 
projections on i2, P, and Q, be r, j9, 
and g, respectively. Then the vir- 
tual works of these forces are R . r, 
P. JO, Q,q. Draw Pm and Rn per- 
pendicular to OA. Then On is the 
projection of R in the direction of the displacement, and by 
the end of Art. 44, 

P.r= OA X On. 

Similarly 

P . p = OA X Om, and Q.q = OA x mfi. 
Hence 

P.p+ Q.q = OA{Om + mn) = OA xO;i =P. n— Q.E.D. 

46. Theorem. — The sum of the virtual works of any number 
■of forces a<iting at a point is equal to the virtual work of the 
resultant. 

This may be proved by taking the forces two-and-two, and 
using the last Theorem, or by making use of the polygon 
offerees (see fig. 15, p. 15). The sum of the virtual works 
of the forces is equal to the virtual displacement multiplied 
by the sum of the projections along it of the sides of the 
polygon parallel to. the forces (Art. 44). But (Art. 43) the 
sum of these projections is equal to the projection of the re- 
mnining si^e of the polygon, and this side represents the re- 
sultant. Therefore, &c. 

It follows, then, that — 

When a system of forces acting at a point is in equilibrium, 
/^^? sum of the virtual works of the forces = o. 

For such a sjstem will be represented by a closed polygon. 
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and (Art. 43) the sum of the projections of the sides of the 
polygon along any right line = o. 

47. Convention of Signs. — If tlie virtual displacement, 
OA (fig. 63), project on the line of the force P in a direction 





Fig. 63. 



opposite to that in which P acts, the projection ON is to be 
considered negative, and the virtual work is negative. In 
this carse P wUl also project on the line of displacement in a 
direction opposite to OA. 

In fig. 64 the virtual displacement, OAy is such as to give 
positive projections, Or and Opy along the forces R and P, 
and a negative projection, Oq, along Q. And if in this case 
the lengths of Or, Op, and Oq are denoted by r, p, and q, the 
equation of virtual work will be 

JR.r = P. p - Q,q. 

48. Nature of the Displacement. — It must be carefully 
observed that the displacement of the particle on which the 
forces act is both virtual and perfectly arbitrary. In the 
motion of the particle, treated of in Kinetics, the displace- 
ment is often taken to be that which the particle aduaUy 
undergoes ; but in the statical problem of the equilibrium of 
forces, the relation between them, expressed in an equation. 
of virtual work, holds, whatever the displacement may be — 
that is, it holds whether the displacement be an actual or 
merely an imagined one. Since with regard to the equili- 
brium of forces a state of absolute rest and a state of uniform 
motion in a right line are not essentially different, we shall 
see that the most useful applications of the Principle of Work 
axe made in the case of machines moving uniformly, Tha 
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Becond characteristic of the displacement — namely, its arbi" 
trariness — is most important, as will presently appear. 

49. General Equation of Vir- 
tual Work. — Let several forces, 
Pi, P2, . . . (fig. 65), act in equi- 
librium on a particle, 0, and let 
OA be any conceived, or virtual, 
displacement of 0. Letting fall 1*4 
perpendiculars, Api, Ap2, • • • , 
on the forces, the projections Oj02, 
Op^, and Opi are all positive, 
while Opi and Ops are negative 
(Art. 47). Hence the equation of 
virtual work is ^^^' ^^' 

- Pi . Opi + P2.OP2 + PZ. Opz ^ P^.Op^'-Ps. Op, = o. 

If the projections of the displacement be denoted by piy 
JO2, . . . , and if these quantities are supposed to carry their 
proper signs with them, this equation becomes, the number of 
forces being any whatever, 

Pl.^l + P2.i?2+P3.i?3+ ... = 0, (l) 

or S(P.i?) = o. (2) 

50. General Displacement of a Particle. — The most general 
displacement of a single particle is a simple motion of trans- 
lation from the point, 0, which it occupies, to another point,. 
A. Since the particle is of indefinitely small dimensions, it 
cannot be conceived as capable of a motion of rotation round 
any axis through itself. 

5 1 . Deduction of the Equations of Equilibrium from tlie 
Equation of Virtual Work. — Through draw any two axes, 
Ox and Oy, rectangular or oblique, and let a and [3 be the 
projections of the virtual displacement, OA, along thesa 
axes. Replace the force Pi by its components, Xi and Fi> 
along Ox and Oy. Then (Art. 45) 
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Similarly, P, . /», = aX, + ^ F^ 



Hence equation (i) of Art. 49 becomes 

o (Xi + X, + X3 + ...) + i3 (Ti + r. + r. + ...) = o> 

or a2X + /3SF=o. (i) 

Now a and )3 are perfectly independent of each other. 
For the displacement OA may be chosen so as to keep a 
constant while varying /3 at pleasure, or vice rersd. Suppose, 
then, that ^ and a are the projections of a new virtual dis- 
placement, and we shall have 

aSX + /3'SF=o. (2) 

Subtracting (2) from (i), we have 

(/3-/3')SF=o. 

Now /3 - )3' is not = o, therefore 2 Y must = o ; and in the 
same way 2X = o. Hence we arrive at the equations of re- 
solution of forces 

sx = o, sr=o, 

which were deduced in Chap. II.* 

52. Elementary Virtual Work. — ^In the general equation 
of virtual work, for forces acting in equilibrium on a single 
particle, namely, 

Pi.pi + P2.i?3 + Pz'Pz + . . . = o, or 2P.^ = o, 

no limitation has been placed upon the magnitude of the 
virtual displacement. This equation is true, independently 
of its magnitude; but it is generally more convenient to 
assume the virtual displacement to be infinitesimal, even in 



* These equations are, of course, implied in the proof of the principle of 
virtual work (Art. 46). 
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the case of the equilibrium of a single particle, and it is abso- 
lutely necessary to do so (as will presently be seen) in treat- 
ing of the equilibriuni of a connected system of particles. 

If the virtual displacement is infinitesimal, its projections, 
Pu i?2, . . . , on the several forces acting upon the particle are 
all infinitesimal. We shall, therefore, denote these small 
projections in future by 8jt?i, 8^2, . . . , and the equation of 
elementary virtual work will be 

Pi . Ipi + P2 . Spz + Ps . 8^3 + . . . = o, 
or SPSi? = o. 

53. Case in whicli the Virtual Work of a Force vanishes. — - 
If a force P act at a point 0, and if the virtual displacement 
OA is at right angles to the direction of P, it is clear that ipy 
the projection of OA on the direction of P, is equal to zero. 
Hence, when the virtual displacement is at right angles to the 
direction of the forcCy the virtual work of the force = o, and the 
force mil not enter into the equation of virtual work. Such a 
virtual displacement is always a convenient one to choose 
when we desire to get rid of some unknown force which acts 
upon a particle or a system. For 
example, let a particle, 0, of weight 
W, be sustained on a smooth inclined 
plane by a force, P, making an angle 
6 with the plane. If we wish to find 
the magnitude of P in terms of JF", 
without bringing the unknown re- 
action, P, into our equation, we 
conceive as receiving a virtual 
displacement, OA (the magnitude 
of which is, in the present case, un- 
limited), at right angles to P, that is, along the plane. Draw- 
ing Am and An perpendicular to TT and P, respectively, the 
equation of virtual work is 

W.0m-P.0n=^o. 
But Om = OA . sin t, and On = OA . cos 6 ; therefore 

Wmi * - P cos = o. 
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As a second example, let us sup- 
pose that the plane is rough, and that 
the particle is on the point of being 
•dragged up the plane. The normal 
TesiSance will then be replaced by 
the total resistance, It, inclined to 
the normal at an angle = A, the 
angle of friction. Let the virtual 
displacement, OA (fig. 67), now take 




Fig. 67. 



place perpendicularly to jB. Then the equation of virtual work is 

TF.0m-P.0n = o. 

But Om = OA . sin {i + A), and On = OA . cos (A - 0) ; 
therefore 

W. sin {i + A) = P cos (A - 0). 

As a third example, let us find the horizontal force which 
is necessary to keep a heavy particle in a given position inside 
a smooth circular tube (fig. 68). 

Let the virtual displace- 
ment, OA, be an indefinitely 
small one = ds, along the tube. 
Then since ds is infinitesimal, 
the projection of OA on JR will 
be zero. Also Om = ds .ein 0, 
and On = ds , cos ; therefore 
the equation of virtual work is 



- Wds . sin + Pds . cos = o, 
or P=Jrtan0. 




Fig. 63. 



If the tube is rough, and the particle in limiting equilibrium, 
instead of the normal reaction we must draw the total re- 
sistance making the angle A with the normal at the right or 
left hand side, according as P is the force which Just sustains 
the particle, or the force which will Just drag it up the tube, 
and take the virtual displacement, not along the tube, but at 
Tight angles to the total resistance. In this case we obtain 

P-irtan(0TA). 

F 2 



68 



The Principle of Virtual Work. 



54. Condition of Equilibrium of a Particle as determined, 
by the Principle of Virtual Work. — ^It will now be sufficiently 
clear that — 

For the equilibrium of a free particle aeted on by any forces 
in one plane it is necessary and sufficient that the virtual work of 
the system of forces for every arbitrary displacement whatsoever 
should vanish. 

First, it is necessary that the virtual work should vanish 
for every displacement. For the sum of the virtual works 
of the forces is equal to the virtual work of their resultant, 
and if this sum did not vanish, the resultant force could not 
vanish, and therefore the particle could not be in equilibrium. 

Secondly, it is sufficient that this sum should vanish for 
every displacement. This sum is equal to the virtual work 
of the resultant, and if this vanishes for all possible dis- 
placements, the resultant force itself must be zero, and 
therefore the particle is at rest. For, if possible, let there be 
a resultant jR, which is not zero. Then, since the virtual 
displacement is quite arbitrary, we may choose it so that it 
gives a projection = 8r (which is not = o) on the direction of 
It. Now, since the virtual work of the system vanishes, we 
have 

mr = o. 



But since Sr is not = o, jB must be = o, and the particle is,, 
therefore, at rest. 

55. Normals to Curves. — The equation of virtual work 
furnishes a ready method of drawing normals to certain 
curves. For example, to draw a 
normal at any point, 0, of an 
ellipse (fig. 69) : let a particle be 
placed at inside a smooth ellip- 
tic tube whose foci are F and -F', 
and let it be acted upon by two 
forces, P and P', directed towards 
the foci. Let OF = r, OF" = /. 
Then by the property of the 
ellipse, Fig. 69. 

r + r' = a constant. 
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Hence, proceeding to a close point, -4, we have 

gr + g/ = o. (i) 

I^'ow the resultant of P and P' is normal to the curve, and is 
destroyed by the normal reaction. Drawing Am and Am' 
j)erpendicular to P and P', the equation of virtual work is 

P.Om-F" . Om' = o. 

;But Om = - Sr, and Om' = 8/ ; therefore this equation be- 
-comes 

P.8r + P'.gr' = o. (2) 

Equation (i) gives 8/ = - 8r ; therefore, substituting in (2), 
^we have 

or the forces towards the foci 
must be equal. But the re- 
sultant of two equal forces 
bisects the angle between them. 
Again, the ovals of Cassini 
caje given by the equation 

rr = k^y 




Fig. 70. 



r and / being the distances of 
a point, 0, on the curve (fig. 70), from two fixed points, Pand 
F . If two forces, P and P', act on towards F and P', their 
resultcint being normal to the curve, we have for a small vir- 
tual displacement along the curve 

PSr + P'S/ = o. (i) 

But, differentiating the equation of the curve, 

rSr + rS/ = 0. (2) 

JHence from (i) and (2) 

P _/ 



70 The Principle of Virtual Work. 

Now, if (7 is the middle point of FFj we have 

/ sin i?' sin COF 



Therefore 



r sin i?^ sin COF' 
P sin COF 



r sin COF 
But if OiVbe the direction of the resultant, 

P ^ sin NOr 
F "■ sin iV^Oi^' 

Hence NOF' = COF; and the normal is, therefore, oon- 
strupted by joining the point 0, on the curve, to the middle^ 
point of the line joining the foci, F and F\ and then drawing 
the right line OiV^so that L NOF" = L COF. The line OK 
is the normal at 0. 

Examples. 

T 

1. If the equation of a curve is expressed in the form -j^h^h being a cod* 

stant, and r, r' the distances of any point on the curve from two fixed points^ 
A, B, show that the normal to the curve divides AB externally in the ratio k^iiy, 
and that the curve is therefore a circle. 

2. Prove that the normal to the curve — + -— = — divides AB in the ratio- 



v) ' 



3. Give a simple construction for the normal to a Cartesian oval, vrhose- 
equation is /r + mr' = a. 

4. The equation of the magnetic curve is cos 01 + cos »' = A; (example 25, 
p. 47] . If N and 8 are the poles, prove that the normal at a point P is coDstructed 
by measuring, on lines perpendicular to PiV and PiS, lengths proportional to P<S^ 
«nd FIP, respectively, and proceeding as in last Article. 

5. The equation of any curve being /(r, r') = o, prove that if the normal 
is constructed by measuring constant lengths, Fa and Fbj from a point Pen the 
curve, along the lines FA and PP, the curve must belong to the Cartesian ovals. 

[This follows at once from the integral of the equation ^ = ^ t^* 1 ^0^ this- 
Sntegrai giYeB/= ^ {kr + r*) ; therefore all such curves give kr -k-r' = const.] 
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6. Show that for curyes given by the equation/ (w, •') = o, a construction 
similar to that in the last example (except that the constant lengths are measured 
on perpendicidars to FA and FB) will hold only when the equation is 

tan" - tan™ -== Ar, 
2 a 

(This follows from the integral of the equation 

1 df k df . df ., ,df 

-/ = --^, orsin« — = A?sin«' -, 
r dw r dm' da da 

for the method of obtaining which integral see Boole's DifPerential Equations, 
p. 328]. 

7. Apply the result in the last example to construct the normal to an ellipse 
at any point. 

[The equation of the ellipse is tan - . tan — = kJ] 

The general theorem* of which these are particular cases 
is the f oUowing : — ^Let the equation of any curve be expressed 
in the form 

-where n, r2, r^, . . . r^ denote the distances of any point, P, 

(fig. 71), on the curve, from a num- ^ 

"ber of fixed points, -4i, -4 2, ^3, . . . ^ "^ 

An ; then, if on P-4i, jP^2, P^3, / 

• . . PAn9 we measure off lengths Vr 

Puiy Pa29 Pazy . . . Pan proportional / 7 

to / l\ 

^ di df^ ji y \ 

dri drz dr^ " " ' dvn ^ / 

A2 
and find 6?, the centre of gravity of 

the points ai, ^2, «3, . . . «»> PG will ^^' '^^' 

be the normal to the curve at P [/is used for shortness in- 
stead of/(ri, ^2, n, . . . r„)]. 

The proof of this theorem is exceedingly simple from a 
statical point of view. Suppose a number of forces, Pi, P2, 
P3, . . . P«, to act at P along the lines PAi, PA29 PAzy . . . 



* This theorem is, I believe, due to Tschimhausen. The student will find 
another proof of this and the following theorem in Williamson's Differential, 
Calculus, Art. 193, third edition. 
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PAn] 


; then these forces ^crill have a 


resultant normal to the 


curve 


if 








/ 




Pxln + Piln 


+ PaSn . . . 


. + PnSrn = 0. 


But 












df 


In + -^ 8r, + 


-7— 0^3 . . 


df ^ 




dry 


dTi 


dvz 


dVn 



hence if 

p. p. p. p-^.^.^. ^ 

ari dr^ dr^ drn 

the resultant acts in the direction of the normal. The rest 
easily follows by Leibnitz's graphic method of representing 
the resultant of any number of concurrent forces (see p. 13). 
This theorem may be extended to curves given by equa- 
tions of the form 

/ (wij CU2, a>8, . . . w») = o, 

where wi, 012, ws? • • • ^n are the angles which PAi^ P-^o, 
PAzy . . . PAn make with a fixed line.,' 

Let forces Qi, Q2, Q3, • • • Qny act at P perpendicularly 
to the lines PAi, PA2, PAz, . . . PAn. Then the virtual 
work of Qi for a displacement along the curve is evidently 
QiriS(M)i. Hence the forces will have a resultant normal to 
the curve if 

But 

df ^ df ^ df ^ df ^ 

3— OWi + -5 — OW2 + -J— OW3 . . . + -z — OWn = o ; 

at»)\ a(»i2 du)z (t(M)n 

therefore the resultant will be normal if 

N&l • N&2 • nC3 • • • • *^t« ~" 7 • 7 • 7 ...• "3 • 

Vi awi Tz aw2 rz aws Tn uton 

Consequently, the rule is — measure off lengths, PJi, PJ2, &c., 
proportional to — v-> — -r-y &c., on lines drawn at P per- 

^ Ti d(Oi ^2 d(02 

pendicularly to PA^ PA2, &c., in the directions in which the 
angles wi, 012, &c., increase ; find the centre of gravity of the 
points Ji, J2, &c. ; then the line joining this point to P is the 
normal to the curve. 
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Section II. 

A System of Two Particles. 

56. Projection of a Displaced Line of Constant Leng^. — 
Liet a line, AB (fig. 72), be a 
right line which is displaced 
into any close position, A'B^^ 
its length remaining constant, 
liet S0 be the small angle be- 
tween AB and A'B^, and let ab be the projection of A'ff on 
its origiaal position. Then Aa, the projection of the dis- 
placement^^', is eqnal to J5J, the projection of the displace- 
ment BB^^ if infinitesimals of a higher order than the first are 
neglected. 




rig. 72. 



For, ab^A'ff .Gos (SO) = A'B^ ( i - 



[ley 

1 . 2 



...) 



Hence the difference between ah and A^B^ (or AB) is of the 
order of (S0)^ ; and therefore, rejecting (80)*, we have 

AB = ah, 

.', Aa = Bh. 

57. Projection of a Displaced String of Constant Length. — 
Let APB be a string which passes 
over a peg at P, and, the length of 
the string remaining the same, let the 
extremities, A and J5, be slightly dis- 
placed to A' and B^. Let Aa and 
Bh be the projections of the displace- 
ments AA and BB^ on the original 
portions of the string (fig. 73). Then 
Aa = Bh. 

For Pa = PA\. cos a PA' = PA\ 
as in the last Article. 

Also Ph = PB^. Hence, since 
PA' + PP' = PA + PB, Pa + Ph 
= PA + PB, .'. Aa = Bh. 

If in the last Article / = the length Fig. 73. 
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of ABy and in the present, I = length of the string, both re- 
sults are expressed in the equation 

58. Virtual Work of the Tension of an Inelastic String. — 
In fig. 73 suppose the peg to be smooth. Let A and B be 
two particles which are acted on by any forces which keep 
the system in equilibrium in the position indicated by the 
figure. Then if we consider the equilibrium of A alone, wo 
may replace the string by a force = T (the tension) acting in 
AP. Considering then a virtual displacement AA\ the ten- 
sion would fumisn the term 

T.^fl, or-T.Sr, 

to the equation of virtual work, the length PA being denoted 
by r. Similarly, considering the equilibrium of -B, the ten- 
sion would furnish to its equation of virtual work, for the 
virtual displacement BB^^ the term 

-r.jB6, or-T.S/, 

/ denoting the length of PB, 

If we add the two equations together, the term contributed 
by the tension will be 

-r(Sr + 8/), or- T.ll, 

which = o, since the particles A and B are imagined to be 
simultaneously displaced in such a manner that the len&:th of 
the connecting string is constant. Hence- 

For any small virtual displacement in which the length of a. 
string is unalteredy the virtual work of its tension = o. 

In the same way, if, in fig. 72, the rod ABy connecting 
two particles A and By be subject to a tension, T, in the 
direction of its length, the virtual work of this tension for 
the displacement A'B^ will be] 

T.{Aa'-Bb)y or T.SABy 

which = o, because the length oiAB is constant. 

Sence — The virtual work of the tension of a rod connecting 
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tico points whose mutual distance is unaltered in the virtual dis- 
placement is zero. 

59. Typical Expression for the Virtual Work of a Force. 
Bzample. — ^We have seen (Art. 52) that if a force, P, act on 
a particle, 0, whose 
Yirtnal displacement, 
<X4, has a projection 
a ^ on the line of ac- 
tion of P in the direc- 
tion in which P actSy 
the virtual work of P 
is 




Fig. 74- 



P.Sp. 



Generally, ifp denote the co-ordinatCy referred to some fixed 
axiSy of the point of application of aforcCy P, the virttialwork of 
the force is P .Spy Sp being supposed to be a positive increment y 
and the co-ordinate being measured in the direction in which P" 
acts. 

As an example, let ns determine the relation between two- 
weights, P and P' (fig. 74), which rest on two smooth in- 
clined planes, of inclinations i and i\ Let y and / denote 
the co-ordinates of the weights, referred to a horizontal plane^ 
through 0. Then the equation of virtual work for the system,. 
the displacement being supposed to be along the planes, is 

P.8y + P'.8/ = o. (i> 

[Here it will be observed that the normal reactions do- 
not enter, because the virtual displacements take'place at right 
angles to them (see Art. 53) ; and the tension does not enter^ 
since the virtual displacement does not alter the length of the- 
stnn^ (see Art. 58)]. 

To this must be added the geometrical equation connect- 
ing y and ^. If / be the length of the string, we have, clearly,. 



y 



-.+ 



/ 



= /. 



smt smi 



Differentiating this equation, we have 



sm I sm % 



(2> 
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Hence, from (i) and (2), 

P sine = P' sin*', 

■an equation which is, of course, otherwise evident. 

If the weights are connected, as in example 13, p. 43, 
we have still the equation of virtual work, 

PSy + QW = o, (3) 

y and ^/ denoting the vertical distances of P and Q in the 
figure of that example from a horizontal plane through C. 
The geometrical equation connecting y and r/ is, evidently, 

V^y* cosec^a + 2hy + h^ + y//'* cosec^jS + zhy' + h^ = I. (4) 

Differentiating (4), we have 

y cosec^a +h ^ 1/ cosec'^jS ■¥ h ^ , . . 

.-- . cy + —^- .?y =0. (5) 

^y^ cosec^a + zhy + h^ ^y"^ coseo'^ li-\- 2 hy+/r 

Hence, from (3) and (5), we obtain 

p ^/y^ cosec ^a + 2% + A* a/V '"* cosec ^j3 + 2 hy' +h? f^\ 

y cosec ^a + A ~ y' cosec ^/3 + A 

Equations (4) and (6) are suJficient to determine y and y\ 
on which the position of equilibrium depends. 

60. Geometrical Forces. — When a particle is compelled to 
satisfy some geometrical condition — as, for instance, to rest 
on a given smooth surface, or to preserve a constant distance 
from some other particle — ^this condition is equivalent to the 
:action of a certain force on the particle. If the particle is 
•compelled to rest under given forces on a smooth inclined 
plane, we have seen that this condition may be removed if we 
produce, by any means, a force exactly equal to the normal 
reaction of the plane on the particle. In the same way, the 
•connexion of the particle with another by means of a rigid 
rod may be severed if*we produce on the particle the force 
which is actually impressed upon it by the rod. 

Forces proceeding from geometrical connexions are called 
*(^^ome^rtcal JFbrceSf and if these forces are actually produced 
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on the particle by other means, the conditions may be- 
violated, and the particle considered absolutely free from 
constraint. 

6 1 . Choice of Virtual Displacements. — When two or more- 
particles constituting a system are connected by rods or strings^ 
and constrained to rest on given smooth curves or surfaces, 
there is an advantage, when seeking for the position of equi- 
librium, in choosing such virtual displacements as do not violate 
any of these conditions ; because, as we have seen, the tensions 
of the connecting rods or strings, and the reactions of the- 
smooth curves or surfaces, will, for such virtual displacements, 
contribute nothing to the equation of virtual work of the 
system. Thus we get rid at once of all such unknown forces- 
Of course, any geometrical condition may be violated in a 
virtual displacement at the expense of bringing into the equa- 
tion of virtual work the corresponding geometrical force. 

For example, if a particle, 
(fig. 75), is placed on a smooth 
plane whose inclination is e, and 
we wish to find the horizontal 
force, P, which will sustain it, 
the best displacement to choose 
is one along the plane, i. e., one 
which does not violate the geo- 
metrical condition, because, if 
this is chosen, the unknown re- 
action, i2, will not appear in the equation of virtual work- 
But we shall still get a valid equation if we choose a virtual 
displacement, OA^ which does violate the condition. This 
equation is 

R.Or-P.Op-W.Ow^Oy 

Or^ Op^ and Oe<? being the projections of OA on the directions- 
of iZ, jP, and Wy respectively. 

On the other hand, if we wish to determine jB, without 
determining P, the best virtual displacement to choose is one- 
at right angles to P, i. e., €, vertical displacement which does- 
violate the geometrical condition. 
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Examples. 

I. Two heav^ particles, Pand P* (fig. 76), rest on tlie concave side of a 
«mooth vertical circle, and are connected by a weightless string passing over a 
smooth peg, A, at the extre- 
mity of the vertical diameter. If A 
the particles are acted upon by 
two horizontal forces, F and F\ 
proportional to the distances, FQ 
and FQ\ of the particles from 
the vertical diameter, find the 
position of equilibrium by the 
principle of virtual work. 

Let and 0* be the angles 
which the radii to F and F* make 
with the vertical ; let the weights 
-of the particles be W and W* ; 
the radius of the circle = a, the 
length of the string &= /, and the 
forces Jf and P' = /t . FQ and 
^' .F Q, respectively. Finally, 
let the distances FQ and F'Q^ 
be X and of, and let the vertical 




Fig. 76. 



•distances of F and F* below the horizontal diameter of the circle be y and y\ 

Then, choosing virtual displacements of F and F* along the circle in such a 
manner tiiiat the length of the connecting string remains unaltered, we have 



-or 



Now 



Wdy + W'dy' ^-F,dxAr F*daf = o, 

Wdy + W'di/ + iJLX.dx + yla! .daf = 0, 

y = acoBd, y' = a cos 0', x= UBrndf of = a sin a'. 
"Hence (i) becomes 

{W- fia cose) sin ede + ( JF' - fi'a cos e') sin Q'de' = o. 



(') 



Again, 



(^) 



JF 



e 

la cos - , 

2 



uiF* = 2a cos — . 

2 



Hence the geometrical equation is 



e tf I 

cos + COS — e: — . 
2 2 2a 



Differentiating this, we have 



sin - . <f$ + sin — ^dtf = o. 
2 2 ^ 

From (2) and (4), we have, therefore, 

(TF - /Aflf COS ^) COS - = ( ^T' - ft a COS 6^ cos — . 

2 2 

The solution of the problem ia contained iu equations (3) and (5). 



(3) 



(4) 



(5) 



Examples. 
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2. Two heavy particles, P and 2^, rest on two smooth curves in a vertical 
plane, and are connected by a weightless inex- 
tensible string which passes over a smooth peg, 
A (fig. 77)» in the same plane. Prove that in the 
position of equilibrium, the centre of gravity of 
the particles (is at the greatest or least height 
above the horizon that it can occupy consistently 
'with the given conditions. 

Let y and y' denote the vertical distances of 
P and jP from a horizontal line through A (or 
through any other fixed point). Then, the dis^ 
placement being made consistently with the geo- 
metrical conditions, we have 

Wdy + W'di/ = o, 

IT and W being the weights of P and P'. 
Now, the depth of the centre of gravity is 




Fig. 77. 



(0 



-^ Wy + W'y' 



(2) 



Hence, differentiating (2), 



(^+ TT) dy = Wdy + Wdi/ = o ; 



(3) 



ttnd y is therefore a maximum or minimum. 

If equation (3) holds in all positions of the particles, they will rest in all po- 
-sitions, and their centre of gravity is at a constant height. 

3. If the normals at P and P meet the vertical line through A inn and n\ 
prove that in the position of equilibrium 

An An' ' 

4. If the particle Phang freely, find the curve on which P' will rest in all 
positions of the system. 

Ans. A conic having A for focus. 

5. If P and P' rest in all positions, and if the curve on which P' rests is 
^iven, find that on which P rests. 

Ana. Let the horizontal line through A be taken as axis of «, / = the 
length of the string, j/ =f(AF) be the equation of the given 
curve, and Wy + W'^/ = k ; then the equation of the other 
curve will be 

Wy = Jc-WfO-r), ovr = <p{y\ 
where r = AF, 

6. A particle is attracted towards two fixed points by two constant forces : 
£nd the curve on which it will rest in aU positions. 

Ant, A Cartesian oval. 
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CHAPTER V. 

COMPOSITION AND RESOLUTION OF FORCES ACTING IN ONK 

PLANE ON A RIGID BODY. 

62 . Besultant of two Parallel Forces. — ^Let two parallel forces^ 
P and Q (fig. 78), act at points A and JB, in the same direc- 
tions, on a rigid body. It is required to find the resultant 
of the forces P and Q. 

At A and JB introduce two equal and opposite forces, F, 
The introduction of these forces will not disturb the action 
of P and Q, since, the body being pop 
indeformable (see p. 4), the force F ^-^— -5^ 
at A may be supposed to be trans- y^/ \ 
ferred to JB, at which point it would y^ / \ 
be directly opposed to the other force, F^. J^^l w — AA _..^ y 

F. Compound P and F eA, A into y/ / /\ 
a jingle force, P, and compound Q s>^ L / / \ 
and Pat JB into a single force, 8. / f \ 
Then let R and S be supposed to act / P R 
atO, the point of intersection of their /„ 
directions. At this point let them *^ 

be resolved into their components, ^^; '^^' 

P, P, and Q, P, respectively. The forces Fai O destroy each 
other, and the components P and Q are superposed in a right 
line, OG, parallel to their directions at A and JB. The mag- 
nitude of the resultant is, therefore, P + Q. To find the point, 

G, in which its direction intersects AB, let the extremities of 
P. and P (acting at A) be joined. Then the triangle PAR 

P 00 

is evidently similar to the triangle GO A ; therefore -= = y:—^ 

Similarly, — = -^r^ ; therefore, by division, -^ = -p—:. Hence — 

jP (tJj y Cr-4 

The resultant of two parallel forces acting in the same direc* 
/u?/i a^ ^^e ea:tremities of a given line divides this line internally 
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tf€0 segments in such a way that each segment is inversely prth- 
partional to the force acting at its extremity. 

Suppose, now, that the parallel forces, P and Q, act in 
opposite directions. At A and B (fig. 79), let two equal and 
opposite forces, Fy be introduced, ^ ^ 
as before ; and let i2, the resultant \ / ^ 

of P and P, and 8y the resultant ^"^"b^ — 
of Q and P, be transferred to 0, 

their point of intersection. If at \ / /P-Q 

O the forces R and 8 are decom- 
posed into their original compo- 
nents, it is clear that the system 
will reduce to a force, P, acting in 
the direction GO, parallel to the di- 
rection of P and Q, and a force, Q, 
acting in the direction OG. Hence 
the resultant is a force =^ P - Q acting in the line GO. To 
determine the point 6, we have, from the similar triangles, 

PAR and OGA^ -=. = 79-7 ; also we have :=^ = 77^ ; therefore 

J^ ixA If (tjd 

1=^. Hence- 

The resultant of two parallel forces acting in opposite direc^ 
tions at the extremities of a given line cuts this line externally 
into two segments^ in such a way that each segment is inversely 
proportional to the force acting at its extremity. 

DEF.-^The segments of a right line, AB, made by a point 
G in its direction, are the distances, GA and GBy of the 
point Gy from the extremities A and B of the given line, 
whether Gis on ABj or on AB produced. 

In both cases we have the equation 

PxGA=QxGB. 

Hence we have, evidently, the theorem — 

If from any point on the resultant of two parallel forces a 
right line be drawn meeting the forces^ whether perpendicularly 
or not, the products obtained by multiplying each force by its diS" 
tancefrom the resultant ^ measured along the arbitrary line, are 
equal. 

o 
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63. Composition of Parallel Forces deduced directly from, 
that of Concurrent Forces. — ^Let two forces, P and Q (fig. 80), 
act, in inclined directions, at two points, 
A and By of a rigid body. Let be 
the point in which their directions 
meet, and measure off Om and On equal 
to P and Q respectively. Then, com- 
pleting the parallelogram 0mm, the dia- 
gonal, Or, represents the resultant of P 
and Q in ma^itude and direction. Let q 
G be the pomt in which Or meets AB. 
Then we have 




P _ Om _ smrOn 
Q mr sin rOm' 



Fig. 80. 



From G let fall perpendiculars, Gp and G^^', on P and Q. Then 
sin rOn = 7^, and sin rOm = -^ ; therefore 



Q Op' 



(0 



Again, if P is the resultant of P and Q, we have 

B _ Or ^ minOm 
P Om sin nOr' 



or. 



R _ perp. from B on P 
P perp. from P on iiJ ' 



(2) 



Now, if P and Q are parallel, P becomes parallel to P 
and Q, and Gp coincides with GA, and Gq with OP ; hence 
(i) gives for parallel forces 

P GB 
Q' GA' 
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:and (2) gives, since R is parallel to P and Q, 

r^bI BG + GA 



BG 



BG 



Q 



.\R = P+ Q. 

A similar demonstration holds when P and Q act in 
opposite directions. 

64. Construction for the Besnltant of two Parallel Forces. 
— If the lines AP and BQ (figs. 81 and 82) , represent in mag- 





Fig. 81. 



Fig. 82. 



nitude and direction two parallel forces, the student will 
■easily prove the following construction for the resultant : — 

Draw BQf equal and opposite to BQy and draw P^, meet- 
ing AB in g. Then measure oSAG*= Bg. Gisa, point on the 
resultant. Through G draw an indefinite right line parallel 
to P and Q, and from A and P draw parallels to PQ' and 
AB, respectively. These lines will intercept on the line 
through G a length = P ^ Q = resultant. 

65. Moment of a Force with respect to a Point. — ^Let a 
force, P (fig. 83), act on a rigid body in the plane of the 
paper, and let an axis perpendi- 
cular to this plane pass through the 
body at any point, 0. It is clear, 
then, that the effect of the force will 
he to turn the body round this axis, 
(the axis being supposed to be fixed,) 
and the rotatory effect will depend 
on two things — firstly, the magnitude 
of the force, P, and, seconfiy, the 
perpendicular distance, p, of P from 0. If P passes through 

G 2 




Fig. 83. 
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0, it is evident that no rotation of the body round can take* 
place, whatever be the magnitude of F ; while if P vanishes,, 
no rotation will take place, however great p may be. Hence^ 
we may regard the product 

P.p 

as a representation of the power of the force to produce rota- 
tion about ; and to this product the sj)ecial name Moment 
has, for convenience of notation, been given by writers on 
Statics. 

When all the forces under consideration act in one plane,. 
we may speak of Wiq point, 0, in which the axis of Moments 
meets this plane, instead of the axis itself. We shall there- 
fore define the Moment, with respect to a point, of a force 
acting on a body to be the product of the force and the perpen-- 
dicular let fall on its line of action from the point. 

66. Moments of different Signs. — If two forces tend to pro- 
duce rotations of a body in opposite directions round a pointy 
their moments tcith respect to this point are affected with opposite- 
signs. Thus (fig. 84), the force P 
tends to turn the body round in a 
direction opposite to that of watch- 
hand rotation, while Q tends to turn 
it in the opposite direction. If, then, 
the former rotation is considered 
positive, the algebraic sum of the 
moments of P and Q round is 

Fig. 84. 

p and q being the perpendiculars from on P and Q. 

Bound the point (/ both forces would produce rotation in 
the same direction, and therefore the algebraic sum of their 
moments with respect to this point is 

/ and / being the perpendiculars from (7 on P and Q, re-^ 
spectively. 

In future we shall speak simply of the sum of the mo- 
ments, instead of the algebraic sum of the moments, of forces 
TO/ti respect to a point, as we shall suppose the moment of 
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•each force to be affected with its proper sign, in accordance 
^th the rule given at the beginning of this Article. 

67. Case of two Equal and Opposite Parallel Forces. — If 
the forces P and Q in Art. 62, fig. 79, are equal, the equation 

PxGA^Q^ OB 

GA 

^ves GA = GB^ or 7^^ = i, an equation which is true only 

when G is at infinity on AB, Also the resultant of the forces, 
being equal to their difference, is equal to zero. Two equal 
and opposite parallel forces acting on a rigid body constitute 
what is called a Couple. 

Theorem I. — Two equal and opposite parallel forces have a 
'Constant moment tcith reject to all points in their plane. — Let 
(fig. 85), be any point in the plane of 
two equal and opposite parallel forces, 
P, and let fall the perpendiculars Om and 
On on their directions. Then, if is 
inside the directions of the forces, these 
forces tend to produce rotation round 
O in the same direction, and therefore 
the sum of their moments is equal to 

P (Om + On), or P X fnn. 

If the point chosen is (7, the sum of the moments is 
evidently 

P [ffm - ffn)j or P X mw, 

which is the same as before. 

The perpendicular distance between the two forces of a 
couple is called the Arm of the couple. 

The Moment of a couple is the product of the arm and 
one of the forces. 

The Axis of a couple is a right line drawn anywhere per- 
pendicular to the plane of the couple, its length being propor- 
tional to the moment of the couple. 

Theorem H. — The effect of a couple on a body at rest is not 
-altered if the arm be turned through any angle round one extre- 
snity. 
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Fig. 86. 

which acts in the- 



Let AC and BD (fig. 86) be a couple whose arm is AB^ 
and let the arm turn round B into the position BA\ At A' 
introduce two equal and opposite 
forces, ^'(7' and A'C\ each of which 
is equal to one of the forces, P, of 
the given couple, and perpendicular 
tojB^'. At ^ introduce two equal 
and opposite forces, BB^ and BB^\ 
perpendicular to BA\ each force 
being equal to -4 (7 or P. The effect 
of the given couple is, of course, 
unaltered by the introduction of 
these forces. Now the forces BD 
and BB^' may be replaced by their 

resultant, zF cos , or zF sm 

' 2 2 ' 

bisector, PO, of the angle BBB(^ ; and the forces AC and 

COC 

AC" jnaj be replaced by their resultant, 2P cos ,. 

ABA' 

or zP sin , which also acts in the line BO in a direction- 

2 

opposed to the previous resultant. Hence the forces PP,. 
Biy\ ACy and-4'(7", are a null system. There remain, then,, 
the forces BB^ and AC which form a couple whose arm is 
BA\ Hence the ''couple of forces P acting at A and P may 
be replaced by a couple of forces P acting at the extremities 
of an arm of length equal to AB having one extremity com- 
mon with -4P. 

Theorem IH. — The effect of a couple on a body at rest is 
not altered if the arm is moved parallel to itself anywhere in the 
plane of the Couple, 

Let two forces, AC and BB^ 
each equal to P (fig. 87), act 
with arm -4P, and draw Aff b' 

equal and parallel to AB in the^j / 
plane of the couple. At A and ! ^d' 

P' introduce, perpendicularly to 
AS, four forces AC\ AC\ 
SBfy and P'P'', each equal to P. 
Tbia does not alter the effect of Fig. 87. 

the given couple. Now since 



*D 
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AB and A^ff are e^ual and parallel, the lines AB^ and BA\ 
being the diagonals of the parallelogram ABB^A\ bisect each 
other in the point 0, suppose. Replace the forces BD and 
AC by their resultant, zP^ which acts at parallel to BD ; 
and replace the forces AC and J?'2)" by their resultant, 2P 
which also acts at in a direction opposite to the previous 
resultant. These two resultants destroy each other, and there- 
fore the forces BDj ACy SIf\ and AC\ constituting a null, 
system, may be removed. There remain the forces -4' (7' and 
BBf^ which constitute a couple whose arm is AS. There- 
fore, &c. 

Theorem IV. — The effect of a Couple on a body at rest is 
not altered if the Couple is changed into another having the same 
moment f the arms of the Couples being in the same direction and 
having a common extremity. 

Let the given couple he AC and BD (fig. 88), each equal 

to P. Produce BA to A so that -^r-jj = -=z, and at A' and B 

BA F 

introduce equal and opposite forces A'C^ and AC\ BD( and 

BDl\ the magnitude of each of these forces being Q. Now 

the forces -4 (7 and-4'(7'' give a resultant = P - Q at 5 (Art. i) 

in the direction BDf- ; and this 

force added to BDf' gives a 

force = P which destroys BD. 

Hence there remain the forces 

AO and BD^ which form a 

couple whose moment is equal 

to that oi AC and P2>, since 

(by construction) 

P.BA^Qt.BA. 

Therefore, &o. 

Theorem V. — A Couple acting 
on a body at rest may be replaced 
by any other Couple in the same p a 
plane if the moments of the Couples 
are the same in magnitude and sign. 

Let P, P and Q, Q, (fig. 89) ^ 
be two Couples in the same plane, 
having the same moment, and tend- 
ing to produce rotation in the same 
direction ; then P, P may be 



t 



WW 



B 



W 



Fig. 88. 



cl 




Fig. 89. 
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transformed into Q, Q. For, we can first turn the arm AB 
round B until it is parallel to B^A' (Theorem II.) ; then we 
can lengthen it until it becomes equal to B^A\ changing, 
at the same time, the forces P into forces Q (Theorem iV.) ; 
and finally, we can move it into the position B^A' (Theorem 
III.) 

The sign of the moment of a couple is indicated by the 
direction in which the axis is drawn. Thus, if the couple is 
in the plane of the paper and tends to produce rotation oppo- 
site to that of ,watch-hand motion, it is usual to draw the 
axis upwards from the paper ; while, if the couple tend to 
produce the opposite rotation, its axis is drawn downwards 
from the paper. Axes drawn upwards are then considered 
positive, and axes drawn downwards are negative. 

From the f oregoiug Theorems it is clear that the addition 
of co-planar couples is effected by adding their axes, regard 
being had to the signs of the axes. 

Theorem VI. — A force and a couple acting in the same 
plane are equivalent to a single force. 

Let the force be F and the couple (P, a) — that is, P is the 
magnitude of each force in the couple whose arm is a. Then 

(Theorem IV.) the couple (P, a) = the couple f P, -^f i. Let 

this latter be moved until one of its forces acts in the same 
line as the given force P, but in the opposite direction. The 
ffiven force Pwill then be destroyed, and there will remain a 
force P acting in the same direction as the given one and at 

aP 

a perpendicular distance = -^ from it. 

This Theorem is equivalent to the statement — A force 
and a couple acting in the same plane cannot prO' 
duce equilibrium. 

68. Geometrical representation of the 
lCom.ent of a Force with respect to a Point. 
— ^Let the line AB (fig. 90) represent a force 
in magnitude and dii*ection, and let it be 
required to represent its moment with re- \' 
spect to a point 0. lip = the perpendicular 
from on AB, the moment is AB x p. Now 
thiB is double the area of the triangle AOB, Fig. 90. 
Sence ^Ae moment of a force with respect to a 
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point is geometrically represented hy double the area of the triangle 
whose ha^e is the line representing the force in magnitude and 
direction^ and whose vertex is the given point. 

Draw AOy and from the other extremity, By of the given 
force draw an indefinite right line, BC^ parallel to AO. Join 
A to any point, (7, of this fine. Then the area of the triangle 
AOB = the area of the triangle AOC, since these triangles 
have the same base and are between the same parallels. Con- 
sequently the moment of a force represented by AB about 
= the moment of a force represented hy AC about 0, wher- 
ever C be taken on the indefinite line through B. 

69. Varignon's Theorem of Moments. — The sum of the 
* moments of two forces ivith respect to any point in their plane is 

eqtuil to the moment of their resultant tcith respect to the 
point. 

Let AP and A Q (fig. 91) represent two forces whose resul- 
tant is AM, and let be the point about which moments are 
taken. Draw AO, and draw PC and QD parallel to it. 

By the last Article the moment 
of AP about = the moment oi AC ^\ 
about 0, and the moment oiAQ= the \ 
moment of AD ; therefore the sum of '■ 
the moments of AP and AQ about 
= the sum of the moments oiAC and 
AB about = the moment of the sum 
of AC and AB (since AC and AB are ^^^- 9'. 

forces acting in the same line) ; but, by equal triangles -4(7 
is evidently = BE ; therefore the sum of the moments = the 
moment of Alt = the moment of the residtant. Q. E. D. 

The student will find no difficidty in considering the case 
in which is between AP and AQ, observing that in this 
case their moments are opposed, and that in the new figure 
AB will be equal to AB ^^ AC. 

Of course it follows that the sum of the moments (with 
their proper signs) of any number of co-planar forces with 
respect to any point in their plane is equal to the moment of 
their resultant with respect to this point ; for the forces may 
be replaced in pairs by their resultants, &o. It also follows 
that the sum of the moments of the forces about any point on 
the line of action of the resultant is equal to zero. 

70. Varignon's Theorem of Moments forPaxaUftVEox^^c^. — 
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The sum of the moments of two parallel forces about any point i» 
equal to the moment of their resultant about the point. 

Let the forces be P and Q (fig. 92) and let be the point 

about which moments are to be p B g a, 

taken. From let faU perpen- * I 

dionlars OA, OB, and OG on the jq 

directions of P, Q, and their resul- 
tant, -K, and let the forces be ap- 
plied at the points Ay By and Gy 
respectively. Fig. 92. 

Then, moment of 

P about 0==P.OA = P{OG+ GA) ; 

and moment of 

Q about 0=Q.OB=Q{OG'-GB)\ 

therefore, by addition, the sum of the moments = (P + Q) ► 
OG+P.GA - Q.GB. ButP.GA=^ Q.GB; therefore 
the Sinn of the moments = (P + Q). OG = It . OG, 

A similar proof holds when P and Q act in opposite direc* 
tions, and also when is between the directions of P and Q. 

It follows that the sum of the moments [mth their proper 
signs) of any number of co-planar parallel forces toith respect to 
a point in their plane is equal to the moment of their resultant 
with respect to the point, 

7 1 . Centre of Parallel Forces. Theorem. — If any num-- 
her of parallel forcesy Pi, P2, P3, . . . Pny dct in one plane at 
points Aiy A^y A3, , . . An, their resultant passes through a fixed 
point if all the forces are turned round their points of application 
through an arbitrary but common angle. 

The point, gi (fig. 93), of application of the resultant of 
Pi and Pz has been determined 
(Art. 62) by dividingtheline^i-d(2 
80 that 

A^, Pi' 

on the suppo3ition that the forces ^ 
Pi and P2 are parallel, but no as- 
simiption has been made as to. 
their common, direction. Hence 
yi will be a point on their resul- ^^S- 93- 
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tant in whatever direction they act, and the force at this; 
point is Pi + P2. The point of application of the resultant 
of Pi, P2, and P3, is determined by joining gi to ^3, and di- 
viding it in ^2, so that 

^1^2 force at Az Pa 



-^3^2 force at gi Pi + P2' 

and the force at (72 is Pi + P2 + Ps. Similarly, the point of 
application of the resultant of Pi, P2, P3, and P4, is a pointy 
Gy on gzA^y such that 



g^G P4 



A^G Pi + P2 -f 1 



J » 



and the force at (r = Pi + P2 + P3 + P4. 

We thus see^ that the point, G, of application of the re- 
sultant of the system is determined by dividing the lines- 
^1-43, ^3-^4, ... in certain ratios which depend simply on 
the magnitudes^ and not on the directions, of the forces at Aiy 
A%y Azj . . . The theorem is, therefore, evident. 

Of course no one point on the direction of a force which- 
acts on an indef ormable body has a special right to be called 
the point of application of the force ; nevertheless, we shall 
speak of the point, (?, as the point of application of the 
resultant force, since, as we have seen, it is a point through 
which the resultant of forces equal to Pi, P2, . . . always 
passes, whatever be the common direction of these forces. 

The theorem of this article is true also in the case in which 
neither the parallel forces nor their fixed points of applica- 
tion lie in the same plane. 

72. Centre of Gravity. — ^If the points, -4i, A29 . . . are 
an infinitely great number of material particles constituting- 
a continuous body, and the forces, Pi, P2, . . . acting at 
them the weights of these particles, the point, G, arrived at 
by the method of the preceding article is called the centre of 
gravity of the body. The effect of altering the position of 
the body in the most general manner possible is merely to- 
turn the forces. Pi, P2, . . . round their fixed points of ap- 

{)lication, -4i, ^2? • • • through the same angle, and by the 
ast article we see that the resultant of the "w^i^ViA.^ Qi\!ci& 



<)2 



Composition and Resolution of Forces, 



particles will, in all positions of the body, pass through a 
fixed point, G^ in the body. The resultant of all the elemen- 
tary weights is equal to their sum, and is called the weight of 
the body. We may, therefore, define the centre of gravity of 
a body thus — The centre of gravity of a body is that fixed 
point in it through which passes^ in all possible positions of the 
body^ the resultant of the system of parallel forces formed by 
the weights of the indefinitely great number of indefinitely small 
particles into which the body can be divided. 

The centre of gravity of a body is, then, the centre of the 
particular set •of parallel forces which act on its various ele- 
ments in virtue of the attraction of the Earth. The existence 
of such a point depends on the parallelism of the forces pro- 
duced by the Earth on the elements of the body, and this 
parallelism, again, depends on the minuteness of the volume 
•of the body in comparison with that of the Earth. If the 
body were carried to the surface of the Sun, or any other 
«uch large attracting mass, the individual weights of its 
elementary portions, and therefore its total weight, would be 
greater than they are at the Earth's surface, but the position 
of the centre of gravity in the body would remain the same. 
On the other hand, if the dimensions of the body were com- 
parable with those of the attracting mass, the forces of attrac- 
tion on its elementary portions would not be a parallel system, 
«,nd the resultant attraction would not, in general, pass 
through any fixed point in the body independently of the 
Telative positions of the two masses. The term weight of 
a body is used to signify the resultant attraction produced on 
the body by the Earth, or other planet, on whose surface 
the body exists. In considering the equilibrium of a rigid heavy 
-body we represent its weight as a 
■single force acting vertically through 
its centre of gravity, 

7 3 . Centre of Mean Position. — 
Let there be any number of points, 
-4i, Aiy Azy . . . (fig. 94.), in one 
plane, and let the line, A1A2, be di- 
vided at gi so that Fig. 94. 

giAi ma ' 
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let Qi Az be divided at ^2, bo that 

OiAz nil + nii 
^2 gi nh 

let 02 Ai, be divided at ^3, so that 

^3^4 _ w, + W2 4 W3 ^ 
<73 92 nu 

and so on, until by a final construction we arrive at a pointy 
6, It is required to express the distance of G from an arbi- 
trary line, L, in the plane of the points in terms of the dis- 
tances, 2i, 22, S3, . . • of Aiy A^y Asy . . . froffi this line. 
Draw Aifnn parallel to L. Then 

gim_ Aigi ^ mz 
A^n A1A2 mi + m2 

^2 . W^2 / V 

.•. Oim = . A2n = (Z2 - 2i). 

mi -\- m2 mi + /«2 

But the distance of gi from L is equal to 

W2 / . miZi-^m2Z2 

Zi + gi7n = 01 + (s2-'2^i) = . 

mi + m2 mi-{- m2 

Calling this distance Ziy we have the distance of ^2 from Ji 
equal to 

(mi + W2) Zi + m^Zz miZx + ^222 + ^323 

mi + rth + w?3 mj + m, + m^ ' 

since QiAz is divided at 02 in the ratio . Continuing: tha^ 

/W1 + W2 ° 

application of this method, we have evidently 

- mxZi + ^222 + mzZz + . . . + mnZn , . 

2 = , (i> 

Wi + ^2 + ^3 + . . . + W„ ^ 

2 being the distance of G from i. 

This equation is generally written in the form 

- ^mz , . 

in which 2 denotes a summation. 
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The point G thus arrived at is called The Centre of Mean 
Tosition of the given points for the system of multiples Wi, m^, Ws, 



m 



The points ^i, -^2, -4.,, . . . remaining the same, and the 
system of multiples being altered to je?i, je?2, i?3, • • • , the point 
G arrived at would, of course, be different. The distance of 
the new point would be 

S^ 

Examples. 

I. If the system of multiples for the fixed points -4i, A^, Ai, ... be the 
magnitudes of any set of parallel forces, Pi, Pz, 1*3, ... , acting at them, the 

•distance, «, of the centre of these parallel forces from the arbitrary line is given 
by the equation 

- Fizi + P222 + P323 . . . 5P« 



z = 



Pi + A + P3 . . . 2P 



2. The distance of the centre of mean position of any number of fixed co- 
planar points for a system of equal multiples from any arbitrary line in their 
plane is the arithmetic mean of their distances from the line. It is also called 
the average distance of the points from the line. 

3. The centre of mean position of three points, -4, P, C, for a system of 
equal multiples, is the intersection of the bisectors of tiie sides of the triangle 
ABC drawn from the opposite angles. 

4. The centre of mean position of three points, -4, P, C, for a system of 
multiples sin 2-4, sin 2P, sin 2C, is the centre of the circle circumscribed about 
the triangle ABC, 

5. The sides of the triangle being «, i, <?, the centre of mean position of 
A^ By Cy for the system of miiltiples a, i, <?, is the centre of the inscribed circle. 

6. For the system of multiples tan A, tan P, tan CJ the centre of mean posi- 
• -tion is the intersection of perpendiculars. 

The construction given in this Article for the Centre of 
Mean Position of the points -4i, A2, Azy ... is of course the 
; same when the points do not all lie in one plane. In the 
latter case it is easily seen that if Zi^ Zz, Zzy , , . denote the 
distances of the points from an arbitrary plane, the distance 
of the centre of mean position from this plane, for the system 
of multiples m^ m2, ^3, . . . , is 
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74. Centre of Inertia or Centre of Mass. — We have seen 
lliat the weight of a body is a force which is due to the attrac- 
tion of the planet on which the body is placed. But if by the 
term weight we understand the resultant force acting on the 
body in virtue of the attraction of masses throughout the 
universe, it is easy to see that a given body may be so placed 
in space as to lose its weight, and to have no centre of 
gravity. But there is one thing which the body retains 
in whatever portion of space it may be placed — ^its mass or 
quantity of matter. If, then, the points -ki, ^2, -^3, . . . (fig. 
^4), be the positions of a number of masses, wzi, w?2, ^23, in- 
variably connected, the Centre of Mean Position of these 
points for the system of multiples mi, 1W2, ma, ... , will be a 
point having no reference to any forces acting on these masses. 
This point is called the Centre of Mass, or Centre of Inertia, 
■of the given masses. If the masses W2i, ^2, fWa, . . . constitute 
«, continuous body, the sign, S, of sinnmation in equation (2) 
of Art. 73 is to be replaced by the sign of integration, and if 
4m denote the element of mass whose distance from any plane 
is Zy the distance of the Centre of Inertia of the whole mass 
irom this plane is given by the equation 

^zdm . . 

jam ^ ' 

The Centre of Inertia of any system of masses, whether 
continuous or not, is sometimes defined to be a point such 
that its distance from any plane is the average distance of the 
system of masses from the plane. The average distance is 
obtained by multiplying each mass by its distance from the 
plane, adding all such products, and dividing by the sum of 
the masses. 

Since the earth attracts all bodies with forces proportional 
to their masses, and since these forces acting on the elements 
of a body whose dimensions are negligible in comparison 
with those of the Earth, form a parallel system, the Centres 
of Inertia of such bodies coincide with their Centres of 
Gravity. Nevertheless, the distinction between these points 
is to be borne in mind by the student. 

75. Conditions of Equilibrium of a Rigid Body acted on 
lay Forces in One Plane. — i. Let the forcea lo^^^T^<^» ^^^ 
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Fig. 95. 



any point, 0, and draw througli it a right line, Oy, parallel 
to the forces (fig. 95). At introduce two forces, P/ and P/', 
each equal to Pi, these new forces being directly opposed ta 
each other along Oy, Now, Pi and ^ 
P/' form a couple whose moment is 
Pi . jOi, if pi is the perpendicular 
from on the line JtiPi. Intro- 
ducing, in the same way, two forces, 
P2 and P2'', equ 1 to P2, directly 
opposite to each other along Oy, we 
have P2 at A2 replaced by a force 
P2" acting at along Ch/ and a 
couple whose moment is - Pi .p^y y* 
Pi being the perpendicular from 
on the line A2P2. The- sign is attached to this couple be* 
cause the couple (P2', P2) tends to produce rotation in a direc- 
tion opposite to that in which the couple (P/', Pi) tends to 
produce rotation. 

Proceeding in this way with all the forces in the above 
figure, we have the whole system of forces at -4i, ^2, ^3, ^4> 
. . . equivalent to a single force, 

• Pi — P2 + P3 "" P4 + . . . , 
acting at in the direction Oy, and a couple, 

Pi .^1 - P2 .i?2 + P3 .i?3 - P4 .i?4 + . . . , 

tending to turn the body round in a direction opposite to 
watch-hand rotation. 

In general, denoting the resultant force by P, and the^ 
moment of the resultant couple by (r, we have 

P=2P, (i) 

(?=S(P.i.). (2). 

Now, by Theorem IV., of Art. 67, a couple and a force in 
the same plane are equivalent to a single force, and cannot,, 
therefore, conjointly produce equihbrium. Hence, for eqid- 
librium, the force and the couple must vanish ; or 

SP = o, (3) 

and 2(P.i?) = o; (4) 
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Fig. 96. 



that is to say, for tlie equilibrium of a system of coplanar 
parallel forces acting on an extended body — 

{a.) The sum of forces must = o, and 

(J.) The sum of the moments of the forces about every pointin 
their plane must - o, 

2. Let the forces act in any directions. 
Take any point whatever, (fig. 96),intheplaneof theforces. 
At introduce two opposite forces, P/ and P/', each equal and 
parallel to Pi. Let Pi and P/' 
be considered as forming a 
couple. Then Pi at -4i is equi- 
valent to Pi acting at 0, and 
acouple whose moment=Pi ,pi. 
Beplace P2 at A2 in the same 
way by P2" (or P2) acting at 
0, and a couple (P2, P2) whose 
moment is - P2 . pz. Thus the >j,^ 
whole system of forces will be 
replaced by forces. Pi, P2, Ps, 
P4, . . . , acting at 0, and a number of couples whose mo- 
ments are Pi . pi, - P2 . P29 P3 . i?3, - P* . i?4, . . . (the forces 
acting as in the above figure). The forces acting at will 
have a single resultant, P, and the couples will form a single 
couple whose moment, G, is (Theor. V., Art. 67) the sum of 
the moments of the couples. For equilibriinn it is necessary 
that each of these should vanish. Hence, for the equilibrium 
of an extended body acted on by coplanar forces — 

(a.) The resultant which the forces would have if they all 
acted together an a pointy each in the direction in which it acts on 
the given body^ must = o ; and 

(J.) The sum of the moments of the forces round every point 
in their plane must = o. 

The first of these conditions asserts that there must be no 
force in any direction ; and the second that there must be no 
moment round any point. Thus, the conditions of equilibrium 
of a rigid body embrace the condition {a) of the equilibrium 
of a particle (Art. 19, p. 17) ; and (6) a condition distinc- 
tive of the susceptibility of a body of finite extension to re- 
ceive a motion of rotation. 

It is to be observed, then, that a system of coplanar 
forces acting on a body can be reduced to a single reewl- 
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tant force, J5, acting at any arbitrary point, 0, in the plane 
of the forces, and a couple, Oy also in this plane ; and that 
whatever point, 0, is chosen, the force R is constant in mag- 
nitude and direction, while the magnitude of the couple G 
varies with the point chosen. The force R is called the 
Resultant of Translation. 

76. Analytical Conditions of Equilibrium. — ^Through any 
point, 0, draw two rectangular lines, 

Oa and Oy, and resolve the force, Pi, y 

acting at -4i, into two components, 

Xi and Fi, parallel to Ox and Op. 

Now (Art. 69), the moment of Pi 

about is equal to the sum of the 

moments of Xi and Yi about O.o 

But if rotation opposite to that of ^^S- 97- 

a watch-hand is considered positive, the moment of Fi about 

is Fi . a?! ; and the moment of Xi is - Xi . yi, where Xi 

and j/i are the co-ordinates of Ai referred to the axes Ox and 

Of/. Hence the moment of Pi about is 

YiXi - Xiyi. 

Adding together the moments of Pi, P2, . . . , we get 
the total moment 

G=:s:{Yx-Xi/). (i) 

If the sum of the components of the forces along Ox is 
denoted by SX, and the sum of the components along Oy by 
2F, the resultant of the forces acting at (fig. 96) is given 
by the equation 

i^^ = (2X)^+(2F)^ (2) 

Now, since for equilibrium we must have JJ = o, and 
= 0, the conditions, analytically expressed, are 

2X=o, 2F=o, (3) 

S {Yx - Xy) = o. (4) 

These equations are the expressions of the conditions of 
Art. 75. 

77. Equation of the Resultant. — ^We have seen (Art. 75), 
that a system of coplanar forces is equivalent to a single force, 
-^ aotmg at any arbitrary origin, together with a couple, G. 
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The direction and magnitude of the resultant force, iJ, will be 
the same whatever origin may be chosen, but the couple will 
vary with the origin. Now, supposing that the resultant of 
the forces does not vanish^ the couple and the force jB can 
{Theorem VI., Art. 67) be replaced by a single force equal to 
R ; and the simi of the moments of the forces about any point 
on its line of action is equal to zero (Art. 69). 

Let (a, /3) be the co-ordinates of any point referred to rect- 
angular axes through an arbitrary origin, (fig. 97). Then 
the moment of the force. Pi, about this point, is evidently 

Fi(iri-a)-Xi(yi-/3), OT Y,x^ - X^^ - aT, + ^X,. 

Taking the sum of the moments of all the forces about the 
point, we nave 

(?'=(?-aSF+/3SX, (i) 

{x being the sum of the moments about the point (a, j3). 

Since, for any point on the resultant & = o, the equation 
of its line of action is 

aSF -j3SX=(?. 

78. Centrobaric Systems. — "If the action of terrestrial or 
other gravity on a rigid body is reducible to a single force in 
a line passing always through one point fixed relatively to 
the body, whatever be its position relatively to the earth or 
other attracting mass, that point is called its centre of gravity ^ 
and the body is called a centrobaric body^ — (Thomson and 
Tait's Natural Philosophy, Art. 542.) 

In accordance with this definition, we shall speak of a 
number of forces which act on a body as a centrobaric system 
of forces, if the resultant of these forces passes through a point 
which is fixed relatively to the body when the body is dis- 
placed in any manner, each force retaining its old direction 
and point of application in the body. In the case of a system 
of coplanar forces, it is clear that any rotational displacement 
of the body in the plane of the forces amounts to the same 
thing as a rotation of each force round its point of application 
through a constant angle. 

Every system of Coplanar Forces is Centrobaric. — ^Let two 
forces, P and Q, act at two fixed points, A and B (fig. 98), 
in directions OA and OBy being the point oi m\,^T^'^^^5^<JyDL 
of their directions; and let the forces be t\ini^3L\xiWi<b ^as£ka 

H 2 
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direction rotrnd A and £ througli the same angle, so that the 
point of inteTBection of their new direo- 
tdona is ff. Now, since /- OAa= L OBO', 
a circle described through A, B, and 
will pass through (/, and the angle A (XB, 1 
hetween P and Q when they are tiumed / 
round, isequal to theoriginalangle,jiO£, I 
between them. Also, the forces being un- 
' altered in magnitude, it follows that the 
angles which the resultant at Cf makes 
with them are the same as the angles 
which it makes with P and Q at 0. If, 
then, OC is the direction of the resultant at 0, ffC must be 
the direction of this resultant at (/. Hence, the resultant of 
P and Q passes through the fixed point <7. In exactly the 
same way it is proved that tiie resultant of three forces passes 
through a fixed point when the forces are turned round their 
fixed points of application through a constant angle ; and eo 
on for any number of forces. 

Thispointmaybe called the centre oi the system of forces. 

79. To find the Centre of a System of Coplanar Forces. — 
Taking an arbitrary origin and arbitrary axes, the point re- 
quired lies on the resultant whose equation is (Art. 77) 

<.SF-|32X-G = o, (i) 

(a, 8) being the running co-ordinates. 

Now, if the force .Pi, acting at the point (af|, yi) is turned 
round in the plane of xy through an angle id, X, becomes 
Pi cos {$, + u), where 0i is the original angle made with the 
axis of X by P„ or Xi cos ut - Y, sin w ; Yi becomes Xt 
sin lit + Yi COB (ti ; and Yix, - X,y, becomes {Y,x, - X,i/,) 
cos (u + (XjiEi + Y^i) sin <d. 

Hence, SX becomes cos u . 2X - sin w S P", \ 

SF „ sinw.SX + eosf^Sr, (A) 
6 „ (? . COB a. + r sin <.,, ) 
where T E 2 (Xa; + Yp).' 

The equation of the new resultant is, therefore, 
(aSr-|3SX-(?)c08w+{a2X+/32r-r)sinc=o, (2) 
' Tiia quaatity is nailed bj Claueiua the Viriel of the forces. 



Centre of a System of Coplanar Forces. 



lOI 



and the centre of tlie system of forces is the intersection of the 
lines given by equations (i) and (2). This point may evi- 
dently be determined by (i) and by the equation 



a2X + /3SF-r = o. 
Hence for the co-ordinates of the centre we have 

rsx+G^sF ^ rsF~ G^X 

a = ^ , p = 



(3) 



E' 



ii* 



(4) 



If the centre were the origin, a and j3 would be each = o, and 
G would = o, since the point is on the resultant (Art. 69). 
Hence for the centre of the forces we have 



(? = o, r = o. 

If the co-ordinates of Ay the point of 
application of a force, P (fig. 99), with re- 
spect to rectangular axes. Ox and (h/y are 
^ and y, the quantity Xr + Yp is equal to 
P (x cos d -ht/ sin 0), being the angle 
wrhich P makes with Ox. Now if OM is ^ 
4P, and AM is y , it is evident that x cos 
+ y sin = ANy If being the foot of the 
perpendicular from on the direction of P. 
by qy we have, then, 

r = 2 {Pq). 




Fig. 99. 

Denoting AN 



Hence, if any number of coplanar forces be turned each round 
<i fixed point of application through an arbitrary but common 
anglcy there can always be found a point in the plane of the forces 
-such thaty if from it perpendiculars be let fall on the directions of 
theforcesy the algebraic sum of the products obtained by multi- 
plying each force by the distance between its point of application 
and the foot of the corresponding perpendicular will be = o, and the 
^um of the moments of the forces round it = o at the same time. 

It is easy to see that if AN be in the direction in which 
P acts, the sign of the product Pq will be changed. 

The value of r with respect to axes through a point (a, j3) 
parallel to Ox and Oy is evidently S (X (^ - a) + F (y - ^Vn^ 
or r - aSX - /3SF. Hence the locus oi ^oVota^ i^^ >«^^ 
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this quantity = o is given by equation (3), which denotes a. 
right line passing through the centre, and evidently perpen- 
dicular to the resultant. 

80. Theorem. — If any number of coplanar forces are in equi^ 
Hbriumy and if the forces be turned, each round a fixed point, in 
the same direction through any common angle^ the new system is 
equivalent to a couple. 

For, from equations (A), Art. 79, it appears that if 2X 
= o and 2F= o before the rotation, they will = o after it ; 
hence the new system has no resultant of translation, and it 
must, therefore, be a couple. Now, since by hypothesis (? = o,. 
the axis of the new couple is, by equation (A), equal to 

r sin &>. 

We see, then, that the system of forces will remain in 
equilibrium, whatever be the angle through which they are- 
turned, if 

r = o. 

8 1 . Bemark on the Conditions of Equilibrium. — ^It must 
be carefully borne in mind that the conditions of equilibrium 
given in Arts. 75 and 76 are sufficient only in the case of in- 
deformable bodies. For, as has been already pointed out 
(Art. 8, p. 4), the principle that force can be freely trans- 
mitted from one point to another, previous to its action on a 
body, is true only in the case of indeformable bodies. It is 
true that, once the body has taken up its position and figure of 
equilibrium^ it may be treated as rigid, and then forces may 
be transmitted freely. Hence the conditions of equilibrium 
usually given in treatises on Statics, although necessary in the- 
case of every body, are not always sufficient. Before they can 
be applied to deiormable bodies, we must suppose that th& 
forces have already acted, and that these bodies have assumed 
their positions and figures of equilibrium. Thus, it is not 
true that, previous to the action of two equal and opposite^ 
forces, no motion will be caused in any body to whick they 
are applied ; for, if they are applied to the extremities of a 
flexible string, they will double it up, unless they act away 
^om each other. 
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Attention to this remark will prevent the student from 
falling into mistakes with regard to the equilibrium of fluid, 
flexible, or slightly def ormable bodies such as the bars of a 
framework. 

Examples. 

1. If the sums of the moments of any number of coplanar forces round three 
points which are not in a right line are each = o, the forces are in equilibrium.: 

2. If the sums of the moments round three points not in a right line are 
equal, the forces are either in equilibrium or equivalent to a couple. 

3. If the sum of the moments of a system of coplanar forces round three 
given points are l^ m, and n, and if the sides and angles of the triangle formed 
by the points are 0, d, e^ A, B^ C^ show that the resultant force is equal to 

{pa^ + m^l? + w'r* — ^Imnh co<» — ^mnhe cos -4 — tnlca cos B)i 
where A is the area of the triangle ABC. 
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CHAPTER YI. 

EaVILIBBIUU OF A RIGID BODY UNBEK THE ACTION OF FOBCES 

IN ONE PLANE. 

Section I. 

The Conditions of JSquilibrium deduced Jrom the Principle of 

Virtual Work for a single Particle. 

82. Theorem. — If a particle in equilibrium under the action 
of any forces be constrained to maintaru a fixed distajice from 
a given fixed point, the force due to the constraint (if any) is 
directed towards the fixed point. 

Let B be the particle, and A the fixed point. Then the 
string or rigid rod which connects B with A may be removed 
if we enclose the partide in a smooth circular tube whose 
centre is -4 ; for evidently the preservation of the constancy 
of the distance AB receives sufficient expression in this man- 
ner. Now, in order that B may be in equilibrium inside the 
tube, it is necessary that the resultant of the forces acting 
upon it should be normal to the tube, i. e., directed towards A. 
CoR. I. — liA and-B be two particles in equilibrium, con- 
nected by a rigid weightless rod, the reactions of A and J9 on 
the rod are two forces equal in magnitude and opposite in 
direction. 

Cor. 2. — If an extended body be in equilibrium imder 
the action of two forces only, these forces must be equal and 
opposite. 

CoR. 3. — ^If a particle in equilibrium imder the action of 
any forces is constrained to maintain a fixed distance from 
each of a number of other particles or points, the forces cor- 
responding to these constraints are directed in the right lines 
joining the particle to each of the other particles or points. 

Tms is evidently true whether the invariable distances are 
maintained hjr Btraight rigid bars or by crooked bars. 
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^2i* System of Particles rigidly connected. — ^Let there be 
any number of particles, wii, nhy W3, . . . (fig. 100), each acted 
on by any forces, and connected with the others in such a way 
that the figure of the system is invariable. 



Fig. 100. 

Then, by the last Article, the force proceeding from the 
<5onnection of mi and m2 is in the line Wi nhy which we may 
imagine to be a rigid bar. Let this force be denoted by Tn. 
Sinularly, let the forces in the bars w^ms and nizini be denoted 
by 1^23 and T31, respectively. These internal forces may tend 
either to increase the distances between the particles or to 
diminish them. In the figure we have supposed the latter to 
be the case, but the result will be the same if the former sup- 
position is made. 

Imagine that the system is slightly displaced so as to 
occupy the position abc. Now, it has been already proved 
(Art. 58, p. 74) that the equation of virtual work for two 
particles rigidly connected mil not involve the force due to 
the connection ; but, for clearness, we reproduce the proof 
here. 

Let fall the perpendiculars 002 and ach on the lines niinh 
and miW2; hhi and 663, on tnzinzBxidL niinh] cci andcc2on nhm^ and 
/W1W3, Let the sum of the virtual works of the external forces 
(not including T12 and T13) acting on mi be'denoted by SP^, 
and let SQSg and 2i28r denote similar quantities for ^2 and 
t>h^ Then the equation of virtual work for nii is evidently 
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that for mt is 

SCSj- - Ti2 . ^^^2^3 + ^23 . m^h = o, (2) 

and that for m^ is 

^SJRlr - Tiz . fWaCa - T23 . IWa^i = O. (3) 

Now (Art. 56, p, 73) miO-i = mjbz ; Wifla = Ws^ ; 'nhh = ^^a^i* 

Henoe, by addition, the internal forces disappear, and the 
equation of virtual work for the whole system is 

SP8i> + SQS^ + 2i2Sr = o, 
or 

S (P^ + QS^ + Rlr) = o. (4) 

The same result is evidently true, whatever be the num- 
ber of partides forming the system ; and it is well to note 
that we have been enabled to obtain equation (4) eonnecting 
the external forces acting on the system, by choosing a virtual 
displacement compatible with the geometrical conditions of the sys- 
temy that is, in tiie present case, a virtual displacement which 
aUows the mutual distances of the particles to remain un- 
altered ; or, again, such a tnrtual displacement as might be an 
actual one; for the system could actually occupy the position 
abc. 

84. Elimination of the Intemal Forces of a System. — ^By the 
Internallhrces of a system it is already sufficiently clear that 
we mean forces proceeding from the intemal connections of 
the parts of the system amon^ themselves. Such forces are 
directed from pcurtide to partidfe, and will contribute nothing 
to the equation of virtual work of the system, if the virtual 
displacement might be an actual one. 

It is evident that if the virtual displacement violates any 
geometrical condition of the system, the corresponding in- 
ternal force will appear in the equation of virtual work* 
Thus, if in fig. 100, the distance ab is not equal to the distance 
between iiii and m^^ we shall have by addition the term 

Tn.{miaz-mjH), 
or 

Tit . 8 {niim^iy 
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where S {niim^ denotes the change or variation of the distance 
between mi and ^Wg- 

And, generally, if any internal force, Fy tend to vary any 
internal function, /, in a system, this force will contribute to- 
the equation of virtual work of the system the term 

F. 

so that if in the supposed displacement of the system, the- 
function /is actually altered, the force -Pwill appear in the 
equation, but will not appear if/ is unaltered. This is one of 
the leading ideas in the M^canique Analytique of Lagrange. 
85. Oeneral Equation of Virtual Work for Forces acting- 
in one Plane on a Body. — ^If the particles wii, m^y ^3, . . . form 
a continuous body, on which forces Pi, P2, P3, ... act in one 
plane at different points Ai^A^yAzj ... of the system (fig. 10 1),. 




Fig. loi. 

the condition necessary and sufficient for the equilibnum of the 
system is that the sum of the virtual works of the forces is equal to- 
zero for any and every virtual displacement which violates none 
of the geometrical conditions of the system. 

For we have seen (Afrt. 54, p. 68) that the condition 
necessary and sufficient for the equilibrium of any one par- 
ticle of the system is the vanishing of the virtual work of all 
the forces acting upon it, the internal forces proceeding from 
its connection with the other particles of th^ €»y^t«va.\i^\si%^^^ 
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"Course, included, as in equations (i), (2), (3) of Art. 83. Ex- 
pressing thus the conditions forthe equilibrium of all particles 
of the system, and adding the results, there remains for the 
condition of equilibrium the equation 

Pilpi + Pilpz + Plpz + . • . = o, (i) 

into which no internal force enters. 

Conversely, if the sum of the virtual works of the forces 
vanishes for every virtual displacement, the system is in equi- 
librium. 

For, if it is not, it will take a determinate motion, each 
point of the system describing a certain line in virtue of its 
connections with the other points. Now, this motion will be 
in no way interfered with if we introduce new connections 
which render it the only motion possible for the system. 
Under the new circumstances it is clear that if we prevent 
the motion of any one point, we prevent the motion of the 
system. Suppose the motion of the point A to be stopped by 
the application of a force, jP, in the direction AA^ A being 
the point to which A moves. Now, equilibrium exists xmder 
the action of (o) the given external forces, (3) the newly- 
introduced geometrical connections, and (7) the force F\ hence 
the sum of the virtual works of these forces = o for every dis- 
placement. Choose that displacement which the system is 
supposed actually to undergo when the force jPis not applied 
at A, Now, by the last Article, since none of the geometri- 
cal conditions (/3) are violated by this displacement, the forces 
proceeding from them will do no work. Hence the equation 
of work is 

SPSi? - F. AA' = o, 

^here SPSp denotes the virtual work of the given acting 
forces. But, by hypothesis, SPSp = o for every displacement, 
sad therefore for this one; hence jP. -4.4' = o, i. e., either 
AA^ = 0, or jP= o, either of which signifies that no motion 
of the system takes place. Hence the system is in equili- 
brium. 

In fig. loi, ai, a,, «,, ... are supposed to be virtual posi- 
^jons oi the points of application of the forces Pi, P2, P3, • . • 
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86. Remarks on the Equation of Virtual Work. — ^Equa*^ 
tion (i) of last Article, though s^nc% true in the ease of forces 
acting on a particle, is not so when these forces are applied 
at points in a body of finite extension, or to a system of par- 
ticles connected in any manner. In fact, the internal forces^ 
of the system have been eliminated from equations (i), (2),, 
and (3) of Art. 83, by assuming that miOz - nhh = o. Now, 
we know that this quantity is not strictly equal to zero, but 
equal to an infinitesimal of the second order, if the angular 
displacement of the line minh is regarded as an infinitesimal 
of the first order. It is more correct, therefore, to say that 
for the equilibrium of a body the virtual work of the applied 
forces is an infinitesimal of the second order ^ if the greatest dis- 
placement in the system is regarded as an infinitesimal of the first 

Glider. 

87. General Displacement of a Rigid Body in one Plane. — 
Since the general condition of equilibrium of a rigid body re- 
quires the vanishing of the virtual work of the acting forces 
for every virtual displacement which could be an actual one, 
it is evidently necessary to investigate all the kinds of dis- 
placement which such a body could undergo. Now, evidently, 
the position of a right line is known, if the positions of any 
two of its points are known ; and also the position of any body 
is known, if the positions of any three of its points which are 
not in directum are known. Hence, to investigate the dis- 
placements to which a rigid body may be subject, it is suffi- 
cient to determine the general displacements of a system 
formed of three points. 

In fig. 100 let such a system be /WiW22^3, and let abc be any 
displacement whatever of this system in its own plane. Then 
it is clear that if we moved mi into the position a, and then 
got m2 into the position 6, the remaining point, ma, would take 
up the position c. This follows from Prop. VII. of the first 
book of Euclid. Now what is necessary to move the line 
minh into the position ab ? Two things — 

(a). The point mi must be moved up to a, by a simple mo- 
tion of translation ; and 

(/3). When this is done, the line mim2 must be rotated 
about a so as to bring m^ into the position 6. This second 
motion is called a motion of rotation. 

If we suppose that in the first motion (a'^ tlvQ \isi<5> m>:mT.Sa» 
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moved parallel to itself, while mi is moved to a, the subsequent 
motion of rotation which brings nh into the position b will be 
s, small one, the position abc being only slightly different from 
minhntz. 

Hence — If a rigid body receives any displacement parallel to 
^ fixed planCy it may be brought from its old into its new position 
by (a) a motion of translation which has the same magnitude and 
direction for all its points^ and ()3) a motion of rotation which 
has also the same angular magnitude and direction for all its 
points. 

Thus, in fig. 102, by 
the motion of translation 
•common to aU the points, 
mi is carried to a, while 
m2 is carried to b\ and m^ 
to c', the lines ^1^2, ^2^^, 
and miWs being carried pa- 
rallel to themselves to ab\ 
Vc\ and «c', respectively. 
Then, by the motion of ro- 
tation aV is turned round ^^s- '°*- 
to aft, and c' is made to coincide with c. 

^%. Independence of the Motions of Translation and Rota- 
tion. — ^If we have a system in the position aVd (fig. 102), it is 
^lear that no motion of translation will ever bring it into 
the position abc. The change is effected by a motion of 
rotation alone. On the other hand, no motion of rotation 
could bring a system, mirrhm^^ into the position aVc\ This 
<}hange is effected by a simple translation common to all 
the points : hence these motions are quite independent of each 
other. 

89. Theorem. — All the conditions necessary and sufficient for 
the equilibrium of a rigid body acted on by any forces can be de- 
duced from equations of virtual work corresponding either to a vir- 
tual displacement of translation common to all its parts j or to a 
virtual displacement of rotation common to all its parts. 

For (Art. 85), the condition necessary and sufficient for 

the equihbrium of the body is the vanishing of the virtual 

work of the applied forces for every virtual displacement ; and 

(Art. 87) every virtual displacement is either one of transla- 

^jon^ or one of rotation, or a combination of both. Now 
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(Art. 88), these displacements are independent, and therefore 
the supposed condition must come either from a virtual dis- 
placement of translation alone, or from one of rotation alone, 
— Q. E. D. 

go. Virtual Work correspondixig to a Virtual Motion of 
Translation. — ^Let a rigid body (fig. 103) be in equilibrium 
under the action of any 
forces in one plane. Pi, 
P2, P3, . . . , and let the 
body be imagined to re- 
ceive a motion of trans- 
lation parallel to an ar- 
bitrary line, Ox^ whereby 
the points, -4i, -^2, -^3, 
. . . , of application of 
the different forces re- ^*^- '°3- 

ceive virtual displacements, AiOiy -42«2, Aza^, . . . , all pa- 
rallel to Ox^ and equal to a. Then (Art. 44, p. 61), the virtual 
work of the force Pi is a x projection of Pi along Ox. Let 
the projection of Pi along Ox be Xi : then the virtual work 
of Pi is aX|. Similarly, if X2, X3, ... be the components 
of P2, P3, . . . along Oxy the virtual works of these forces 
will be 0X2, 0X3, . . . Hence the equation of virtual work is 




or 



a (Xl + X2 + X3 + . . . ) = O, 
a2X = o. 



(0 



^Consequently, since a is arbitrary, we have 

SX=o. 



(2) 



Hence — For the equilibrium of a rigid body it is necessary 
that the sum of the components of the acting forces along every 
arbitrary right line should be zero. 

This condition is not sufficient, since every virtual dis- 
placement of a body is not one of translation alone. 

91. Virtual Work corresponding to a Motion of Rota- 
tion. — Let several forces. Pi, P2, P3, . . . (fig. 104), act 
on a body at points -4i, A^y A3, . . . , and suppose that the 
body is rotated through a small angle = w, lOXjaA ^ai ^ix^ 
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Fig. 104. 



perpendicular to the plane of the forces through an arbitrary 
point, 0. Then the points A^ A2, 
A^ . . . will describe small circu- 
lar arcs, -4 1^1, Azazy A^j . . . hav- 
ing as their common centre, and 
subtending the same angle, ci>, at 
0. Let Vi be the angle between 
OAi and the direction of Pi. Then, 
evidently, the projection of Aitti 
on the du*ection of Pi is AiUi . sin 0i. 
But Aittx =a> . OAy ; therefore the 
virtual work of Pi is 

ciiPi . OAi sin 01. 

If ^1 = the perpendicular, Og'i, from on the direction of 
Pi, this is evidently 

wPi . pi. 

Similarly, the virtual work of P2 is WP2 . i?2, and that of 
P3 is - wPz . i?3. Hence the equation of virtual work is 

(I) 

or ^I'p = o. (.2) 

But the product of a force, P, and the perpendicular, 
jP, let fall upon it from the point 0, is the moment of the 
force with respect to the point 0, or rather with respect to an 
axis through perpendicular to the plane of the figure. 

Hence, equation (2) asserts that for equilibrium the sum 
{with their proper signs) of the moments of the forces vnth reject 
to any point in their plane is zero. 

As regards the signs to be given to the moments, PiPiy 
P2P2, ... of the forces, we see that — 

Those forces which tend to rotate the body in the same direction 
round the point give virtual work of the same sign, and there" 
fore have moments of the same sign with respect to 0. 

Thus, in fig. 104, the forces Pi and P2 tend to turn the 
body roimd 0, in a direction opposite to that of watch-hand 
rotation, while P3 tends to turn it in the opposite direction. 
Hence, in the Equation of Moments j as the equation 

^Pp = o 



W {Pipi + P2JP2 - PsPi +...)= o. 

:2Pp = o. 
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is called, P^pi and P2P2 have the same sign, and P^ps has an 
opposite sign. 

92. Absolute Conditions for the Equilibrium of a Rigid 
Body acted on by Forces in One Plane. — ^It is now clear that, 
as all possible displacements of a rigid body are exhausted in a 
motion of translation common to all its parts, and a motion 
of rotation common to all its parts, all possible conditions of 
its equilibriimi under the action of forces acting in one plane 
are exhausted in the conditions of Articles 90 and 91, 
namely — 

1. The simi of the components of the acting forces along 
every arbitrary line in their plane = o. 

2. The sum of the moments of the forces with regard to 
every arbitrary point in their plane = o. 

These conditions are the expressions of equations (2) of 
Art. 90 and (3) of Art. 91. Since they have come from per- 
fectly independent virtual displacements (Art. 89), they are 
perfectly independent of each other. If each of the forces, 
Pi, P2, P3, ... be transferred to a single point or particle, 
on which they all acted together, the first of these conditions 
asserts that the resultant vanishes. Thus, the equilibriimi of 
an extended body requires the existence of two perfectly dis- 
tinct conditions, which may be reduced to the heads — 

1. The vanishing of the resultant force. 

2. The vanishing of the resultant moment. 

To distinguish these from conditions (which will be pre- 
sently given) having reference to a set of assimied co-ordinate 
axes, we shaU, as in Art. 10, p. 17, call them the Absolute 
Conditions of equilibrium of an extended body. 

93. Analytical Expression for the Displacement of a Rigid 
Body. — We have seen (Art. 87) that the displacement of a 
rigid body is known from the displacement of any fixed 
triangle in it ; and that the displacement of such a triangle 
consists of a motion of translation common to all its parts, 
and a motion of rotation common to aU its parts. The dis- 
placement of translation may be that which moves each side 
of the triangle parallel to itself until the vertex mi (fig. 102) 
comes into the position a\ or it may be that which moves 
each side parallel to itself until the vertex W2 comes into the 
position b ; or, again, that which moves the system until the 
vertex nh comes into the position c. In. tlha &c^ ^'asRi *0w^. 

I 
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magnitude of the motion of translation is rriia^ in the second, 
mj)y and in the third, W3C. 

Now these three quantities are all of different magnitudes. 

But after any one of these motions of translation has taken 
place, the motion of rotation is constant, since the angles 
between the sides of the triangle are invariable. Hence — 

If a rigid body occupying the position (A) is displaced by a 
motion parallel to one plane into the position (B), the body may 
he brought from the position (A) to the position (B) by : (a) a 
variable motion of translation common to all its partSj whereby 
any one pointy P, of the body is brought directly from its old to 
its newposition^ 0; and{fi) a subsequent motion of rotation round 
an axis through perpendicular to the plane of motion^ the 
angular magnitude of the rotation being a constant quantity for 
all such axes. 

We shall investigate the changes produced in the co- 
ordinates of a point by given small motions of translation and 
rotation. Let the motion of translation first take place. 
Then draw any two rectangular axes. Ox and Oy, through 
(fig. 105), the new position of a point Oi. Let the motion of 
translation OiO, common to all parts of the body, be resolved 
into two components, a and J, parallel to Ox and Oy. 

Then, if x and y denote the y 
co-ordinates of a point Qi in the 
body with reference to fixed axes 
drawn through Oi parallel to Ox 
and Py, these quantities will be in- 
creased by a and 6, respectively, by 
the motion of translation. To find 
how much they wUl be subse- 
quently altered by an angular 
rotation = a> round 0, let Q describe a small arc of a circle, 
Qq, round 0. 

Let fall the perpendiculars QM and qm on Ox, and Qp on 
qm. It is evident that OM = x and QM = y. Then the in- 
crease of y produced by the rotation = qj)^ and the increase 
in 0? = - Qp, Now 




Fig. 105. 



and 



Qp = Qq . sin QOx= w. OQ . sin QOx = w . QM^wv ; 



^P=Q7' cos QOx=u).OQ. cos QOa; = w. OM = wx. 
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Hence, if ^x and ^y denote the changes produced in x and 
9/ by the two motions combined, 

Sx = a - wy (i) 

Sy = b + wx. (2) 

These are the general analytical expressions for the dis- 
placements of a particle in the body. (They can obviously 
be obtained by differentiating the equations x = r cos 0, 
y = r sin 0, on the supposition that B alone varies by a quan- 
tity SO = (t), and then adding a and b to the results). 

94. Analytical Conditions of Equilibrium. — If any forces, 
Pi, P2, P3, . . . , act on a rigid body in one plane, the condi- 
tion necessary and sufficient for equilibrium is (Art. 85) 

PiSpi + P2SP2 + PgSps + . . . = o. (i) 

Let Xi and Yi be components of Pi along two rectangular 
axes. Ox and Oy, and let Xi and yi be the co-ordinates of the 
point at which Pi acts. Then (Art. 85, p. 107) 

PiSj^i = XM + FiSyi. (2) 

Making similar substitutions for P2Sj02> PaSj^aj . . . j equation (i) 
becomes 

Xi8a?i + YiSyi + XiSx-z + ^28^2 + . . . = o, (3) 

or 2(XS^+rSy)=o. (4) 

Substituting in (4) the values of dx and Sy given in the last 
Article, we have 

S ( X (fl - w?/) + Y{b + (i)x)} = o, 

or a.SX+ Z^.^F^ a).2(a;F-yX) = 0, . . . (5) 

since a, b, and w are common to all points of the body, and 
may be taken outside the sign of summation. 

Now the displacements a, b, and to are completely inde- 
pendent of each other, and therefore equation (5) requires that 



SX = o, SF=o 

^{xY-yX) = o 



}' . (6) 



Por, choose another virtual displacement in which a and b are 
the same as before and to different. Then we have 

a2X + 62F + w S (a^ F - 1/X^ - o. V^^ 

I 2 
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Subtracting (7) from (5), 

{w-w) S(irr-yX) =0. 

But since w - ci>' is not = o, this equation requires that 

^{xY-yX) =0. 

Similarly, by making a alone variable, we prove that 2X = o^ 
and by making h alone variable, S J^ = o. 

The three equations (6) constitute the analytical conditions 
of equilibriimi of the body, and they are the expressions of 
the two absolute conditions of Art. 92. 

The first two of the equations (6) are called the equations 
of translation^ and the last is called me equation of moments or 
rotation. 

95. Varignon's Theorem of Moments. — The moment of tJie 
resultant of two forces with respect to any point in their plane is 
eqtml to the sum of the moments of the forces with respect to this 
point. 

Let It (fig. 106) be the resultant of two forces, P and Qy 
applied to a point A, and let be any point in their plane* 
Then the virtual work of It 
for any displacement of A 
= the wtual work of P + the 
virtual work of Q. Let the 
virtual displacement of A be 
one of rotation round 0, 
through a small angle = w. Fig. 106. 

Then, as in Art. 91, the virtual work of P is oi . P . OA . sin 
OAR ; but this = w . P x the perpendicular from onP = a> x the 
moment of P with respect to 0. Similarly, the virtual work 
of P = (u X moment of P with respect to ; and virtual work 
of Q = w X moment of Q with respect to 0. Therefore, &c. — 
Q. E. D. 

In precisely the same way, the moment of the resultant 
of any number of forces is proved to be equal to the sum of 
the moments of the forces separately. 

96. Natiire of the Action of Forces on a Rigid Body. — 

The only motion that could be produced by forces acting on 

a particle is a simple motion of translation of the particle, 

and consequently the conditions of equilibrium of a particle 

are exhausted in the single condition of the vanishing of 

^e resultant force. But the displacement of a rigid body 
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-comprehends not merely a motion of translation, but also a 
motion of rotation round an axis; and for this reason the 
conditions of its equilibrium are twofold. Firstly, there must 
be no resultant force— ^hoi is, if the forces acting upon the 
body were all transferred, with unaltered directions, to a 
single point, this point would be at rest. Secondly, and quite 
independently of the former conditions (see Art. 88), there 
must be no resultant moment — ^that is, the forces must be in- 
capable of turning the body round any axis. 

The forces acting on a body of finite extension may 
-satisfy the first of these conditions without satisfying the 
second. For example — 

If the forces acting upon a rigid tody form by their 
magnitudes and directions the sides of a closed polygon taken in 
ordery their resultant vanishes, and they have a constant moment 
with respect to all points in their plane. 

Let forces Pi, Pzj-Ps, . . . (fig. 107) act at points ^1,-^2, ^3, • •• 
in an extended body in one plane, 
and let these forces be represented 
in magnitude and direction by the 
sides of the polygon formed by 
their points of application. 

Now since (Art. 43) the sum 
of the projections of the sides of 
this polygon on any arbitrary 
line = 0, the condition of Art. 90 
is fulfilled, and the forces have no 
resultant of translation. ^^' '°^' 

Let be any point inside the polygon, and take the sum 
of the moments of the forces round it. If the perpendiculars 
from on the sides AiA-zy A^A^ ... be ^1, i>2, . • • the sum 
of the moments will be 

PiPi + P2JP2 + PsjPs + ... = <?, suppose. 

And since P„ P2, . . . are equal to the sides of the polygon, 
O is evidently = 2 . area of polygon. This is a constant for 
all points inside the polygon. 

Now if we take the sum of the moments round any 
external point, (X, we shall have 

PiPi + JP^Pz + PzPz - P4P4 -V PbPi, 
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Bince P4 turns the body round (X in a direction opposite to 
that in which the other forces turn it. But this sum is equal to 

2 {A,aA, + A.ffA^ + A,(yA, - A^ffA, + A.ffA,), 

and this is again equal to 2 . area of polygon. 

Hence for all points in the plane, the sum of the moments^ 
Gy is constant. 

97. Theorem. If a number of forces acting upon a rigid 
body in one plane have a constant moment tcith respect to all points^ 
in the plane ^ they can have no resultant force. 

For, suppose that they have a resultant = iJ, then if p 
is the perpendicular let fall on R from any point, 0, the sum 
of the moments of the forces = iJ.^f Art. 95). Hence by 
varying the position of 0, the simi of the moments varies,. 
which is contrary to hypothesis. Therefore, &c. — Q». E. D. 

98. Problem. To find the resultant of two parallel forces y 
P and Q, acting in the same direction. 

Let AB (fig. 108) be the shortest distance between P and Q, 
and let the forces be supposed to act at A and^. Also let tho 
reversed resultant, P, act at 



any point, 0, in wdLB. Since the 
forces are in equilibrium, their 
\drtual work = o for every vir- 
tual displacement (Art. 85). 
Choose first a virtual displace- 
ment of translation along AB. 
For this displacement the vir- 
tual work of the forces P and ^^ '°^- 
Q = o, .•. the virtual work of P = o, .*. R is parallel to P and 
Q. Again, choose a virtual displacement of rotation about 
through an angle = w. The virtual work of P is then 
P . ujOAy and that of Q is - Q . wOP, while that of R is zero. 
Hence 



li 




P . 0-4 - Q . OP = o. 



(I) 



OA 
OB 



Q 



FmaJljr, to ^nd the magnitude of P, tako a virtual displace- 
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ment of translation parallel to the forces. This evidently 
gives 

E = P+Q. (2) 

Therefore the resultant of two parallel forces acting in the 
same direction is a force parallel to them in the same direction^ 
equal to their sum, and dividing the line joining their points of 
application in the inverse ratio of the forces. 

Equation (i) asserts that the moments of two parallel 
forces with respect to any point on their resultant are equal 

andopposite — aresult whichis,of course, q. »-r 

contained in equation (2) of Art. 91. 

If P and Q act in opposite (Erec- 
tions (fig. 109), the resultant is obtained 
in magnitude and direction by simply 
changing the sign of Q. 



B 



Thus (i) becomes Fi^ ^^^ 

OA^Q 
OB P' 



(3) 



which shows that is on the production of AB at the side of 
the greater force ; and (2) gives 

R-P-Q. (4) 

99. Theorem. If any number of forces acting on a rigid- 
body in one plane have a constant moment round all points in 
their plane, they are reducible to a couple. 

For (Art. 97) the resultant force =0. Hence, compound- 
ing the forces in pairs, they must reduce either to two parallel 
equal and opposite forces, forming a couple, or to two equal 
forces directly opposed to each other in the same line. But 
in the latter case the sum of their moments round any point 
is zero ; hence if their moment is not zero, they must reduce 
to a couple. 

Many of the examples in the following section are very 
easily solved by the principle of virtual work ; and the student 
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is reoommended to exercise himself in the application of this 
principle even in those examples whose solutions are given by 
the ordinary process. 



Section II. 

Applicatiom of the Conditions of Equilibrium of a Body. 

100. Conditioii of Eqtiilibriiun of a Body under tlie Action, 
of two Forces in a Plane. — If two forces maintain a body in 
equilibrium^ they must be equal and opposite. 

For, take moments round any point on the line of action 
of one of them, P. The sum of the moments must (Art. 91) 
be = o. Hence the other force, Q, must pass through the 
assumed point. Again, take any other point on P, and take 
moments round it. The sum must be = o, and Q must, there- 
fore, pass through this point. Hence P and Q act in the 
same line. Now their sum must = o (Art. 90). Therefore 
P and Q are equal and opposite. — Q». E. D. 

lOi. Condition of Equilibrium of a Body under tlie Action 
of three Forces in one Plane. — If three forces maintain an ex^ 
tended body in equilibrium^ their directions must meet in a point. 

For, take moments round the point of intersection of two 
of them, P and Q. The sum must (Art. 91) = o ; therefore, 
either the third force, JB, is zero, or it passes through the in- 
tersection of P and Q. If JS is not = o, it must pass through 
this point. 

The three forces may then be supposed to act at this point, ' 
and to keep it at rest. Hence, each force must be equal and 
opposite to the resultant of the other two ; and if the angles 
between them in pairs be p^ y, r, the forces must satisfy the 
conditions 

P : Q : JB = sin^ : sin y : sin r. (/3) 
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I. Three forces, P, Q, R (fig. no), act at the middle points of the sides of a 
-triangular plate, each force being perpendicular and proportional to the side at 
-which it acts. If the forces all act inwards, or all 
outwards, they are in equilibrium. For (oj they 
satisfy the first conditions of equilibrium of three 
forces, namely, that of meeting in a point (Art. 
loi) ; and (iS) they are proportional to the sines of 
•thjQ angles between them in pairs, since 

F I Q \ R = a : h '. c - sin A : %m B '. ^m C 
= sin QOR : sin ROF : sin FOQ. 

TThey, therefore, satisfy both of the conditions of ^. 

Art. loi. Fig. no. 

In exactly the same way it is proved that if three forces act perpendicularly 
to the sides of a triangle, and be proportional to them, they will be in equilibrium, 
provided that they pass through any common point, and all act outwards or all 
inwards. 




2. Three forces acting along the perpendiculars of a triangle keep it at rest ; 
£nd the relations between them. 

They satisfy the first condition of equilibrium, namely, that of meeting in a 
point. Then if the forces perpendicular to the sides a, bf c, be P, Q, R, respec- 
tively, the relations (jS) of Art. loi give 

F: Q : R = BID. A : sin B : Bin C =: a : b : e, 
as might have been concluded from the remark at the end of tlie last example. 

3. Three forces acting along the bisectors of the angles of a triangle, all 
■either from or towards the angles, keep it at rest ; find the relations between 
them. 

The forces evidently satisfy the condition of meeting in a point. 

Let P, Of R, be the forces in the bisdctors of A, B, C, respectively. Then 

A -*■ B 
the angle between F and Q is easily seen to be ir . Hence F : Q : R 

ABC 

•= cos — : cos — : cos . 
222 

4. Three forces acting in the bisectors of the sides of a triangle drawn from 
the opposite angles maintain equilibrium ; find the relations between them. 

They satisfy the first condition. 

Let the lengths of the bisectors of the angles A^ By and C (fig. 1x1) be 
iSi, i32, and iSs, and let p and q be the perpendiculars from Con P and Q. 
Take moments round C for the equilibrium of the forces. Then 



Fp = Qq. 



^\ 
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(The moments of P and Q with re- 
spect to C have opposite signs, since 
Q tends to turn the body round C in 
the direction of watch-hand rotation, 
while F tends to turn it in the opposite 
direction). 

Again 

p^i = 2^2, (2) 

each side of this equation being 
the area of the triangle. Divide the 
sides of (i) by the corresponding sides 
of (2). 




Then 



Hence 



P : Q : iJ = jSi : i82 : i83, 



or the forces are proportional to the bisectors. 

5. At the middle points of the sides of any indeformable polygon (fig. 112) 
forces act perpendicularly to the sides, each force being proportional to the^ide 
at which it acts. If the forces all act in- 
wards or outwards, they form a system in 
equilibrium. 

For (example i) the resultant of -Pi 
and P2 is a force acting at the middle point 
of j^Cf perpendicular and proportional 
to AC. Again, this force and P3 may be 
replaced by a force acting at the middle 
poirit oiAJ), perpendicular and proportional 
to AD. 

Keplacing the given forces in this man- 
ner, the result follows by example i. 

6. If from any point perpendiculars be 
drawn to the sides of a polygon, and forces 
act along these perpendiculars, either all in- 
wards or all outwards, each force being 
proportional to the side to which it is per- 
pendicular, the system is in equilibrium. Fig* "*• 

This follows, exactly as in the last 
example, by diyiding the polygon into triangles, and attending to the remark 
at the end of example i. 

7. From any point, 0, inside (or outside) a tiiangle, ABC (fig. 1 1 3), are let fall 
perpendiculars. Go, OjS, Oy, on the three sides. At the points o, jS, 7, are applied 
forces, P, Q, 22, each of which is proportional and perpendicular to the side at 
which it acts. The forces are then all turned round their points of application 
in the same direction, so as to make equal angles with the perpendiculars 
Oo, 0)8, and Oy. Show that in this latter case the resultant of the system of 
forces is a couple whose moment is proportional to the square root of the area 

aftbe tnangle A'B'C, enclosed by their directions. 
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(The forces act all outwards or all inwards). 

Ltit the sides of ABC be a, b^ Cy and let F = ka, Q = kbt B = ke^ k being a 
constant coefficient. 

Let be the angle, OaB\ be- 
tween P and the perpendicxilar Oa. 
Then = O^C = OyA', 

Eeplace F by two components, 
one along BC and the other per- 
pendicular to it. Similarly, re- 
place Q and R. Then the per- 
pendicular components are ka cos 
0, kb cos 0, and kc cos 0; and since 
they meet in a point, 0, and are 
proportional to the sides at which 
they act, they are in equilibrium X 
(example i). Hence the forces A 
are equivalent to three, ka sin 0, 
kb sin 0, and A;^ sin 0, acting along 
the sides of ABC in cyclical order, 
and therefore, by Art. 96, their 
equivalent is a couple = kA sin 
0, A denoting the area of the 
triangle ABC. (See also Art. 80, p. 102). Now the triangle A'B'C is similar 
to ABC. For, since the angles OaB and OyB are right, and the angles OaB'' 
and OyB" are equal, a circle will go round the points OB'aBy. Hence Z. yOtt 
= Z. yBa .'. their supplements, ^ and B* are equal. Similarly, A = -4', and 

Again, the side A'B' = AB .B\n0. For in the circle round yOB'aB, yB* i& 

a chord making an angle with a chord yO, and an angle with the per- 

2 

pendicular chord, yB, Therefore 




yB' = 7O . cos + 75 . sin 0. 
Similarly, in the circle round yA'OfiA, we have 

yA' = 7O . cos - 7-4 . sin 0. 
Subtracting (2) from (i) we have 

A'B' = (yB + yA).Biii0^AB. sin 0. 
Now if A' be the area of A'B'C, 



(I) 



(^> 



A' /A' By . . 
.*. sin0 = a/ -» 



and .*. the moment of the forces = k Vaa'. 
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8. If the triangle be replaced by a polygon of any number of sides, prove 
Jthat the equivalent of the forces is a couple whose moment is proportional to the 
square root of the area of the (similar] polygon enclosed by their directions. 

9. A triangular plate, ABC (fig. 114) is acted upon at each angle by forces, 
along the twq sides containing it, represented p 

in magnitude and direction by the distances 
between the angle and the feet of the perpen- B! 

diculars let fall from the other two angles on 
these sides. Find the direction of the resul- 
tant force. 

Let the perpendiculars let fall on the three 
sides, a, d, <?, from any point, P, on the resul- 
tant be a;, y, z, respectively, and let A\ ^', C 
be the feet of the perpendiculars. Then the force 
in AB in the direction AB is AC — BC^ or 
b cos A — a cos B, Hence the moment of this 
force about P iaz{b cos A — a cos B), and since the sum of the moments of all 
the forces (estimated in cyclical order) round Pis = o (Art. 91), we have 

s(c cos B-b cos (T)-\-y (« cos C- c cos ^) + z (i cos -4 - a cos -B) = o . . . (i) 

Now, one set of values of «, y, and «, which will satisfy this equation, is, 
evidently, a, h, c. Hence the resiiltant passes through the point the perpendi- 
"Culars from which on the sides are proportional to a, d, e. This point is thus 
found : — Let O be the centre, of gravity of the triangle ; from A draw a line, 
^Q\ which makes L CAO' = Z. BAQ^ and from B draw a line, B0\ which 
makes Z. CBG* = L ABO. These lines intersect in 0\ the required point. 

Again, another set of values of x, y, 2, which will satisfy (i), is cos -4, cos B, 
cos C ; and the resultant passes through the point whose perpendiculars on the 
sides are proportional to these quantities. This point is the centre of the cir- 
cumscribed circle. 

Hence the direction of the resultant is known. 

10. Show that the resultant of the system of forces in the last example is 

^ V^a* + ^1 + c* - d^b^ - U^6^ - (rd\ 
abc 

where A is the area of the triangle. 

11. Forces P. Q, P, act along the sides of a triangle, ABCy and their re- 
-sultant passes through the centres of the inscribed and circumscribed circles : 
prove that 



Q 



R 



'C^, 



cos B — tos C cos (J— cos A cos A - cos B 

(Wolstenholme's Book of Mathematical Problems). 

12. A heavy beam, AB (fig. 115), rests against a smooth horizontal plane, 
f, and a smooth Fertical wall^ CB, the lower extremity, A, being attached to 
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a string whicli passes over a smooth pulley at C, and sustains a given weight, P^ 
Find the position of equilibrium, and 
the pressures on the plane and wall. 

Let 9 be the inclination of the beam 
to the horizon in the position of equi- 
librium ; let W^ weight of the beam ; 
and let the centre of gravity, G", divide 
the beam into two portions, AO = a, 
and BQ = b, 

Now, the reactions, R and S^ of 
the wall and plane are normals to these 
surfaces ; and since they are both un- 
known, we shall obtain an equation 
for B which will contain neither of 
them, by taking moments about 0, 
their point of intersection. Hence, 
since the force F acts on the beam 
along^(7, and tends to turn it in a direction opposite to that in which W tends to 
turn it round 0, we have 

F{a + b) smB - Wa cos 6=0, 




tand = 



JFa 



P (a + by 
Again, resolving forces vertically, we have 



(■> 



And resolving horizontally, 



S = F. 



(2> 

(3) 



13. If the beam rest, as in the last example, against a smooth vertical and 
a smooth horizontal plane, and a string be attached firmly to the point C, and to 
a point in the beam, find the limit to the position of this latter point consistent 
with equilibrium. 

Let fig. 116 represent the beam in any position, and let m be the middle point 
of the beam. Suppose the string attached to (7, and to a point, n, in the upper 
half of the beam. Then the forces 
acting on the beam are W, T (the 
tension of the string m(7), P, and S, 
Let p be the point of intersection of 
W and T, Now, the resultant of 
F^and Tmust, for equilibrium, be 
equal and opposite to the resultant 
of E and 8 \ hence the resultant of 
Fi and 8 must act in the line Op ; 
hut this line is not between the di- 
rections of T and W^ that is, inside 
the angle WpO\ therefore the resul- 
tant of R and 8 cannot be equal and 
opposite to that of W and T with 
such a position of the string, and, 
therefore, equilibrium is impossible, 




W 



Fig. 116. 
no matter what the inclination of the beam may be. Hence, in order that equi- 
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librium may be possiblei the string must be attached to some point, such as P, 
between A and m. 

14. In the last example, given the point of attachment of the string, find 
the tension in it. 

It is easy to see that if P, the point of attachment, be given, and also /, 
the length of the string, CF, the position of the beam is given. For, if = Z. 
BACy we have 

P = BF^ . cos 20 + AF^ . sin20, 

an equation which determines Q, 

The angle FCA is also known. Denote it by 4>. To determine T, the ten- 
sion of the string, without bringing R and 8 into our equation, take moments 
round 0, their intersection. Hence, a and b being the segments of the beam 
made by the centre of gravity, we have 

TFa cos = r. OC sin OCF = T. (a + b) sin (0 - <»), 

a COS0 



.-. T= W, 



(a + b) sin (0 - ^)' 



Note. — If = ^, T= 00. In this case the string is attached to m, the middle 
point of the beam, and therefore its direction always passes through 0, the in- 
tersection of R and 8. Kow, it is easy to see that in this case the conditions of 
•equilibrium are theoretically satisfied, because the resultant of Pand ^acts 
along P, whose direction passes through 0, But if ^ > 0, no value of P can 
even theoretically satisfy the conditions (see last example). 

15. ABC is an isosceles triangle, of which Cis the vertex. It is acted on 
by the forces CA, CB^ and AB, Prove that it will be kept in equilibrium by 
XI force equal to 2JJC7, acting parallel to BC, at the middle point of AB. 

16. In example 12, it is clear that two positions of equilibrium of the beam 
are a vertical and a horizontal position; explain why tiiese positions are not 
given by the equation (i) which determines the position of equilibrium. 

102. Action of a Hinge or Joint. — Among the internal 
forces of a system, the action of a joint is one of frequent 
occurrence. If the joint be smooth, the re- 
action between two oars or beams connected 
by it consists of a single force. For, let 
FQ8 (fig. 117) represent a section of the 
joint connecting two beams : then, since 
their surfaces are in contact, either through- 
out the whole of the circumference or a part 
of it, there will be (since the joint is smooth) 
vomial reactions at the points of contact, 
-/^ (g . . . Now, since all these pass through the centre of 
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the circle, they have a single resultant. Consequently, the 
action in this case consists of a single force. 

But, if the joint be rough, the reactions .at the points 
of contact will not be normal, that is, their directions will 
not meet in a point, and, therefore, they 
may reduce to a couple, or to a single force. 
When slipping is about to ensue at theP/l- 
joint, it is easy to see that the total resist- 
ances at the points of contact envelop a 
circle (or rather a cylinder) . For, at any 
point, P, of contact (fig. 118), draw PR^ 
making the angle of fnction, A, with the 
normal, P(7, to the surface of contact. The ^^s- "^• 

perpendicidar from (7, the centre of the joint, is equal to 
PC . sin X, and is, therefore, constant. Hence, PR envelops 
a circle whose radius = PC . sin X. 

If PC = fl, and ds is the element of the surface of contact 
at P, it is evident that the sum of the moments of the reac- 
tions about C is {R being the reaction per unit of surface) 

« sin X jRds. 

As an example, let us investigate the equilibrium of two 
equal beams which are connected by a joint, 0, and rest on a 
perfectly smooth cylinder in a vertical plane at right angles 
to the axis of the cylinder. 

Firstly, let the joint be rough, and suppose the contact 
to be complete all over its sur- 
face : then it is clear that such g 
a position as that represented v. 
in fig. 119 ifi a possible posi- 
tion of equilibrium if the 
joint is sufficiently rough. Let 
fig. 1 20 represent an enlarged 
view of the circle which is en- 
veloped by the total resistances 
at the various points of the 
surface of contact at the hinge, 
C. Then, if the total resistances 
at the lower portion of the 




Fig. 119. 



joint be considerably greater than those at the upper portion. 
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it is possible that the resultant of the whole set may be a ho- 
rizontal force, i?, acting through a point, P, below the joint. 

In the position of equilibrium of -«- 
the beams represented in fig. 119 the -^ 
weight, JF, of the beam CZ>i, and the 
normal reaction, /S, of the smooth cy- 
linder, meet in a point u4i, througli 
which point the force produced by the ^ 
action of the other beam must pass. ^ 
In the same way the action of the 

beam CDi on CD2 must pass through R 

the point A2. Hence the resultant j,. 

action of each beam on the other must ^* 

be directed in the line A1A2 ; and we have seen that if the 
contact along the joint extend over its surface, this is a pos- 
sible line of action, though it does not intersect the joint. 

Secondly, let the joint be rough, and let the contact take 
place at only one point, N (fig. 121). Suppose the joint ta 
consist of a cylinder, jBJV, which 
forms part of the beam CDz (fig. 
119), and let this fit loosely into 
the beam CD, It is clear, then, 
that the action between the beams 
consists of a single force, JB, act- 
ing at Ny and making the angle of 

friction. A, with the radius CN^ if Fig 121 

slipping is about to take place. 

As before, this force must pass through the points -4i, A2, 

In this case, then, the point of contact of the beams is 
constructed by drawing a radius, C2V, of the cylindrical axis 
constituting the joint, inclined to the horizon (since Ai A^ is 
horizontal) at the angle of friction. 

Thirdly, let the joint be smooth, and let contact take 
place at only one point. By what has just been said, it ap- 
pears that the point of contact is on the horizontal radius of 
the joint. Hence the position of equilibrium when the joint 
is rough, and contact takes place at a single point, is prac- 
tically the same as when the joiat is smooth. Because, since 
the joint is of negligible dimensions compared with those of 
the beams, the line of resistance RN"^ (fig. 121), may be sup- 
posed to pass through the centre, C, of the joint. 
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Fig. 122. 



A similar explanation is to be given in the case of two 
equal beams rigidly connected, and forming one piece, the 
system resting, as in the previous example, on a smooth cylin- 
der. If we consider the equilibrium of one of the beams, CD 
(fig. 122), by itseK, we shall have 
to supply to it whatever force is 
actuidly produced upon it by the 
other beam. Now, if JBC is the 
section along which the system 
is considered as divided by the 
removal of the second beam, it 
is clear that the internal forces 
in the neighbourhood of B tend 
to tear, the beams apart, if ^^1 is 
below the section £0, while those 
about C tend to press the beams 
more closely together. Hence the action of the second beam 
on OD consists of a number of forces whose horizontal com- 
ponents near B act from left to right, as the force BF, and 
whose horizontal components near C act from right to left, 
as the force OF". If, therefore, the forces near B are greater 
than those near C, the residtant of the whole system will con- 
sist of a horizontal force, AB, acting outside the section CBj 
so as to pass through the point, Ay of intersection of the 
weight and the normal reaction of the cylinder. The result 
may evidently be stated thus : — The action of the two beams 
along the section BC consists of a force and a couple. 

103. Oeometrico-statical Problems. — In many statical 
problems which relate to the positions of equilibrium of bodies 
the result is independent of the magnitude of some pven 
force, and such independence can be perceived d priori. Thus, 
suppose the question to be — ^What is the limitiQg inclination 
to me horizon of a heavy uniform beam which rests against 
a rough vertical and a rough horizontal plane P In this pro- 
blem we may, if we please, assume TTj the weight of the 
beam, and 2a, its length; but it is evident d priori that the 
result cannot involve either of these quantities. For, if the 
angle which the beam makes with the ground be 0, the posi- 
tion of equilibrium will be defined by some of the trigono- 
metrical functions of 0, such as sin or tan 0. Now, the 
trigonometrical functions of an angle ore m^iQ Ti^m&^l^, ^x 
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ratios of quantities of the same kind. Hence, if the expression 
for tan (suppose) involve force^ it must involve the ratio of ane 
force to another force, and if there is only one force given in 
the problem, we have no other force to combine with it in the 
form of a ratio or a mere number. Consequently, the weight 
of the beam can in no way influence its limiting inclination. 
Precisely similar remarks hold with regard to the only linear 
magnitude in the question, viz., the length of the beam. 
There is no other quantity of the same kmd with which to 
compare it. Therefore, we are enabled to state d priori that 
the inclination of the beam to the horizon in its limiting 
position of equilibrium depends simply on the coefficients of 
motion for the beam and the two rough planes, or that 

0^f(ji,fi)y 

fi and fi being these coefficients, and /denoting some (as yet) 
unknown function. 

Again, suppose the question to be — ^What force applied 
to one of the handles of a table drawer will pull the dreiwer 
out P* It is evident that the answer must be either — ^no force, 
however great, will pull it out, or — any force, however small, 
will pull it out. Aid the result will depend simply upon 
the relation between the coefficient of friction for the drawer 
and the table, and the ratio of the side of the drawer to the 
distance between the handles. This is evident, because there 
is no given force in terms of which the required force could 
be expressed. 

Numerous examples of this class of questions will be 
given in the seqtiel. Such problems, then, in which the re- 
Bidt is independent of a force magnitude, we shall classify as 
Geometrico-statical Problems, because, though they involve 
conceptions concerning the directions of forces, they do not 
involve their magnitudes. In all such problems, once the 
requisite theorems concerning the directions of forces are 
made use of, the result follows at once from the geometry 
of the figure; and a solution by the method of resolv- 
ing forces and taking moments is, in reality, an illogical 
process. 

* The fijctioa of the bottom is neglected. 
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104. TJseful Trigonometrical Theorem. — In connexion 
mih. the class of geometrico-statical problems, the follow- 
ing theorem in Plane Trigonometry wiU be found extremely 
Tiseftd : — 

If a right line, CP (fig. 1 23), drawn from the vertex of a 
triangle, divide the base into two seg- C 

ments m and w, or segments which aie 
to each other in the ratio of «i to n, 




{tn + n) cot d = m cot a-n cot j3, (i) 

cand^beingtheangles which CP^ ,. 

makes with the sides AC and BCy ^'^' '^^' 

-and B the angle which CP makes with the base. 
For, iiAP = m, and BP = n, 

^^ sinu4 sin (0 - a) , . ^ 

CP = m —. — = m ^ -' = m [sm cot a - cos 0). 

Bin a sm a ^ ^ 

Also, 

^^ sin B sin (0 + B) , . « 
CP=n -r—^ = w — \—J^ = n sin ootfl+ cosfl). 
smp smp ^ ^ ^ 

Hence 

m (sin cot a - cos 0) = n (sin cot /3 + cos fl), 

from which (i) follows at once. 
We have also the equation 

(m + 91) cot fl = w cot-4 - m cot B. (2) 

For, 

^^ sin^ sin^ m 

CP = m -. = 7/2 -r 



sina 6in(0-^) sin^ cot^- oos0' 
Similarly, 

sin ^ cot JS + cos 0* 
therefore, &c. — Q. E. D. 
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Examples. 

I. A heavy beam rests on two smooth incKned planes whose intersection i» 
a horizontal hne, the beam lying in a vertical plane perpendicular to this line of 
intersection ; find the position of equilibrium 
and the pressures on the planes. 

Let a and b be the segments, AG and 
BGj of the beam, made by its centre of 
gravity, O ; B tiie inclination of the beam to 
the horizon, a and fi the inclinations of the 
planes, R and 22' the pressures on these 
planes, respectively, and W the weight of 
the beam. 

Then, since the beam is in equilibrium 
under the action of only three forces, they 
must meet in a point, u. Now the angles 
QOA and OOB are equal to a and jS, respec- 
tively, and BOO = - - d. Hence, 




Fig. 124. 



or 



(a + b) cot BOO = a cot 00 A - b cot OOBy 
(a + A) tan d = a cot o - A cot fi, 



(»> 



which determines the position of equilibrium. 

Again, by the relations between three forces in equilibrium, 



B= W- 



sin fi 



K^W 



sin(o + i8) 

sin a 

sin(o+i8)' 



(0 



(5> 



tan a 
Hence, ii 7 = i — p, the beam will rest in a horizontal position. 

Suppose that a cot a - ^ cot fi is positive, and that (a + b) tan fi<acoia 
- b cot i8. Then, d fortiori (a + 4) tan 6 < a cot a - ^ cot i8, since 6, the an^le 
made with the horizon by the beam in any such position as AB, is necessarily 
< iB. 

Hence, the only position of equilibrium possible is one of continued contact 
with the plane 08), if the extremity A still rests on the plane (o). This position 
is indicated in fig. 125. To find in this case the 
point through which tiie resultant pressure of the 
plane (iS) on the beam acts, draw.^0 perpendicu- 
lar to the plane (a) ; then JtO is the line of action ^ 
of the pressure on this plane. 

Let A meet the vertical through OinO^ and 
from draw OP perpendicular to the plane (jS). 
Evidently, P is the point at which the resultant 
pressure of the plane (iS) acts. 

But even this position of equilibrium may not 

be possible; for, if P fall beyond the extremity B, 

it is not a point through, which the plan.e {fi) con 
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react This will happen if AP> a + ^, or if a 



cos 3 sin (o + 3) 



sin a 



> a + & ; and 



the least inclination of the plane (o) which will allow of a position of continuous 
contact with (jS) is found hy drawing at 5 a perpendicular to the plane ()B) and 
^'oining its point of intersection with the vertical through O with A, The join- 
ing line is the normal to the plane of least inclination (a). 

If, finally, a is < this limit, while cot a > ^ cot fi, the only position of pos- 
sible equilibrium in which the extremity A rests on the plane (a) is one of 
continuous contact with this plane. 

2. A uniform heavy beam, AB (fig. 1 26) , rests with one extremity, A^ against 
the internal surface of a smooth fixed hemi- 
spherical bowl, while it is supported at some 
point in its length by the rim of the bowl ; 
£nd the position of equilibrium. 

It is d priori evident that the result must 
be independent of force, since the weight of ^. 
the beam is the only force that may be sup- *^' 
posed to be given ; and it is also evident that 
the result depends on the only two linear 
magnitudes which may be supposed to be 
given — viz., the length of the beam, 2a, and 
the radius, r, of the bowl. 

Draw the three forces which keep the 
beam in equilibrium. They are the weight, a reaction at A perpendicular to the 
surface of contact, and therefore perpendicular to the bowl, and a reaction at C 
which for the same reason is perpendicular to the beam. These must meet in a 
point, 0, Let d = tiie inclination of the beam to the horizon = Z. ACJ). Then 
AG= 2r cos d, and AG = a, .*. OC = zr cos d-a. Hence, in the triangle AOC 
we have by equation (2), Art. 104, 

AC, tan e = OC, cot OAC- AG . cot ACQ = GC. cot OAC, 




Fig. 126. 



or 



•or 



2r cos d, tan = (ir cos — a) cot 0, 
4r cos *6 — a cos d - 2r ss o. 



This equation gives two values of cos d, one of which supposes the hemi- 
sphere to be completed into a sphere, the end A of the beam to rest against the 
4tpper portion of tiie sphere, and the action of the sphere on^ to consist of a pull, 
The student will have no difficulty in representing this position. 

3. Find the position of equilibrium of a uniform heavy beam, one end of 
which rests against a smooth vertical plane, and 
the other against the internal surface of a given 
fixed smooth sphere. 

Let the length of the beam, AB, = 2a, r 
= the radius of the sphere, e = the distance of 
the centre, C, of the sphere from the vertical 
wall, J)B ; also let d = the required inclination 
of the beam to the horizon, and = the incli- 
nation of the radius CA to the horizon. 

The^ statics of the problem is exhausted 
m drawing the figure so that the weight of the 
beam and the two reactions at A and B shall 1<\^. \^-\, 
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meet in a point, 0, Geometry then gives 

2 cot 0GB = cot AOG - cct GOB = cot AOGy 



or 



2 tan (^ = tan 0. 



(') 



Again, the perpendicular distance between A and DB is la cos $ ; but it i» 
also evidently equal to the horizontal projection of CA + the distance of C from 
^D; that is, 

la cos = r coa <f> + e. (2) 

From (i) and (i) a value of $ can be obtained, and hence the position of 
equilibrium. 

If the beam rest on the convex surface, the only chrnge in the equations 
will be a change of the sign of <; in (2). 

4. The extremities of a beam rest at two given points against two given 
smooth curves in the same vertical plane ; the beam is to be sustained by a rope 
attached to its centre of gravity and to a fixed point. Determine the position of 
this point so that the rope may be the weakest possible. 

Let AB (fig. 1 28) be the beam, G its centre of gravity, the point of intersec- 
tion of the normal reactions of the curves A and B ; k the length of the per- 
pendicular from on the line of action of the weight, JFJ of the beam ; p the 
perpendicular from on the direction, GP^ of 
the string, and Tthe tension of the string. 

Then, taking moments about 0, 

T.p- W,h 



or 



T= W 



P 



Hence, since ^andA;are given, Twill 
bo a minimum when jp is a maximum. But 
the maximum value of the perpendicular from 
on a right line through GiiOG\ hence the 
string must assume a direction perpendicular to OG, 




Fig. 128, 



R 



5. A heavy uniform trap-door, AB (fig. 129), is A(3[ 
moveable about a hinge-line represented hyA ; and to 
the middle point. By of the opposite edge is attached 
a string, BC, the extremity C of the string being fas. 
tened to the point occupied by B when the door is 
horizontal. Given the length of the string, find the 
magnitude and direction of the pressure on the hinge- 
line, and the tension of the string. 

Produce the direction of the string to meet the 
direction of the weight in a point, 0, Then, since 
the door is in equilibrium under the influence of only 
three forces, thejr must meet in a point. Hence the 
pressure on the hinge-line must pass through 0, and 
since the plane of the tension, T, and the weight W, 
intersects the hinge-line at J(, the pressure, iJ, must 
act through A, 

To determine B, take moments about C, Then, if » = the perpendicular 
from Con OA, 

B.p^W.CD, (i> 
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Let BC= 21, AC^ AB = la. Then cos C= — , and .% CZ) = a + — (by draw- 
ing through G^ a parallel to BC). Also AB ^ a , and 02) = DC . tan 

20 



(igg + ^g) ^/4g' - ^ 



lal 



Therefore AO = 



V^4a* + 4a3/2-/*^ 



p» OA = OD.AC, we have^) = 



J2= r. 



(2g« + /g) \/^^-P 

v/4g* + 4ag/g - /* 
2a Y^a^ — ^ 



/ 



and since 



Hence, finally, 



Again, 



COS C 



20^ -P 



2a 



V 



4«^ 



6. If in the last example the string, instead of being attached to C, pass oyer 
a smooth puUey at that point, and sustain a given weight, find the position of 
equilibrium, and the pressure on the hinge-line. 

Let P be the suspended weight, and = Z. CAB ; then the position of equi- 
librium is defined by the equation 



and 



,e P e I 

cos^ — :;?;.cos = 0, 

2^22 



T^^^I^" 2PJFCOB - + W\ 

2 



(0 



(>) 



Equation (i) giyes two positions of equilibrium, and since it shows that one 

of the yalues of cos - is negatiye, one position corresponds to a yalue of 9 

2 

greater than 180°. Such a position, of course, supposes the door capable of re- 
yolving freely about its hinge -line through four right angles. 

The student will haye no difBculty in representing the position of the door 
in this case, or in explaining why no linear magnitude enters into the equa- 
tions. 

7. A uniform heayy beam, AB, rests against a smooth peg, P, and against a 
smooth yertical wall, AD ; find the position of 
equilibrium and the pressures on the wall and ^ 

peg- 

This, so far as it relates simply to the posi- 
tion of equilibrium, is another geometrico-stati- 
cal problem. We haye merely to draw AB in 
such a manner that the yertical through O and 
the perpendiculars at A and P to the wall and a 
beam shall intersect in a common point, 0. 

Let aa = the length of the beam, and e = the • 
perpendicular distance of the peg from the wall. 
Then the position must eyidenuy be expressed 




as a function of -. Let s the inclination of the 

a 



Fig. i^o. 
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beam to the yertical. Then^P = 



sin 9 wa*B 



* • 



sin^tf 



sa sin 0, 



.*. sintf 



Besolying yertically, 



Resolying horizontally, 



iS . 8in e = ^, 
/S* cos = P, 



(0 



(0 






(3) 



8. A triangular board, j9CM (fig. 131), of uniform thickness, rests on two 
smooth pegs, P and Q, at a giyen distance from each other, in the same horizon- 
tal line. Find its position of equi- 
librium. « M A 

The position of equilibrium^ 
will eyidently be known if the 
inclination 01 AB to the horizon 
is known. 

Let this inclination be ; let 
the angles of the triangle be de- 
noted by -4, B, C\ let a = Z. AMQ, 
which the bisector, CM^ of the 
base makes with the base ; let 
(7Jf=/, andletPQ = A;. 

Then, since no force is giyen 
except the weijght of the board, 
9 wiU depend simply onu^, £, C, Fig. 131. 

2, and A;, and the problem is geo- 
metrical. The reactions of the pegs P and Q are perpendicular \jq AC and BC^ 
respectiyely, and the^ must meet the weight of me board acting through its 
centre of grayity, 6^, in a point 0. The geometry which giyes the solution will 
express that 

CO . sin COr= CG . sin CGO. (i) 

Now, L CGO ^' + - a, and cor ^ COQ^ VOQ; hutCOQ^ QPC (since 

2 

the quadrilateral QOFC is inscribable in a circle^ =sA + $; and VOQ eyi- 
dently = B — 0: therefore COV = A ~ B + 20, Also CO is the diameter of the 
circle round QOFC, a circle in which the chord FQ subtends at the circumfe- 
rence an angle = C; 

..CO '« * 




sin C sin C 



Then, since CG^- l,(i) becomes 



>( sin (^ - .B + 30) 8 - / sin C7 . 00s (a - 0)9 
^^ OQuation which df*'*"^^^^ 



(») 
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9. Two heayy uniform rods, AB and BC (fig. 1 3 2), are connected by a smooth 

joint at B, and, by means of rings at A and C, are also connected with two 

smooth rods, AD and C!Z>, fixed in a vertical plane. Find the reaction at the 

Joint, the pressures at the rings, and the incmiations of the rods to the yertical 





Fig. 132. 

in the position of equilibrium. 

Starting from any point, (fig. 133), draw a force diagram of tbe system. 
Let Oa be parallel and proportions^ to &e reaction, i2, eAA', let <ib represent 
P, the weight of AB : then bO represents T, the reaction at B. In the same 
way let he and eO represent Q, the weight of BCy and S the reaction at C. 
Let a and /3 be the inclinations of AD and DC to the horizon, and ^ the incli- 
nations of AB and BC to the yertical. 

Then we haye (from fig. 133) 



''-<-*<»;i^r 



sm a 



^=<^^«5m;^)- 



(0 



(0 



Also T* 5s i>2 - 2PJ2 cos a + jR*, which, by the substitution of the yalue of 
H from (i), becomes 

T* 8in2(« + /5) « P2 sin^a - 2PQ sin a sin /5 cos (a + /5) + Q« sin 2/5. (3) 

Again, 9 = HOB, and evidently (Art. 104), 

2 cote = cot AEG - cot ORB 

= cot a - cot abO (fig. 133). 



Now, 
Hence 



. ,^ P-iZcosa Pcot/5- Qcota , „ ,. 

cot aoO = — =r-: ss _ — r , by equation (i). 



jSsina 



P+Q 



. _ P (cot g - cot jS) -t- 2Q cot tt 



(4) 



end we find a similar expression for cot ^. 
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10. A board, ABC, . . . (fig. 134). in the shape of a regular polygon of n 
sides, rests at one comer, A, against a smooth yertical 
wall, AF, the adjacent comer, £, being attached to 
the wall by a string whose length is eqnal to the side 
of the polygon. Find the position of equilibrium. 

Let d be the inclination, BAF, of the side AB to 
the yertical ; and let be the point in which the di- 
rections of the normal pressure at A, the weight of 
the board, and the tension of the string meet. Then, 
to determine 0, we have q 

OA = AFtB.ne, 

and OA = AG cos OAG = AG sm GAF, 

,\ AF t&n e = AGaii GAP, 

Now, GAF= GAB + » = --- + «; and ifa = 

2 n 

a 
the side AB, AF = 2a cos 9\ AG = -— — 




therefore 



2 cos GAB * 



Fig. 134- 



or 



4 am em - = cos ~ - \ 
n \n / 



A * T ^ 
tan e = - cot -. 

3 " 



(I) 



This equation determines the position of equilibrium. 

W fc 
The pressure at A is evidently equal to — cot — , W being the weight of 

3 *> 
the board. 



2X 



The external angle of the polygon being equal to — , the inclinations of tho- 
successive sides to the vertical are 



^ ^ 2ir 4x ^ 6ir 

n n n 



and if pm be the perpendicular distance of the m*^ vertex from the wall, count- 
ing B as the first, we have 

i7m = aJ8ine + sinfe + — j+... + 8in fg+ -- ~ '^ ^ j j. 



or 



, frx 
sm 



^m = ipi 



n I m — 2 f«ir\ 

I 2 cos x - cos — 1 . 

ax \ w fi / 



Sin — 
n 



II. A heavy plane body, ABC (fig. 135), of any shape, is suspended from a 
smooth pegf jSxed in a yertical wall, by means of a string of given length, th& 
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Fig. 135. 



extremities of wMch are attached to two fixed points, F and J^, in the hody. 
Determine the positions of equilibrium. 

The following elegant method of solution, and the discussion of stable and 
unstable positions which will be found in a subsequent chapter, are due to- 
Mr. Williamson : — 

Let the ellipse P1P2P3 be described with foci F and F*^ and axis major e^qual 
to the length of the string. The peg will then be somewhere on this ellipse^ 
suppose at F2, Now, when the body is 
suspended from the peg, it is kept in 
eqiulibrium by its own weight acting 
vertically through the centre of gravity, 
and the two tensions in F2F and Fih'. 
But since the peg is smooth, these ten- 
sions are equal, and their resultant must 
bisect the angle FP2 F' ; its direction is, 
therefore, normal to the ellipse. And if 
O is the centre of gravity of the body, 
the resultant tension must pass through 
O^ and be equal and opposite to the 
weight of the body. Hence the problem 
is solved by drawing normals from Q to the ellipse, and then hanging the figure- 
irom the peg in such a manner that any one of these normals is vertic^. Now, 
if (? is inside the evolute, four normals can be drawn to the ellipse ; but it ia 
easy to see that only three are relevant to the solution if 6^ is inside the lower 
half of the evolute (as in fig. 135), or only one if G^ is inside the upper half. 
For the tangents drawn to the lower half of the evolute belong to Uie upper 
half of the ellipse ; and in order that the strings should be stretched, it is neces- 
sary that the peg should lie somewhere in the upper half of the ellipse. If GPu 
OFzy and GPsy are the normals drawn from G, the figure must be placed in a 
position in which any one of these lines is verticaL 

1 2. A beam, whose centre of gravity divides it into two segments a and by is- 
placed inside a smooth sphere ; find the position of equilibrium. 

Ans. Let $ be the inclination of the beam to the horizon, and 2a the angle- 
subtended by the beam at the centre of the sphere ; then 

a — b 
tan $ = r tan o. 

13. A heavy carriage wheel is to be dragged over an obstacle on a horizontal 
plane by a horizontal force applied to the centre of the wheel ; find the maghi^ 
tude of the required force. 

Ans, Let ^be the weight and r the radius of the wheel, h the weight of 
the obstacle, and F the requisite force : then 



F^ W 



*s/ 7.rh — //■'* 



14. A heavy uniform beam, moveable in a vertical plane about a smooth 
hinge fixed at one extremity, is to be sustained in a given position by means or 
a string attached to the other extremity ; find, geometrically, the least value of 
the pressure on the hinge, and the corresponding direction 01 the atdiv^« 
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Ans. The least pressure on the hinge - ^ ^ sin a, W being the weight of 
the beam and a its inclination to the vertical. Also if is the 
angle made by tiie string with the yertical when the pressure is 
least, 

cot = 2 cot a i- tan a. 

15. A yertical post, loosely fitted into the ground, is exposed to a uniform 
:gale of wind ; a rope of given length is to be attached to uie post and to the 
ground ; find how tiie attachment is to be made, in order that the rope may be 
least likely to break. 

Ans, The rope must make an angle of 45<> with the horizon. (See ex- 
ample 4). 

16. A heavy beam rests with one extremity placed at the line of intersection 
•of a smooth horizontal and a smooth inclined plane, the other extremity being 
•attached to a string which, passing over a smooth pulley at a given point in the 
inclined plane, sustains a given weight ; find the position of equilibrium. 

An8, Let B be the inclination of the beam, a the inclination of the plane, and 
^ the inclination of the string, to the horizon ; a the distance of 
the centre of gravity of beam, b the distance of the pulley, from 
the line of intersection of the planes ; and I the length of the 
beam. Then the position of equilibrium is defined by the equations 

Wa cos = P6 sin (a - (f) 

i sin (a — ^) = / sin (0 + ^). 

17. A heavy uniform beam, AB^ rests with one end, B, against a smooth 
inclined plane, while the other end, A, is connected witJi a string which 
passes over a pulley and supports a given weight ; find the position of equili- 
orium. 

Ans, If a, 0, and 0, are the inclinations of the plane, beam, and string 
to the horizon, JTandPthe weight of the beam and the sus- 
pended weight, respectively, the position of equilibrium is defined 
by the equations 

P cos (^ - a) = ?r sin a, 

2 tan s tan ^ — cot a. 

The student will easily explain why no linear magnitude enters into the 
iresult. 

18. A rectangular board, ABCD, of uniform thickness, is moveable in a ver^ 
tical plane about a smooth hinge, P, in the side AD; the side AB is to rest, at 
a given inclination to the horizon, against a smooth peg, Q : find the position of 
this peg when the pressure on the hinge is equal to the weight of the board. 

Ans, Let be the point of meeting of the forces which keep the board in 
equilibrium, and G the centre of gravity of the board. Then QO 
must bisect the angle FOG, But, given a right line, GO, and a 
point, P, the envelope of lines bisecting the angles between GO 
and Imes drawn through P is a parabola of which P is the focus 
and GO the directrix. 
If this parabola be constructed, we have only to draw a tangent, OQ, to it 
wJiIcJb Bball be perpendicular to AB. 
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19. A hearj body of any fonn is moreaUe lonnd a smooth axis perpendicu- 
lar to the vertical plane passing through the centre of grayity, and is sustained 
in a given position by a rope whose weight may be ne^ected. If the pressuro 
on the axis bears a constant ratio to the wei^t of the body, prove that the direo- 
tion of the rope must be a tangent to a conic whose directrix is the vertical line- 
through the centre of gravity, and focus the point in which the axis of suspen- 
sion cuts the above-mentioned vertical plane. 

If, in the last example, QO be the direction of the rope, the ratio -: — ^rzr:^ is 
' sm QOO 

given, and the envelope of QO, as the direction FO varies, is a conic whose focus- 
is P, directrix GO, and eccentricity the given ratio. 

20. In example 18, if the hinge is at the comer A, and the position of the 
peg IB given, find the magnitude of the pressure on the hinge. 

Ant. Let e = half the length of the diagonal, a = angle between the dia<i- 
gonal and the side AB, x « the distance of peg from A,$^ incli- 
nation of AB to the vertical ; then the pressure on the hinge is 



jp Vx^ - 2cr sin /3 sin (tt + /3) -He* sin * (tt + /3) 



2 1. In the last example, find the position of the peg when the pressure on the- 
hinge is a minimum, and the minimum value. 

Afu, At the point in AB vertically under the centre of gravity of the- 
board. The minimum pressure = TTcos i9. 

22. A rectangular board of uniform thickness rests in a vertical plane, with 
two of its adjacent sides in contact with two smooth pegs in the same horizontal 
line ; find the position of equilibrium. 

Ant. If P and Q (see fig. 131) be the two pegs, CA and CB the sides in. 
contact with Pand Q, respectively, a the an^le 
made by the diagonal CD with CB, $ the m- 
clination of this dia^nal to the hoiizon, e half 
the length of the diagonal, and I the distance 
FQ, the position of equilibrium is given by the 
, equation Ci 

ecoa$ = lcos2{d - a). « 

23. A triangular board, ABC (fig. 136), 
of uniform thickness, is placed with its base 
on a smooth inclined plane, its vertex being 
connected with a string which passes over a 
smooth pulley and sustains a weight Find 
the conditions of equilibrium. Fig. 136. 

Ans, Assuming the inclination of the plane to be fixed, the string must 
take such a direction that the perpendicular let fall on the plane 
from the point of intersection of the string with the vertical line, 
Om, through the centre of gravity of the board, falls inside the 
base. Hence, if Bphe the perpendicular at the extreme point of' 
the base, and if the string cannot cross the surface of the board, 
all possible dii^ections of the string are included between Cm and 
Cp, Again, supposing the string to have a direction, CH, consist- 
ent with the possibility of equilibrium, the weight F and the 
reaction of the plane are thoa iouiid.; Yiotsl n\ft\i^iSi^'^T^^- 
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dicular on AB, meeting it in a point, q^ suppose. Then qn is the 
direction of the reaction on the plane : and, resolving along the plane, 
■we have W sin t = P cos d, .t heing the inclination of the plane, and B 
the angle which the string Cn makes with the plane. This equa- 
tion determines the magnitude of P corresponding to the direction, 
Cn^ of the string. If P is a little greater than the value thus 
found, the hoard will hegin to slip up, and if P is less than this 
value, the hoard will hegin to sUp down the plane. 

24. If in the last example the string is parallel to the plane, find the greatest 
inclination of the plane consistent with equilibrium. 

Ans, Tan- 1 (J cot A + cot B), 

25. If in the same example the string, instead of passing over a pulley and 
sustaining a weight, is knotted to a fixed peg, how are the previous conditions 
of equilibrium modified ? 

Ans, The only condition to he satisfied is that which has reference to the 
direction of the string. This direction must be somewhere be- 
tween Cm and Cp, 

26. A rectangular hoard is sustained on a smooth inclined plane hy a string 
attached to its upper comer ; the string passes over a smooth piilley and sustains 
•u weight. Find the magnitude of this weight corresponding to a given direc- 
tion of the string, and find also the pressure on the plane. 

Ans, Let t be the inclination of the plane, the angle made hy the string 
with the plane, W the weight of the hoard, P the suspended 
weight, and R tiie pressure ; then 

^ ,^ sin t 
P= W 



R= W 



cos B* 

cos [B + 1) 
cos B 



27. Show that a rectangular hoard cannot he sustained on a smooth inclined 
plane by a string attached to its upper corner, if the inclination of the plane is 
greater than the angle made hy the diagonal of the hoard with one of the sides 
perpendicular to the plane. 

28. If a rectangular picture he hung from a smooth peg hy means of a string, 
of length 20, attached to two points symmetrically placed at a distance zc from 
each other on the upper side of the frame, show that the only position of equili- 
hrium is one in which this side is horizontal if the adjacent side of the frame is 

greater than , • 

29. A rod whose centre of gravity is not its middle point is hung from a 
smooth peg hy means of a string attached to its extremities ; find the positions 
•of equilibrium. 

Am, There are two positions in which the rod hangs vertically, and there 
ia a third thus defined : — ^let Pbe the extremity of ti^e rod remote 
from the centre of gravity, k the diatasi^^e ott]bA centre of gravity 
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from the middle point of the rod, 2a the length of the string, and 
^e the length of the rod ; then measure on the string a length FP 
from F equal to a + A;, and place the point P oyer the peg. This 
-will define a third position of equilibrium. 

30. A smooth hemisphere is fixed on a horizontal plane, with its convex side 
turned upwards and its base lying in the plane. A heavy uniform beam, AB, 
rests against the hemisphere, its extremity A being just out of contact with the 
liorizontal plane. Supposing that A is attached to a string which, passing over 
a smooth pulley placed vertically over the centre of the hemisphere, sustains a 
weight, find the position of equilibrium of the beam, and the requisite magnitude 
of &Q suspended weight 

Ant, Let W be the weight of the beam, ^a its length, P the suspended 
weight, r the radius of the hemisphere, h the height of die pulley 
above Uie plane, 9 and the inclinations of the beam and string 
to the horizon ; then the position of equilibrium is defined by the 
equations 

r cosec = A cot 0, (i) 

r cosec H = a (tan tp + cot d), (2) 

which give the single equation for 0, 

r (r - a sin 6 cos 0} = 0A sin H, (3) 

Also r=W ring ^pV^'Oy/^^ + ^'fEl^ (,) 

cos (0 - e) r* ^^^ 

31. If, in the last example, the position and magnitude of the beam be given, 
find the locus of the pulley. 

Ant, A right line joining -4 to the point of intersection of the reaction 
of the hemisphere and W. 

32. If, in the same example, the extremity. A, of the beam rest against the 
plane, state how the nature of the problem is modified, and find the position of 
equilibrium. 

Arts, The suspended weight must be given, instead of being a result of 
calculation. Equation (i) still holds, but not (2) ; and the posi- 
tion of equilibrium is defined by the equation 

cos ^<l> + . COS - I = o. 

33. If the fixed hemisphere be replaced by a fixed sphere or cylinder resting 
•on the plane, and the extremity of the beam rest on the ground, find the position 
of equilibrium. 

Ans. If h denote the vertical height of the pulley above the point of con- 
tact of the sphere or cylinder with Uie plane, we have 

$ 
r cot - ea h cot 0, 



2 



Pr [ I + cot - cot Bj cos ifttB Wa cos $, 
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34. A heavy regular polygon of any number of sides is attached to a smooth 
vertical wall by a string which is fastened to the middle point of one of its sides ; 
^e plane of the polygon is vertical and perpendicular to the wall, and one end 
of the side to wMch the string is attached rests against the wall. For a given 
position of the polygon, find tiie requisite direction of the string, and show that 
in all positions of equilibrium the tension of the string and the pressure on th& 
wall are constant. 

Ans, Let A be the vertex of the polygon in contact with the wall, G the 
centre of gravity, the point in which the weight and the reaction 
of the wall meet, and if the middle point of the side to which the 
string is attached. Then the direction of the string is OM, and, 
the quadrilateral GOMA being inscribable in a circle, tiie angle 
between the string and the vertical is constant and equal to half 
the angle of the polygon. 

35. A square board rests with one comer against a smooth vertical wall, the 
adjacent comer being attached to the wall by a string whose length is equal to 
the side of the board ; prove geometrically that the distances of the comers from 
the wall are proportional to i, 3, and 4. 

36. One end, A^ of a heavy uniform beam rests against a smooth horizontal 
plane, and the other end, B^ rests against a smooth inclined plane ; a string 
attached to B passes over a smooth pulley situated in the inclined plane, and 
sustains a given weight ; find the position of equilibrium. 

Let B be the inclination of the beam to the norizon, a the inclination of the 
inclined plane, 7F the weight of the beam, and P the suspended weight ; then 
the position of equilibrium is defined by the equation 

cosd(^sino- 2P) = o. (i) 

Hence we draw two conclusions : — 

(a). If the given quantities satisfy the equation ^sin a — 2P = o, the beam 
will rest in all positions. 

{b). There is one position of equilibrium, namely, that in which the beam is- 
verticial. 

This position requires that both planes be conceived as prolonged through 
their line of intersection. 

37. Discuss the second position of equilibrium in the last example, and show 
that its possibility will depend on the length of the beam, and also on the in-^ 
equality ^ > or < P cosec a. 

(N. B. — In accounting for this position, the impossible supposition that the 
reaction of a plane can consist of s^puU must be rejected.) 
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CHAPTER VII. 

EQUILIBRIUM OF A SYSTEM OF SMOOTH BODIES UNDER THE 
ACTION OF FORCES IN ONE PLANE. 

105. Action and Beaction. — If in any system of bodies, 
connected in any maimer, A and B are two bodies in contact 
between which an action of some kind is exercised; then, 
whatever be the forces with which the body A acts upon the 
body By the very same forces, reversed in direction, wUl con- 
stitute the action of B on A, Let the whole system of forces 
acting on A^ excluding those produced by 5, be denoted by 
(P), and let the forces constituting the action of 5 on -4 bo 
denoted by (i2) ; then we may sever the connexion between 
A and 5, provided that we have other means of producing 
on A the system of forces (iZ). In the same way, if (Q) de- 
note the whole system of forces acting on By those constitut- 
ing the action of A on it being excluded, the body B may be 
severed from A provided that we have the means of produc- 
ing a system of forces (- R) on -B, (- R) denoting a system 
of forces obtained by reversing the direction and preserving 
the magnitude of every force in (iZ). 

For example, the beam CD (fig. 122) maybe severed from 
the other beam along any section, CB, provided that there be 
introduced on CD either the single force R acting through 
Ay or the complex system of tensile and compressive forces 
which act at the section CB, This equality of magnitude 
and oppositeness of direction of the forces existing between 
two distinct bodies in contact, or between ideally severed 
portions of the same body, is sometimes spoken of as the 
principle of the equality of Action and Reaction ; but it cannot 
be too strongly impressed on the student that it is by no 
means the whole of the Newtonian principle called by this 
name — a principle which, as Thomson and Tait have pointed. 
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out {Natural Philosophy^ p. 188), is, in reality, the p^inoipl^ 
of the Conservation of Energy. 

106. Examples of Internal Action. — ^The cases which we 
shall consider in this chapter are those in which the action 
between two portions of a system ideally severed consists of a 
single force. The simplest example of such action occurs when 
a single point of one body rests against the surface of another, 
the bodies being either rough or smooth. If the bodies are 
smooth, the action between them consists of a single force 
which is normal to the surface of contact (see p. 36) ; and if 
rough, the action is still a single force which is not neces- 
sarily normal to this surface, in all cases in which smooth 
spherical joints or hinges are concerned, the action exercised 
on bodies connected by them consists of a single force passing 
through the centre of the joint. When rough joints are used, 
the action will generally consist of a single force acting some- 
where outside the joint ; or of a force and a couple acting at 
the joint ; or, possibly, of a couple alone. The tension of a 
string is also an instance of internal action, and its nature has 
been already explained in Chap. I. 

Again, if we ideally separate into two portions, by an 
arbitrary surface, a mass of a perfect fluid in equilibrium, the 
action of one portion on the other over a small area of the 
ideally separating surface wiQ consist of a single force acting 
normally on the area. And we may always treat as a sepa- 
rate body any portion whatever of a fluid in equilibrium by 
imagining it to become solid, provided that we produce along 
the surface of the solidified fluid all the forces which are actually 
produced on it by the fluid mth which it was surrounded. It is 
by such separate consideration of portions of a fluid that we 
arrive at a knowledge of its internal forces or pressures. For 
example, if a heavy fluid, whether compressible or incompres- 
sible, of uniform or varying density, be contained in a vessel 
ABCj we can prove that the pressure is the same at all points, 
P, Q, in the same horizontal plane. For, isolate a horizontal 
cylindrical column of the fluid, having small vertical and 
equal areas at P and Q for extremities, from the rest of the 
fluid, and let this column become solidified. Then, we may 
treat the cylinder of fluid PQ as a separate body, provided 
that, in addition to the external force (gravity) acting on it, 
we introduce the forces which it actually experienced from the 
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fiTirrounding fluid. Now these forces consist of normal pres- 
sures, p and q^ on the areas at P and Q, together with normal 
pressures all over its curved surface, these latter being all at 
Tight angles to the axis PQ. If now we resolve horizontally 
all the forces acting on the cylinder, we get 

p - q- Oy or p = q. 

This demonstration shows, moreover, that in the case of a 
heavy viscous or imperfect fluid, the pressures are not neces- 
sarily equal at all points in the same horizontal plane. 

For, in this case, the action of the rest of the fluid on PQ 
does not necessarily consist of forces normal to its surface, but 
of oblique forces. Hence the horizontal component of the 
pressure at P is not equal to the horizontal component at Q ; 
the difference between them is equal to the sum of the hori- 
zontal components of the oblique forces. 

The importance of keeping such considerations in view 
may be illustrated by the following example from Hydro- 
statics. 

A conical vessel is filled with water through an aperture 
at the vertex. From Hydrostatical principles it follows that 
the pressure on the base of the cone is equal to the weight of 
a cylindrical column of water, standing on AB as base, and 
having a height equal to that of the cone ; that is, the pressure 
on the base is much greater than the weight of the water 
contained in the cone. Now if we imagine the water to be- 
come solidified, the curved surface of the cone maybe removed, 
and the pressure on the base will be equal to the weight 
of the ice, that is, the weight of the water in the cone. 
An apparent discrepancy is the result. But if we attend to 
the proviso that in the separate consideration of the equili- 
brium of any portion of a system, solid or fluid, we must 
produce upon the isolated portion all the forces which were 
originally produced upon it by the neighbouring portions of 
the solid or fluid, the difficulty disappears. In the fluid state 
the liquid in contact with the curved surface of the cone was 
pressed normally by a system of varying forces, and the cir- 
cumstances of the solidified body will not be the same as those 
of the fluid, unless its surface is pressed in precisely the same 
way. These pressures have a total vertical oom^o^^x^^^Vsk^Bi^ 

I. 2 
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must be added to the weight of the block of ice in order that 
we may obtain the true pressure on the base. 

The action between two portions of a perfect fluid ideally 
separated by a plane surface of any area always consists of a 
single force which is normal to the area ; but the action be- 
tween two portions of an elastic solid along a plane section is 
by no means so simple ; this latter is not generally reducible 
to a single force. 

107. Eqtiilibriuni of several Bodies forming^ a System. — 
It will now be ,clear that when a system is composed of several 
bodies in contact with each other, we can consider the whole 
set as forming a single body in equilibrium under the action 
of given external forces ; or we may consider the separate 
equilibrium of any one body under the action of given 
external forces, and the reactions of the other bodies with 
which it is in contact. A few examples of such systems have 
already been given ; but it is proposed to devote the present 
chapter more especially to the consideration of such questions^ 

Examples. 

I. Two uniform beams, connected at a common extremity by a smooth joints 
arc placed in a yertical plane, their other extremities, which rest on a jsmootli 
horizontal plane, being connected by a light rope ; find the tension of the rope 
and the reaction at the joint. 

Let -4 (7 and CB (fig. 137) be the beams, ^and W their weights, a and a 
Iheir inclinations to the horizon, R and R' the reactions of the horizontal plane 
at A and B, and T the tension of the string. 

If, then, we consider the two beams as 
forming one 6y>tem, the mutual reaction at 
C and the tension of the rope will be f«- 
lernal forces of the system, and will there- 
fore disappear from the equations of equili- 
brium. The forces on this system are simply 
7F, W\ R and R', 

Kesolving vertically for the equilibrium pj^ ^ 

of the system, ©• 3/' 

i2 + J2'= 7r+ ;r'. (i> 

Again, considering the equilibrium of the beam AC, the forces acting on it 
are W, R, T, and the unknown reaction at C, This latter will be eliminated 
by taking moments about C. Thus we get 

2R cos a = iTsin a + Wcoa a, 
(the length of the beam dividing out), or 

R=Ttajia-¥iJr. (2) 
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Similarly, taking moments about C for the equilibrium of BC, 

j2' = rtaiio' + i jr. 

By adding (2) and (3), and making use of (i), we get 



(3) 



r = 



w^ w 



2 (tan a -f tana) 



(4) 



Again, let X and 7 be the horizontal and vertical components of the reaction 
sit the joint. Then, for the equilibrium of the beam AC^ 

T-X^o, 

JF+ r-i2 = o. 



llence 



X^ 



r= 



jr-i- w 



2 (tan a + tan a')' 

W tan a - TT tan a 
2 (tan a + tan a') 



2. Two equal smnoth spheres are placed inside a hollow cylinder, open at 
i)oth ends, which rests on a horizontal plane ; find the least weight of the cylin- 
<ler in order that it may not be upset. 

Let figure 1 38 represent a vertical section of the system through the centres 
-of the spheres. Lft P be the weight of the cylinder, a its radius, W and r the 
weight and radius of each sphere, It and M' the 
reactions between the cylinder and the spheres 
whose centres are and 0\ respectively. 

Then, the only motion possible for the 
cylinder is one of tilting over its edge at the 
point Af in which the vertical plane containing , 
the forces meets it. For, consider the equili- 
brium of the lower sphere which rests against 
the ground at J5. This sphere is in equilibrium 
under the influence of It' (reversed in fig.), the 
reaction of the upper sphere, 5, acting in 
the line OO'y its weight, Wy and the re.iction 
of the ground at B, Now, since three of these 
forces pass through (/, the reaction of the ground, whether the latter is rough 
or smooth, must also psiss through (/. Hence, if 6 be the angle which 0(y 
makes with the horizon, we have for the equilibrium of the lower sphere, rc- 
■-colving horizontally, 

H^^Scoae. (I) 

The upper sphere is in equilibrium under the action of It (reversed in figO» 
/r, and S, Hence for its equilibrium we h^ve in the same way, 




Fig. 138. 



E- s cos e. 



0) 



ijo 
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A^n, tlie cylindet it in s^nilibrinm under the action of R. S', P, and the- 
i«aotion nt ibe ground. Besolving horizoDtallj for ita equiiibrium, ire have Ihe 
horitODto) component of the reaction of the ground = X - Jt" = o. Heni^e, 
eren if the ground is rough, there is no tendem-y to Blip, and the onlj wa^ in 
whioli equilibrium can be broken ii by turning round -A. 

Tiiking momenta, then, about A, the point at which the reaction of the 
ground acu, we bave for the eqniUbhum of the cylinder 



Pa+ICr'=£(r + i, 



nfl). 



Again, for the equilibriam of the upper iphere, we have 



Substituting this ralue ot Sin (4) we hare 



But eyidently 
thei«fore, Snallf , 



]. A hcftT; betun i* moveable in a verticsl plane round a smooth hinge fixed 
at one extremity ; a heaTy ephere is attaohed to tbe hinge by a string ; the twu- 
bodies rest in contact ; find ihe position of equilibrium and the internal reactions,, 
there beini^ no friction helween the bodies- 
Let 0(hg. 139) be the binge, OJ the string by which the sphere it attached,. 
8 the inclination of the string to the vertical, ^ 

On, ^ thn indlDBtion of the beam (o the ver- 
tical, W the weight and r the radius of the 
aphw«, I the length of the etring, a the dis- 
tance between and 6, the centre of gravity 
of tfae beam, and J* its weight. 

Then, considering the sphere and beam as 
one system, this syalem is acted on by the 
given forces W and J*, by the teneion of the 
airing, and by the resistance of the hinge. , 
The two latter forces will be eliminated by / 
taking momenta abont 0. We have then 



W. Om = P.On, 

Om and On being perpendiculars from 
on the directions of W and P. But Out 
~ (i + rj sin 9, and On = oain#; then.-foro 
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Tlii* U th« •tatieal equstic^i cooQeetiDg imd f \ the geometrical eqiutioD U 
tmCOB= ~, or 



.in(e + fj=.- 



0) 



(1) and (1) determins 8 and p, and therefore the poaitinn of equilibrium. If R 
is the mutual reaction at the sphere and the beam, we have, hj contidcring the 
equilibrium of the >pbere alone, 



Again, if the atrin; ia attached to the hinge but not to the beam, and if 2 
and fore the horizontid and verticBl compooeata of the preaauie of this be&Qi on 
the hinge, ire have for the equilibrium of the beam 



le resoltaut o(X and T, 



Evidentlj S acta in the line OS, which joins the hinge to the point of Intcr- 
aection of 7* and S, 

If the string is attached to the beam, X and F an * 
resultant of the tension of tlie atring and the piewure 01 

4. Two heaTy onifarm rods are 
freely jointed at a common extremity, 
and are connected at their other eztrt- 
luitiea with two smooth binges in the 
same horiEontal line. Bequired the 
magnitadea and directions of the pres' 
Bima on the hinges, and the mutual 
reaclion between the rods. 

Let.^C and CB (fig. 140) be the 
rods; Wand B^' their weights, acting 
through their middle points, f&nig; 
a and a' their inclinations to the hori- 
xun ; It the mutual reaction at C; S 
und S' the pressures on the hinges A 

uad it; and 9 the inclination of £ to rig. 14a. 

the horizon. 

Consider the equilibrium of AC alone. It is acted on by threa f'»:ci» n 
aod S; and since we have drawn the line OC to iQ(ratAa.V^ e^iw&i:iiL 
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the direction of S must be Aq^ q being the point of intersection of W and 5. B7 
taking moments about ^ for the equilibrium of ACy we shall express 72 in terms 
of Wf Of and ; and by taking moments about £ for the equilibrium of £G, wo 
shall express J? in terms of Wy a', and ; equating the two values of £ thus 
obtained, we get an equation for 0. 
The first equation of moments gives 

2R sin (a + 0) = W^cos a. (1) 

The second gives iH sin (o' — d) = iV' cos a» (2) 

_ W sin (o 4 0) W sin (o' - 0) 

Hence ^ — ^—, -^ or 

cos a cos a 

^ ^ ^ tan o' - TF' tan o 

tan a = — — . (3) 

Thus the direction of R is determined, and then its magnitude is known from 
(I) or (2). 

Let ^ and ^' be the angles, AQG and BQQ, which 8 and S' make with the 
vertical. Then (see p. 131 ) in the triangle AqC we have 

2 cot Cfq = cot Aqf- cotfqCy or 

2 tan a = cot — tan ; 



Similarly, 



TT (2 tan a + tan a ) + ^' tan o 
cot A = i ^ . (4} 

, , jrtano'+7r'(2tana'+tana) 



Consider the equilibrium of the system of two rods as one body. This body 
is acted on by the forces 5, 8'y and W-\- W\ the last acting vertically through 6/, 
the centre of gravity of the system. Hence, S and S' must meet on the vertical 
through G. We have, then, for the equilibrium of the system 

^ and ^' being known from (4) and (5). 

Since cot A + cot a' = 2 (tan a + tan o') = -: — ^ . ^ ., equation (6) gives 

^ ^ sm <f> am <t>'* ^ ^ ^ ^ 

o sm = —7 .r-, (8) 

/ azzj /' denoting, for simplicity, tan a and t^n a . 
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Then, taking moments about C for the equilibrium of AC, we have 

> 

2jS cos ^ . cos a = 2jS sin ^ . sin a + W cos a, or 

W{2t + t') + Wt 



S COB <f> = 



2 {t + V) 



(9) 



The magnitude of 8 is then obtained at once in terms of the given quantities by 

squaring and adding (8) and (9). 

The horizontal components of 8 and 8* are equal to the tension of the string 

in Example I. 

The direction of R can also be found thus geometrically : — 

Since qrO is a transyersal cutting the sides ot a triangle ^Q^, we have 

AO Aq Qr Am tip Am np 
OB qQ rB mn pB pB mn 

Am gQ _ AC cos a ^ 
^ 'pB^jQ^ BC cos a' ' W'' 

But AO = AC ^''' ^° "^ ^\ and OB = BG ^JIL^^L^ ; therefore 

sm $ sin 

sin (a + d) _ cos a W 
sin (o' - e) " cos a' * W" 

from which we get the value of tan given in equation (3). 

5. A sphere and a cone, each resting on a smooth inclined plane, are placed 
in contact ; find the position of equilibrium of the system, and the reactions of 
the planes. 

Let the sphere rest on the plane 
OA (fig. 141) whose inclination to the 
horizon is a, and the cone on OB 
whose inclination is a ; let W and 
W be the weights of the sphere find 
•cone, JR the mutual reaction between 
them, 8 the reaction of the plane OA 
on the sphere, T the reaction of OB 
on the cone, and let y be the semi- 
vertical angle of the cone. 

For the equilibrium of the sphere 
we have 



/2= TT 



sm a 



cos (a + o' - 7) * 



(0 




Fig. 141. 



and f v)r the equilibrium of the coae 



B=TF' 



smo 
cos y' 



(«) 
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From (i) and (2} we have 



W 



sm a 



cos (o + u ~ 7) 



W 



Bin a 
cos 7' 



(3> 



an Aquation wbich, instead of giving a position of equilibrium, gives a eonditioip 
to be $ati»fied in order that equilibrium may be at all possible. 

It is evident that (3) is the only statical equation that can be obtained with- 
out involving the unknown reactions. Hence, if it is satisfied, every position 
in which the bodies are placed is one of equilibrium ; and if it is not satisfied,, 
the problem must be radically changed, and one or other of the two bodies must 
rest in contact with both planes. Suppose the cone in contact with both planes. 

Here there are only three forces acting on the sphere, and there are four 
forces actio g on the cone, viz., W\ Ji, T, and F, the reaction of the plane OA^ 
which is perpendicular to OA. It must now be determined from the equili* 
brium of the sphere. Thus 

T 
gin a 

2J = Jr ;; j r, 

COS {a-i- a - 7) 

To determine Ff consider the 
equilibrium of the cone, and resolve 
along OB. Then 



•=r^'8ina'- 



TT 



sm a cos 



cos (a+ a 
X cosec (a + o'). 



.'-7)J 




Fig. 142. 



To determine the magnitude of T, resolve the forces on the cone in the dircc- 
tion OA. Then 



sm a 



' sin (a -h a ) 



The point iV at which T acts is obtained by taking moments about for the 
equilibrium of the cone. We thus get 



T.ON 



= JT'h ^tan 7 cos a'- - sin A + Rr cot (- - ^^ '^\ , 



r being the mdius of the sphere, and h the height of the cone. 

ON is obtained by substituting in this equation the values of T and J? given 
above, and it is geometrically evident that toe point N lies between the foot of 
the perpendicular from F on OB and the foot of the perpendicular from the in- 
tersection of F and JF* on OB. 

If the phere is in contact with both planes, the discussion proceeds in a 
similar manner. R is then determined from the equilibrium of the cone, T acts 
ill the perpendicular from F on OB, and the reactions of the planes on the sphero 
are easily calculated. 
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If the weight of the sphere be greater than the value 

» "" « . cos (g + g' - y) 
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JT 



sin a cus 7 



giren by (3), it is sufficiently clear that the sphere will descend to contact with, 
the plane OB ; whereas if it is less than this value, the cone will descend. 

If the condition (3) is satisfied, the reaction T of the plane IS on the cone 
is easily found. For, let the directions of W and £ meet in F; then T must 
act in the perpendicular, PQ, from P on OB, and 



T=}r'. 



cos (g' - y) 
cos 7 




Similarly S may be found. 

108. System of Jointed Bars. — ^When a system consists of 
a number of rods or bars articulated, or connected together 
by smooth joints, there 
will be exerted at the ex- 
tremities of each rod cer- 
tain forces, or stresses, 
which are produced by 
the connecting joints, and 
the calculation of the di- 
reotions and intensities of 
these stresses forms an im- 
portant part of Statics as *^* ^^^' 

applied to the construction of framework. 

The joint connecting any two bars may be either a por-^ 
tion of one of the bars or a hinge-pin distinct from both bars,, 
and the directions of the stresses at the extremities of a bar 
will depend on the manner in which the external forces are- 
applied. Let us suppose that the joints atB and C (fig. 143)^ 
winch connect the bar £C with the neighbouring bars, ar& 
distinct from £C ftself, and that the forces applied to the- 
system act at and on the joints. Then the stresses produced 
at B and on the bar BCoxai along this bar. For, the only 
forces* acting on the bar are the reactions of the joints B and 
Cy and when two forces keep a body in equUibriimi, they 
must be equal and opposite. Hence the stresses must act 
along BC, Suppose, however, that the forces, still applied at 
the joints, act on the extremities of the bar BC itself, and let 



* The weight of the bar is supposed to \ift Ti^^fet\.^^% 
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fig. 144 represent the bar apart from the joints. Let the 
forces applied to it be P and Q. 
Now the smooth joints must ^ *' -S 

produce reactions which act on 
the bar through the centres of ^ 
thejoints(seep. 127). Hence5(7 
is again kept in equilibrium by 
forces acting at its extremities, 

and therefore the resultant of " Q 

the forces at £ must be a force Fig. 144. 

acting in the direction BC or 

CB, and the resultant of the forces at C must be a force act- 
ing in the direction CB or BC. Hence the stresses produced 
by the joints cannot act along the bar, but must assume some 
such directions as iJ and 8. 

Thus, in any sj/stem of articulated bars, when the external 
forces are applied at the joints, the stresses will be in the direc- 
tions of the bars only when the external forces act on the joints 
und the joints are distinct from the bars which they connect, 

109. Theorem. — ^When a system of articulated bars is in 
•equilibrium under the action of external forces applied at 
given points in the bars, the statical condition of the system 
may be determined by resolving the force applied to eacli 
bar into any two components acting on the joints at its ex- 
tremities, and then representing each joint as in equilibrium 
imder the action of the components transferred to it together 
with stresses acting on it along the directions of the bars 
wrhich it connects. 

Let fig. 145 represent one of the bars detached from the 





f^ 



Q R 

Fig. 145. Fig. 146. 

Joints at its extremities, and let fig. 1^6 xeijresent the joint 
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which connected the bars AB and BC (fig. 143). If a force 
F is applied to BCy it is, of course, allowable to break it up 
into any two components, P and Q, acting on the bar. Let 
P and Q act on the bar at its extremities, and let R be the 
reaction of the joint at B on the bar, and 8 that of the joint 
at C. The bar is then kept in equilibrium by the forces P 
and JR a,t B, and the forces Q and S at C. Hence the re- 
sultant of P and B must be a force, T, along the bar ; that 
is to say, if the forces P audi? act oh any point, they produce 
a resultant T ; or again, if we reverse the directions of B and 
T (as in fig. 146), the forces P and T are equivalent to B, 
Now the joint was kept in equilibrium by the equal and 
opposite reactions, B and B^ (fig. 146) of the bars BO and 
AB. But we have just shown that B is equivalent to the 
transferred component P of the force F and the stress T^ 
acting along CB. In the same way, P' may be replaced by 
a component of the force K (fig. 143) acting on AB and a 
stress acting along AB. 

We may, then, replace the external forces, K^ F^ ... 
(fig. 143) which act on the bars by any system of com- 
ponents passing through the centres of the joints, and 
represent two equal and opposite stresses as acting at the 
extremities and in the direction of each bar of the system. 
But it must be remembered that the stresses thus calculated 
(such as T, fig. 145) are not the total stresses at the joints. 

The stress in each bar, thus calculated, is the resultant of the 
total stress at the Joint and the component of the force acting on 
the bar which has been transferred to the joint. 

For example, the stress along the bar AB is the resultant 
of the total stress, P, and the component of JT which has been 
transferred to the joint B. 

The external forces, F^K, . . . may be each broken up into 
two components passing through the centres of the corres- 
ponding joints in an infinite number of ways. In the calcu- 
lation of stresses in framework it is usual to break each of 
them up into two parallel forces. 

1 10. Bending of the Bars. — It was pointed out in Art. 81, 
p. 102, that when forces are applied to a body which is in 
any way deformable, the usual statical equations and con- 
ditions of equilibrium are not sufficient ; and that in such 
cases these conditions assume that tho body Y^aj^ \,'5ika"^xi3^*^^ 
figure oi equilibrium. 
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In the present case, the effect of the external forces, 
Jf, -F, . . . will be to bend the bars. If we assume that this 
bending has taken place, the previous investigation remains 
valid ; the resultant of R and P (fig. 145) will then be a force 
^acting in the line BC joining the extremities of the bent bar. 

III. Method of Separation of the Bars. — ^Another method, 
which is not really distinct from the preceding, but which is 
sometimes convenient in practice, consists in representing the 
bars as disjointed from each other, and replacing the stresses 
by two rectangular components at their extremities. A sin- 
gle example wiU suffice. 

Four equal uniform bars, -45, BC^ CD^ and DE (fig. 147) 
are connected by smooth joints at B^ C, and i), and the 
extremities Ay Ey are fixed in a horizontal line by smooth 
joints ; it is required to find the position of equilibrium. 





Fig. 147. 

Let a be the common inclination of AB and ED to the 
horizon, and |3 that of CB and CD. 

Let fig. 148 represent the bars AB and BC separated ; 
X2 the stress at (7, which is evidently horizontal ; Xi and Fi 
the components of the stress at B. These components act on 
AB in directions opposite to those in which they act on BC. 
Finally, let TTbe the weight of each bar. 

Resolving vertically for the equilibriimi of -BC, 



Taking moments about C for the equilibrium of BC^ 

2X1 sin j3 + TTcos j3 = 2F1 cos /3, 



(I) 



or 



X, = iTrcotp. 



(2) 
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Taking moments about A for the eqnilibrixmi of ABy 

{W+ 2 Yi) cos a = 2X1 sin a, 

or, substituting the values of Xi and Fi from (2) and (i), 

tan a = 3 tan j3. (3) 

With this equation must be combined the geometrical 
•equation which expresses that AE is equal to the sum of the 
horizontal projections of the bars. If the length of each bar 
is a, and the distance AJE = c, we have 

c = 2a (cos a + cos j3). (4) 

Equations (3) and (4) determine a and j3, and therefore 
the position of equilibrium. 

Examples. 

I. A triangular system of bars, JB, BC, and CA, freely jointed at their ex- 
tremities, is kept in equilibrium by three forces acting on the joints ; determine 
^he stress in each bar. 

Since the forces are applied directly to the joints, the stresses will act along 
the bars. Let P, Q, B^ denote the forces applied at A^ B, C^ respectively ; let 
the stresses in the sides BG, CA, AB be denoted by Ti, Tz, Tz ; and let the 
■applied forces meet in a point 0. 

Then for the equilibrium of the joint C7, we have 

Ti __ sin ACQ a. OA.BinAOG 
Ta ~ Bin~BCd *^ fTOB . sin BOC 

•41, b, e, being the sides of the triangle. 

But P: Q : iS = sin BOC : sin COA : sin AOB. Therefore 

Ti a.OA.Q 

-— = —^^—^•^-— or 

T2 b.OB.F' 

T.TT ^j^OA b_^_OB CjOC 

If is the centre of inertia of the triangle, we know (p. 122) that 

P:Q:B=:OA:OB: OC; 
therefore Ti : T2 : Ij = a : i : <?, 

-«r the itresses are proportional to the sides. 
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If is the orthocentre (or intersection of perpendiculars), 

P: Qi R = a:h:c\ 
therefore Ti : Ti : T3 = OA : OB : 00. 

2. A number of bars are jointed together at their extremities and form a 
polygon ; each rod is acted upon perpendicularly by a force proportional to its- 
length, and all these forces emanate from a fixed point. Find the magnitudes 
and directions of the stresses at the joints. 

[This problem and the following elegant method of solution are due to 
Professor Wolstenholme]. 

Let AB and BO (fig. 149) be any two adjacent bars of the polygon, and 
let Fhe the point from which emanate the forces, JPp, Pq^ . . . , acting on tha 
bars. Then the stresses at the joints A and B^ acting on ^^, must meet in a 
point, p^ on the direction of the force Fp. Draw AQ and BQ perpendicular to^ 
the stresses in the directions Ap 
and Bp. Now since the sides of 
the triangle AQB are perpendicu- 
lar to three forces which are in 
equilibrium, and since the side 
^i^ is proportional to the force to 
which it is perpendicular, the sides 
^Q and BQ are proportional to the 
forces to which they are perpendi- 
cular, that is, to the stresses at A 
and B^ respectively. 

Let q be the point in which Bp 
intersects Fq. Then the forces 
acting on the bar BC must act in 
the directions qB, Fq, and qV. 
Draw CQ. 

In the triangle BQC the sides 
^Q and ^(7 are perpendicular and Fig. 149. 

proportional to two of three forces 

in equilibrium ; therefore CQ is perpendicular and proportional to the third, that 
is, to the stress at 0, In the same way it can be shown that the stress at any 
joint is perpendicular and proportional to the line joining the joint to Q. This 
point Q is, therefore, a centre of stress for the system. It may be shown that 
the polygon of bars must be inscribable in a circle. For, since the angles at 
A and B are right, the quadrilateral ApBQ is inscribable in a circle whose 
diameter is pQ. If at the middle point oi AB & perpendicular be drawn to 
AB, it will pass through the centre of the circle, and will, therefore, bisect 
Qp. But this perpendicular is parallel to Fp ; therefore it bisects FQ in 0. 
Also, since the stresses at A and B are proportional to QA and QB, the same 
point Q must be determined by considering BO and the next bar, as was deter- 
mined from the bars AB and BC; consequently the point must be the same ; 
and since it is evident that OB = OC = . , . , must be equally distant from 
all the vertices of the polygon, that is, the polygon must be inscribable in u 
circle. 

The centre of stress is therefore constructed by joining F to the centre of lh& 
circumscribing circle, and producing PO to Q so that FO = OQ. 

3. The preceding construction can be extended to the case in which the force* 
acting on the polygon are equally inclined, but not perpendicular, to the sides. 
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Let ABy BC, ... be aides of the polygon, and let forces proportional to the 



sothatZi^-B = ZPcC= 
^ O 



It is required 




sides act in the lines Fb, Fe, 
to prove that for equilibrium the 
polygon must be inscribable in a 
circle, and to find the centre of 
stress. The stresses at A and B 
must meet in a point on the force 
in Fb. If, then, we draw at A 
and B lines, QA and QBy making 
with the directions of the stresses 
angles equal to Z FbB, we shall 
have a trumgle, QAB, the sides of 
which are each equally inclined 
to the corresponding force ; and, 
since AB is proportional to the 
force in Fb, it follows that QA and 
QB are proportional to the stresses 
at A and B, It is easy to prove 
that if through A and B any two 
lines, Ap and Bp, be drawn, meet- 
ing in a point on the direction of *^^8* ^S^* 

Fb ; and at A and B lines, AQ and BQy be drawn making with Ap and Bp, re- 
spectively, angles equal to FbB, the locus of Q is a right line, ma, making 
Aa = Bb, and Z. fn^B ^ L fnbA, Drawing the line Qd^ in like '^manner, by 
making Cd = Be and Z QdB = FcC, we obtain the point Q which is the centre 
of stress. 

Now, since Z FeC= LFbB, it follows that Z bFe is the supplement oi LB\ 
and since Z QaA = L QdB, it also follows that /LaQn = ir ^ B. Hence the 
quadrilateral mPtiQ is inscribable in a circle, and this circle must pass through 
0, the point of intersection of the perpendiculars to AB and BC drawn at their 
middle points, since LmOnia also the supplement of ^. Hence also Z QFO = 

Z QnO -'^-neC, and QO = OF. 

2 

Again, the stresses at A and B being proportional to QA and QB, the same 
point Q must be determined when ^C7and the next bar are considered. Hence 
the point is the same. But OA = OB = 00== . . . ; therefore the polygon is 
inscribable in a circle. 

The point F being given, if the angle which the forces through it make with 
the corresponding bars varies, the locus of the centre of stress, Q, is a circle 
concentric with l£at round the polygon, its ludius being OF. To construct the 
centre of stress, then, we describe a circle round as centre, having radius OF, 
and draw FQ making the Z OFQ^ the complement of the angle which the forces 
make with the bars. 

4. A system of heavy bars, freely 
articulated, is suspended &om two fixed 
points, Pand Q (fig. 151); determine 
the magnitudes and directions of the P 
stresses at the joints. 

Let the bars be denoted by the 
numbers i, 2, 3, . . . , and let their 
weights be Wi, W2, Wz, . . . Then 
transfer | Wi and ^W%\xi the joint con- «.' 

necting i and 2, which we shall denote ^^^* '•5'* 

by (i, 2). Transfer J W^2 and J TTs to the joint (2, 3) ; i JTs and J ?r4 to (3, 4), 
ftc. Thus all the forces act at the joints. Let Ti, T%, Tz, . . . be the tensions 
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acting along the bars i, 2, 3, ... on the joints, and let 812, S-iZy Sut . • . be the 
total stresses at the joints (i, 2), (2, 3^, (3, 4), . . . For simpli- 
city suppose the bar 2 to be horizontal. Now, construct a force- 
diagram (fig. 152), by drawing a vertical line, AD^ and measur- 



ing off u<^ = 



^1+ JFi 



BC== 



^2+ JTs 



CD^ 



Wz+ Wi 




Fig. 152. 



Also take BO parallel to the bar 2 and equal to the tension T2, 
which is the constant horizontal component of each of the ten- 
sions. The lines OA, OC, OB, . . . will then be parallel to 
the bars i, 3, 4, . . . and equal to the tensions in them. 
Hence if a be the inclination of 3 to the horizon, tan BOB = 

— — = == — . tan a, and in the same way the inclinations of 

W2+Wz * ... 

the other bars may be expressed in terms of the inclination a. 
Again (Art. 109) the stress S12 is the resultant of T\ and 

Wi W\ 

— . Hence, taking Aa= — , Oa will be equal and parallel to i^i2. Similarly, 
2 2 

W2 W^i 

taking Bb = — , and Ce = — , the lines Ob and Oc will be equal and parallel 

to the stresses 823 and S^i, The tangent of the angle made by 823 with the ho- 

bB W2 

rizon = -;r;r = -==. ==■ . tan a. Similarly for the directions of the other stresses. 

BO W2-^Wz ^ 

If the weights of the bars are all equal, the tangents of the inclinations of the 
successive bars are tan a> 2 tan a, 3 tan a, . . . and the tangents of the inclina- 
tions of the stresses are ^ tan a, f tan a, f tan a, . . . 

5. A polygon of freely jointed bars is in equilibrium under the action of 
forces which pass through a common point ; each side is acted on by one force 
which is proportional to the side, and all the forces are equally inclined to the 
sides on which they act. Show that if the directions of two of the forces are 
given, the directions of all the others are determined. Show that this is true 
also when the forces do not pass through a common point. 

6. Six equal uniform bars, freely articulated at their extremities, form a 
hexagon ABGBEF (fig. 153). The bar EB is fixed 
in a horizontal position, and its middle point is con- 
nected by a string with the middle point of the lowest 
bar, ABy in such a manner that the bars hang in the 
form of a regular hexagon. Find, by a force-£agram, 
the tension of the string and the magnitudes and direc- Fi 
tions of the stresses at B and C. 

Ana, If ^is the weight of each bar, the tension 

of the string = 3^; the stress at C is 

W 
horizontal, and = — -; the stress at B 

2V3 





A B 

Fig. 153. 



= W ^ — , and makes with the horizon an angle whose tangent 

= 2Vi. 

7. Prove that the centre of stress for the bar BCta the intersection of a per- 
pendioular to JBC&t C with the line joining the middle points of AB and BC. 
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8. Three bars, freely articulated, form a triangle ABCf the centre of whose 
inscribed circle is 0. Each bar is acted on by a force passing through 0, pro- 
portional to the sine of half the angle subtended by the bar at 0, and bisecting 
this angle. Prove that the stress at A makes with OA an angle whose tan- 
gent is 

. A 

sm — 



cos cos - 

•2 2 



(This is a direct example of the Theorem of Art. 109.) 

9. AB (fig. 154) is a rigid weightless bar fixed at one extremity, A, by a 
smooth joint ; C3 is another rigid weightless bar 
fixed at Cby a smooth joint, which is vertically 
below A, and jointed to AB at D, From B a 
given weight, P, is suspended ; find the magnitudes 
and directions of the stresses at the joints. 

Ans, The stresses at C and D are along CD^ 

^ , ^ AB.CD ^^ , 
and each = F . -— - — -— ; the stress 
AU. AJJ 

at A is va. AO, being the intersec* 
tion of CD produced with the ver- 
tical through By and 




Fig. 154. 



= P. 



^/Am . ABf^ -^AC^. Hjy^ 



AC . AD 



10. In example 6, if the bars BC and (72), AF and FEy are replaced by any 
bars all equally inclined to the horizon, show that the stresses at C and F will 
still be horizontal. 

[One simple proof of this is obtained by taking moments about ^ for the 
equilibrium of BC, and about D for the equilibrium of CD, It follows then 
that the perpendiculars from B and D on the direction of stress at C are equal.] 

11. Two uniform heavy bars are freely jointed at a common extremity, and 
are fixed at their other extremities to two smooth joints in 
A vertical line ; find the stresses at the joints. 

Ans, Let G (fig. 155) be the centre of gravity of the 
bars, m and n their middle points. It follows, 
by taking moments about A and C for the 
equilibrium of the bars separately, that the 
segments of ^C made by the direction of stress 
at B are proportional to the weights of the 
bars. Hence, taking ng = mGy the stress acts 
in the line gB, The stresses at A and C act, 
therefore, in Ag and Cg, If Wis the weight 



•9^ 




Fig. 15, 



of AB, the stress at 5 = ^JT^—, and the stress 

gn 

at ^ = \W—. Hence the stresses at A, B, and C are propor- 
gn 

tional to gA, gB, and gC, 

V. 2 
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12. The regular hexagon of bars in Example 6 rests in a yertica] plane, the 
bar AB being fixed in a horizontal position, and the joints F and C are con- 
nected by a string ; find the tension of the string, and the stresses acting on 
the bar F£ at its extremities. 

Am. The tension = W^/^ (^ being the weight of each bar) ; the stress 
at J? e — /-, and it makes with FF sin-^ i /- ; the stress at F 

= ^ J^, and it makes with FF sin-' } J-^. 

13. Four equal uniform heavy bars, freely jointed together at their extremi- 
ties, form a square, ABCD ; the joint A is fixed, while the diagonally opposite 
joints B and D are connected by a string, and the whole system rests in a ver- 
tical plane, ^e string being horizontal ; find the tension of the string and the 
magnitudes and directions of the stresses on the bars at ^, ^, and C. 

Ant. The tension = 2 ^; the stress at C is horizontal and = \W\ the stress 

on the bar BC at B makes with the vertical tan-^ J, and = W-^-^ ; 

2 

the stress on AB at B makes with the vertical tan-^f, and 

ea W— — - ; and the stress on AB at A intersects the line BJ> at 

2 

ft distance \BD from J&, and is equal to f ^. 

14. Six equal uniform bars, ireely jointed at their extremities, form a regu- 
lar hexagon, ABCDBF\ the joint J) is connected by strings with the joints F^ 
A, and B, and the system hangs in a vertical plane, the joint D being fixed ; 
find the tensions of the strings and the stresses at the joints. 

An$. Ji W= weight of each bar, the tensions in the strings DB and DF 

are each W"^, and the tension in D^ = 2 W. Also, supposing 
the strings to be connected with pins distinct from the bars, the 
stresses at G and F are vertical and equal to iW, the stresses 
at B and F^ on the bars AB and AF, are horizontal and 

equal to | WVl, and the stresses at u<, on the bars AB and AF^ 

are each equal to | WV"], These latter stresses act in the lines 
drawn from A to the middle points of the two vertical bars, B(7 
and FFf respectively. 

15. Two uniform heavy bars, AB and BC, coxmected by a smooth joint at 
B^ rest each on a smooth vertical prop, the props being of the same height ; find 
the position of equilibriimi, ABO being horizontal. 

Arts, If ^and 2a are the weight and length of AB, W and 2b the weight 
and length of BC, e the distance between the props ; then x, the 
distance of the middle point of AB from the corresponding prop» 
is given by the equation 
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CHAPTER VIII. 

EQUILIBRIUM OF ROUGH BODIES UNDER THE ACTION OF FORCES 

IN ONE PLANE. 

112. Friction as a destroying Force. — ^When a body is in 
motion on a rough surface, the force of friction at the point 
of contact takes a direction opposite to that in which the point 
moves, and tends continually to destroy the visible motion of 
the body. For this reason friction is sometimes spoken of as 
a destroying force. We are not to suppose, however, that 
motion is really lost ; for observation shows that the slipping 
of two rough bodies on each other is always accompanied by 
the development of heat. Now, heat consists in very rapid 
oscillations of the minute portions of bodies ; so that the force 
of friction has merely transformed one kind of motion into 
another — ^the visible motion of the body as a whole into 
the invisible motion of its molecules. When, therefore, 
we speak of friction as a destroying force, we mean that it 
destroys the visible motion of finite bodies, or portions of 
bodies, and converts it into an equivalent in another kind 
of motion. 

113. The Cone of Friction. — ^The essential characteristic of 
a smooth surface is that it is capable of 
resisting in a normal direction only. If 
two rough surfaces are in contact, their 
mutual reaction is not constrained to 
assume a direction normal to the sul>- 
f ace of contact. Each surf ace is capable 
of oflPering resistance to the other in any 
direction which does not make with the yis. 156. 

normal to the surface of contact an 
angle exceeding a certain magnitude. Thus (fig. 156), let 
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two rough bodies, A and -B, be in contact at any point, P^ 
and let PN be the normal to the surface of contact. 

Let X denote the greatest angle that the total resistance at 
P can make with PN, or, in other words, the greatest obli- 
quity of the mutual reaction ; then, describing round PN a 
right cone, CQD, whose semivertical angle, NPB, is equal 
to X, this cone is called the cone of friction, and the total 
resistance at P can act in any direction whatever included 
within this cone. This angle X is what we have called in 
Chap. III. the angle of friction, and its tangent is the coeffi^ 
event of friction for the two surfaces considered. For, if Bi 
denote the normal pressure between them at P, and F the 
force of friction (which acts in the comjnon tangent plane),, 
it is clear that when the resultant of jRi and F acts along any 
generator, PD, of the cone, we have 

F 

^ = tan NPD = tan X, 

so that tan X is the greatest ratio of the force of friction ta 
the normal pressure. This quantity we have called /u. 

If a rigid weightless rod, M (p. 35), be pressed against a 
rough surmce at 0, the greatest angle that the rod can make 
with the normal is the angle of friction. For, since the rod 
is acted on by only two forces, viz., the applied pressure and 
the total resistance at 0, these must be equal and opposite, or 
along the rod. Hence the greatest obliquity of the rod to 
the normal is X. 

114. Aziomatic Law of Friction. — ^We have seen that the 
total resistance of a rigid surface is a force which can assume 
any magnitude. This force will in any given case be exerted 
by the surface to such an extent as is necessary to preserve 
equilibrium, but to no greater extent. Hence in its nature 
it is Q, passive resistance, i. e., one which can be exerted to any 
extent, but which will not be exerted beyond the bare re* 
quirements of the case. Within certain limits, also, as we 
have seen, it can assume any direction, and in any given case 
it will, if possible, assume such a direction as will preserve 
equilibrium. In fact, in virtue of its passive nature, we must 
regard the resistance of a rough surface as an opposition 
caJled into existence by the action of external forces ; and it 
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seems clear that these forces will call into play only that 
amount of opposing force, exact both in magnitude and in 
direction, which wfll just counteract their own action. 

The amount of assumption contained in this principle is 
enunciated in the following axiom : — 

The total resistance which acts at any point of a rough sur- 
face mlly if possible^ assume such a magnitude and direction as 
tcill preserve equilibrium at that point. 

This axiom is sometimes expressed thus : — If the destroy- 
ing forces can give equilibrium^ they will, 

115. Remarks on this Axiom. — ^Two important observa- 
tions must be made on the principles contained in this axiom. 
Firstly, it is important to imderstand the circumstances which 
may render it impossible for the resistances of rough surfaces 
to preserve the equilibrium of a system in any given position. 
Suppose that a body, acted on by given external forces, is in 
contact with a rough surface at a single point, P. Then, for 
equilibrium, it is necessary that the resultant of the given 
external forces should pass through P, and that the total re- 
sistance at P should be equal and opposite to this resultant. 
But if the direction of the resultant makes with the normal 
to the surface of contact at P an angle > A, it is impossible 
that the total resistance could take the required direction, and 
equilibrium cannot subsist. 

Again, take the case in which a heavy beam, AB (fig. 1 5 7), 
rests against a rough horizontal 
and an equally rough vertical '^ 
plane. Describe round the nor- 
mals to the planes at A and B the 
cones of friction, and let the pro- 
jections of these cones on the plane 
of the figures be rAs and pBs. 
Let G be the centre of gravity of 
the beam, and G F" the vertical line 
through it. 

Then the beam, if in equilibrium, is so under the action 
of three forces, namely, the weight through G and the total 
resistances at A and B. These three forces must meet in a 
point, and if it be possible to find a point in which they can 
meet, the resistances will assume proper values. Now, in the 
figure it is impossible to find any point on. GV^ ^^ §^^^^-^ 




Fig. 157- 
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of the weight, the lines drawn from which to A and B could 
be directions of possible resistance at both A and B. For the 
portion oi GV which is inside the cone of friction at ^8 is 
outside the cone of friction at ^, and vice versd. Hence, for 
equilibrium, there mmt be some portion of the line QV included 
in the spacCy p, q, r, «, common to both cones of friction. 

XJidess this condition is satisfied, it is not possible for the 
total resistances to give equilibriimi, whatever their magni- 
tudes may be. A possible position of equilibrium is repre- 
sented in fig. 158. For, if from any point on the portion, 
wn, oi GV which is included in the space common to both 
cones of friction, lines be drawn to A and B, these lines are 
possible directions of total resistance at A and B ; and in this 
case the actual magnitudes and directions of the resistances 
at A and B cannot be determined by what is called Bational 
Statics. 

If it be proposed to find the position of limiting equili- 





Fig. 158. 



Fig. 159. 



brium, that is, the position in which the beam is bordering 
on motion, we must make the vertical through G pass through 
r, as in fig. 159. 

In this case there is only one point on (tF which is inside 
both cones of friction, viz., the point r. Hence the total re- 
sistances act in rA and rB, and each makes the limiting angle 
/A) with the corresponding normal. Moreover, both resist- 
anoes are now determinate. If be the angle made by the 
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beam with the horizon, we have, from the triangle ArB^ 



or 



2 cot rOB = cot ArO - cot BrOy 
2 tan = cot X - tan X, 



i-fi 



2 



which defines the position of limiting equilibrium. 

It may, therefore, in certain cases be impossible for the 
total resistance at one or more points to preserve equilibrium ; 
and this impossibility is always due to something in the ar- 
rangement of the figure or the exteimal forces which requires 
the direction of the resistance to make with the normal to the 
surface of contact an angle > the angle of Motion. 

Again, in the axiom is contained the following important 
proposition. 

If a body rests against a rough surface at a pointy and if the 
equilibrium is about to be broken by some change in the acting 
forces^ equilibrium at that point unll^ if possible, be broken by a 
rolling instead of a sliding motion. 

For, in this case, the point of the body actually in con- 
tact with the surface would be kept at rest. This part of the 
axiom is sometimes stated thus — If a body can roll, it unll roll. 
Exactly the same considerations as before determine the 
possibUity or impossibility of the rolling motion. Such a 
motion will always take place if it does not require the total 
resistance to make with the normal to the surface of contact 
an angle > X. 

For example, let us discuss the following problem : — 

A heavy cubical block rests on a rough 
horizontal plane, and a string, attached 
to the middle point of one of the upper 
edges passes over a smooth pulley, and 
sustains a weight which is gradually in- 
creased. Find the nature of the initial 
motion of the block, the string and the 
vertical through the centre of gravity of 
the block being in the same vertical plane. 

Let ABC (fig. 160) be the vertical plane in which all the 
forces act ; CO the direction of the string, intersecting the 




Fig. 160. 
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vertical through the centre of gravity of the block in ; P the 
suspended weight, and W the weight of the block. (Since 
the length of the string is immaterial, no linear magnitude 
can enter into the result, therefore the side of the block need 
not be known). 

Now in all such cases as this, it is necessary to observe the 
following rules : — 

1. Write down the motions of the system which are geo- 
metrically possible. 

2. Exclude those which would obviously violate any of 
the fundamental rules of Statics. 

3. If there remain possible cases of slipping and rolling (or 
turning over), solve the problem on the supposition that equi- 
librium is broken in the latter way, and if this does not re- 
quire too great a value of the angle of friction, equilibrium 
wiU be broken in this way. 

In the present case, the following motions are geometri- 
cally possible : — 

(a). The block may be lifted vertically off the plane. 

(J3). It may turn round the edge A. 

(7). It may slide in the direction AB. 

(8). It may turn round the edge B. 

Now (a) is obviously excluded, because if the block is just 
out of contact with the horizontal plane, it is acted on by only 
two forces, namely, its own weight and the tension of the 
string. But since these cannot be equal and opposite, equi- 
librium cannot be broken in this way. 

Suppose (/3) to happen. Then the total resistance of the 
plane passes through A and through 0. But it is impossible 
that three forces acting in the directions of AO, 00, and W 
could be in equilibrium. Hence (j3) is excluded. 

The cases (7) and (8) remain. Now in virtue of the 
principle if (S) is possible, it will happen. Solve, then, on 
the supposition that the block turns roimd B. It is then kept 
in equilibrium by its weight, the tension, and the total re- 
sistance which must act in BO. If the L OBO is less than 
A, the angle of friction, the block will turn round B ; but if 
CBO > A, this motion is impossible, and slipping must take 
place in the direction AB. 

To express this analytically, let be the angle made with 
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the horizon by the string 0(7, and let fall from a perpen- 
dicular on BC meeting BC in p. Then 

tan 6750=^ ^^ 



Bp BC- Op.iQ.nQ 2 - tan H 

Hence if fi (or tan X) be > 7 — ^, the block can turn round 

2 — Lan tr 

By and will do so if P is gradually increased. 

The magnitude of P which will just cause the tilting of 

the block is found by taking moments about B. We evidently 

obtain 

P = iirsec0. 

Suppose that CBO > A, or that fi < — 7 — ^. Then the in- 

2 — can (/ 

crease of P will produce a sliding motion, and we can easily 
find the magnitude and point of application of the total re- 
sistance of the plane. Now since CBO > A, the point, Jf, of 
application of the total resistance of the plane, is f oimd by 
drawing from a line OM making with the normal to the 
plane an angle = A. The point M lies between B and the 
point in which the vertical through cuts AB. P can then 
be determined either by taking moments about Jf, or by re- 
solving vertically and horizontally. Eesolving vertically, we 
have 

i?cosA= Tr-Psin0; 

resolving horizontally, 

P sin A = P cos ; 

P cos fl fiW 

•*• fT-P sin © " '"' ^^ cos + /u sin 0* 

The direction of the string might be so modified as to 
render possible either a sliding in the direction BA or a tilt- 
ing over A. Thus, in fig. 161, if the direction of the string 
intersect the direction of the weight in a point, 0, below the 
horizontal plane, the two motions possible are evidently one 
of slipping in the direction BA and ona oi \SA;\sl% ^-^^^ ^^ic^ 



172 



Equilibrium of Bough Bodies. 



«dge A. The latter will take place if it can. If it does, the 
total resistance must act in the line OA^ and for this the 
angle DAlB must be < \. But if DAB 
is > A, the block will slip in the direction 
BA. The condition for tilting over A is 
now evidently 



M> 



tan 0-2 




The values of P corresponding to both 
kinds of motion are calculated as before. 

116. Limiting Positions of Equili- 
l)rium. — ^When a body rests in contact 
with any number of rough surfaces at Yig, 161. 

several points, the equilibrium is said to 
be limiting if a slight alteration of a definite kind in the cir- 
cimistances of the body would cause the equilibrium to be 
broken. The slight alteration referred to depends on the 
nature of the particular problem of equilibriimi. As has been 
explained in Art. 15, p. 61, every statical problem relating to 
the equilibrium of a body is always one or other of the three 
following:— 

{a), what is the least force that will sustain a body in a 
given position on given surfaces, or the greatest force that 
will allow it to rest in such a position P 

(6). With ^ven forces and given supporting surfaces, 
what is the position of equilibrium such that if this position 
be slightly altered, the body will not rest P 

(c) . With given forces, what is the least amount of rough- 
ness of the supporting surface or surfaces which will allow the 
bodyto rest in a given position P 

Thus in figure 160 of the last Article, supposing that the 
angle CBO < X, the equilibrium of the block will be limiting 
if P = i TF sec ; for if P is slightly increased above this 
value, the block will turn over B. 

Again, in fig. 159 of the same Article, supposing the ques- 
tion to relate to the position of equilibriimi, the beam AB 
will be in limiting equilibrium if its inclination to the hori- 



zon be = tan"^ 



I - 11^ 
1^ 



I, because if it be slightly lowered below 



this position^ it will slip. 
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Finally, if in the same figure we wish the beam to be sus* 
tained at an inclination a to the horizon between the equally 
rough vertical and horizontal planes, the equilibrium will be 

limiting if the angle of friction = , because, if it be lesa 

than this, the beam will slip. 

117. Comparative Safety of Equilibrium of a System at 
different Points. — ^When in a system in equilibrium the direc- 
tions of the total resistances at the various points of contact 
with rough surfaces are known, we are enabled to say at which 
of the points slipping is most likely to happen in case some 
of the circumstances snould be altered. 

This will be rendered clear by the following examples^ 
taken from Jellett's " Theory of Friction," p. 61 : 

Two uniform beams, AO and -8(7, connected at C^ by a 
smooth hinge, are placed, in a vertical plane, with their 
lower extremities, A and JB, resting on a rough horizontal 
plane. If equilibrium be on the point of being broken, de- 
termine how this will happen. 

Fig. 140, example 4, p. 151, will represent the beams if 
the hinges at -4 and B are conceived to be removed and these 
points rest on the ground. Then, exactly as in that example, 
the direction of the mutual resistance at (7 is determined. 
Supposing AC to be the longer beam, it is .clear that the 
angle which the total resistance, -4Q, at -4 makes with the 
normal to the surface of contact (i. e., with the ground) is 
greater than the angle which the total resistance BQ makes 
with the normal at B. For 

tan AQn _ An 
tan BQn Bn 

Now-4n =Am + mn ; and if la^ 2b, 20^ are the sides BC, CAy 

ABy we have 

. , -^ ac a (J cos a + a cos J3) 

Am = b cos a, mn =fO = r = — ^ ; ^, 

* -^ a + b a + b ' 

. , a (4 cos a + « cos R) 

.'. An = J cos a + — ^^ ^ 

a + b 

_ {h^ + 2ab) cos a + a' cos /3 

a + b 



Similarly 
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(fl' + 2ab) COB P + 6' COB a 
a + b 



An - Bn = 



i + b 



{cob O - 008 /3). 



But since AC > BO, cos « > coa /3, ,■. An > Bn. 
Hence the angle AQtt> BQn ; that is, the total resiBtance at 
A makes with the normal at A an angle greater than that 
made by the total resistance at B with the normal at B. 
Consequently, if any circumstance should continually diminish 
the angle of friction (which is supposed to be the same for 
both beams) the total resistance at A would be the first to 
attain its limiting obliquity to the normal, and slipping woidd 
then take place at ^ in the direction BA, while the beam BC 
■would turn round B. 

We might inquire which of the beams will first slip if 
they are drawn out 80 as to increase the angle C, and the 
same result will follow, since for any given position of the 
beamB the directionB of all the resistances are determinate. 
In each case the angle A Qn must be the first to reach the 
value X, and therefore the longer beam, AC, must slip first. 

The result may also be expressed thus — in any given 
position of rest, equilibrium is more safe at B than at A. 

There are also cases in which 
the comparative safety of equili- 
brium can be determined, although 
the directions of total resistance 
are not completely determinate at 
all the points of contact. For ex- 
ample — two unequal cylindera rest 
on the ground at given points, A 
and B {fig. 162), while a tlurd 
cylinder rests on them at points p ~ 
and q. 

Supposing either that there is a 







gradual diminution of the coefficient of friction (which is the 
same at all the points of contact), or that the lower cylinders 
are gradually drawn asunder, determine the nature of the 
initial motion of the system. 
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Denote the cylinders by the letters at their centres. Then 
the cylinder D is kept in equilibrium by three forces — namely, 
ist, its weight, which acts through A ; 2nd, the total resist- 
ance of the ground, which also acts through A ; and 3rd, the 
total resistance of the cylinder C at p. Now, since the first 
two forces act through -4, the third must also pass through 
this point. Hence the total resistance at p acts in the line 
pA^ and therefore the total resistance of the groimd at A 
must take some intermediate (but unknown) direction, AR. 
In the same way, the total resistance at q is proved to act in 
the line of jB, and the total resistance of the groimd at S 
must act in some direction, BS^ intermediate to BE and Bq, 
The resistances in Ap and Bq at p and q meet in a point, JP, 
on the circumference of the upper cylinder. 

Now the comparative safety of equilibrium at the different 
points of contact, -4, 5, p, g, will depend on the angles made 
by the total resistances at these points with the normals to the 
surfaces of contact ; and it is manifest that since the angle 
DAp > BAR and Dp A = DAp^ the total resistance at p makes 
a greater angle with the normal, DC, to the surface of con- 
tact than that which the total resistance at A makes with the 
normal AD. Hence equilibrium is safer at -4 than atjt?. For 
a similar reason, equilibrium is safer at B than at q. Conse- 
quently the final comparison is to be made between the points 
p and q. Now the line pq can be proved by geometry to 
pass through the point in which ED intersects BA ; and sup- 
posing the radius BE > AD^ this point will be at the left- 
hand side of the figure. Let a be the acute angle which pq 
makes with the ground. Then, since in the triangle pCq the 
base angles at jp and q are equal, it is easy to see that LqCW 
- L pCW= 2a, or qCW > pCW. But the angle which the 
total resistance at q makes with the normal qC \s iqCW, 
and the angle which the total resistance at p makes with the 
normal jt) (7 is ^pCW; therefore if the friction were gradually 
and uniformly diminished everywhere, or the cylinders drawn 
out, the resistance at q would reach its limiting obliquity 
before that at p. Hence the initial motion will be a slipping 
of the cylinders C and E at the point g, and a motion of rotj^ 
tion at the other points of contact. 

118. Virtual Work of the Total Resistance. — Suppose one 
rough body to roll on another through a small an^U ^Wjsfc 
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magnitude is regarded as an infinitesimal of the first order. 
Then, neglecting infinitesimals of a higher order, the point of 
the rolling surface in contact with the other surface is at rest 
during the displacement — ^that is, the virtual displacement of 
the point of application of the total resistance between the 
twol)odies is zero. Hence for a virtual displacement which 
consists of a small rolling motion of one rough body on 
another, the total resistance will not enter into the equation 
of virtual work of either body. Of course in no case can the 
mutual action of two bodies enter into an equation of virtual 
work for both bodies. 

119. Friction of a Pivot. — ^Let a cylindrical pivot, ABCD 
(fig. 163), on the top of which a given force is appUed, re- 



£ 



Dl |C 

A B 



H 



Fig. 163. 




Fig. 164. 



volve in a closely fitting bearing, EFORy and let it be re- 
quired to calculate the moment of the friction on the base, 
AB^ about the axis of the pivot. Suppose fig. 164 to repre- 
sent the base of the pivot, and let P = the whole normal 
pressure on the base, which we shaU suppose to be uniformly 
distributed over the base. Divide the area AB into a nimi- 
ber of narrow circular strips, of which one is represented in 
the figure. Let Oa. = a?, Ob = x ■¥ dx^ OB == r^ fx = coefficient 
of friction. Then since the whole pressure is imiformly dis- 
tributed, the pressure on the strip whose area is = zirxdo! is 
T> iBxdx 

— T . 2irxdx^ or — 5—. Hence the sum of the forces of fric- 

Trr It 

tion, acting in the directions of the tangents to the strip, is 
-^--T — . But since the tangents to the strip are all at the 

IT 

same distance from the centre, the moment of Motion on the 
strip 13 equal to the sum of the forces of friction multiplied 
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bj the radius, x^ of the strip. Henoe the moment of friotion 
over the whole surface is 



f 



'^ 2uPx^dx 2 _ 
-^— -r — , or - iiPr. 
r^ 3 



(I) 



If the base, instead of being a fall circle, is a ring, or 
collar J whose internal and external radii are Vi and ra, the 

friction per unit of surface is -7-— rr, and the moment of 

^ . ^ f ir(ra» - n') 

friction is 



f 



' 2\kPx^dx 2 _ 



r^ - ri* 



(2) 



120. Wearing away of the Step. — ^The surface of contact 
of a pivot with the piece which supports it is called a 9tep. 
When the pivot revolves, the friction against the step wears 
away its own surface and that of the step. The amount of 
wear at any point of the^ step depends on the magnitude of 
the force of friction and the relative velocity of the rubbing 
surfaces at this point. Thus, suppose that ^^(7 (fig. 165) 
represents a section of the step through the axis, jI?jP, of the 
pivot, and that Q is any point of contact of the pivot and step. 
If / is the magnitude of the force of 
friction at Q, the wearing at Q in the 
direction of the normal will be proper- 
tional to / and also to the amount of 
rubbing surface which passes over Q in 
a unit of time. Supposing the pivot 
to revolve round its axis with an angu- 
lar velocity 01, the point of the pivot 
in contact with Q moves in a horizon- 
tal circle with a velocity = 01 . QJily or 
CO .y; QMi or y, being the perpendicular from Q on the axis 
of the pivot. 

But the amount of rubbing surface which passes over Q 
in a unit of time is evidently proportional to the velocity 
at Q. Hence the normal wearing of the surface at Q is pro- 
portional to 




Fig. 165. 
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If n bd the magnitude of the normal pressure per unit of 
surface at Q, and \i the coefficient of friction, we have /= iin. 

Hence the normal wearing of 
the surface at Q is proportional to 

oi/uny. (a) 

121. Friction of a Conical Pivot. — 
Let ABC (fig. 1 66) represent a sec- 
tion of a conical step by a plane 
through the axis, BV^ of the pivot, 
APG being the surface at which the 
pivot enters the step. ^^* ' * 

Supposing that the pressure on the top of the pivot is 
uniformly distributed, it will evidently be unifomily dis- 
tributed over the area APC\ that is, there will be a con- 
stant normal pressure, w, per unit of area on APC. Now 
it is impossible to determine by elementary methods the 
law of distribution of the pressure on the step ; but the fol- 
lowing consideration appears to justify the assumption that 
the pressure per unit of area of the step is constant. If the 
place, ABCy of the pivot were occupied by a liquid whose 
surface was subject to a very great pressure uniformly dis- 
tributed, the pressure per unit of area of the step would be 
constant if the weight of the fluid were negligible in com- 
parison with the surface pressure. If this fluid became solid, 
the same thing would remain true ; and the solid substance' 
of the pivot may be assumed to be subject to the same con- 
ditions as the soKdified fluid.* 

Let n, therefore, be the constant pressure per unit of sur- 
face of the step. 

If ^ is a small element of the line BC at Q, the distance 
of which from BP is y, the corresponding elementary strip of 
conical surface is iiryda^ and the moment roimd BP of the 
fiiction on this strip is 

iiryds ^ fin X p^ 

or 2nwny^d8. 

Putting da = -; — ^, and integrating over the surface of the 

step from y = o to y = PC = r, we have the moment of the 



* The inaccuracy of this assumption, however, yitiates the completeness of 
the theory afpivoU. 
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whole friction equal to 



2fXTrnr^ 



3 sind* 
If P = the whole pressure on the top of the pivot, n 
hence the moment of friction 



rrr 



.2> 



2fl 



3 sin 



.Pr. 



Comparing this with the result in Art. 119, we see that the 
moment of friction in the case of a conical is greater than in 
the case of a cylindrical pivot of equal radius. 

122. The Tractory, or Anti-Friction Curve. — ^In the case 
of a conical pivot the wearing away of the step is not imiform 
at all points. Hence after a sufficient time the pivot will not 
he in perfect contact with its step. If, however, the step has 
such a form that the vertical wear is the same at all points, 
the pivot will simply sink into the piece which supports it, 
and remain always in contact throughout its surface with the 
step. 

We propose to investigate the form of the step in which 
the vertical wear will be the same 
at all points. Let fig. 1 67 represent 
a section of. the step through the 
axis of the pivot, and let CC be the A 
vertical wear at 67, and QQl the ver- ^L 
tical wear at Q. Then CO' = QQ', 
Q being any point on the curve BC. 
Hence the new curve, BQfC% is 
fiimply the old curve JBQC moved 
through a vertical distance CC 
= QV = h, suppose. 

Now (Art. 120) the normal weax 
at Q per unit of surfttce is wfxny. 
Hence, if Qq is normal to the step 

Qq = cujuny, 

n being the normal pressure per unit of surface on APC^ 
which we also take to be the normal pressure per unit of sur- 
face on the step. 

1^ 2 




Pig. 167. 
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But QQf = — %7r = ^-%rhy Qr being the tangent to 
cos QfQq Bin MTQ ^ o © 

the curve at Q. Hence 

" dy 
ds 

or 

ds h . , 

y -T- = — = a constant, 

or 

QT= a constant. 

Therefore the curve BC is such that the length of the tan- 
gent terminated by PBy or the axis of ir, is constant at all 
points. This curve is known as the Traotory. If ^ = the 
constant length of the tangent, and P£7the axis of y, we have 

ds 



or 



^fW^"' 



cr 



y 



dy = - dwy 



the minus sign being given to the square root, because MQ 
diminishes as x increases. Integrating this last equation (by 
assuming y = ^ sin 0) we have for the equation of the trac- 
tory 



t-^/i 



.2 y. 



t log Z. ^ + a; + ^t' - f = O. 

if 

The curve approaches BB asymptotically, and the step i» 
formed by the revolution of the curve round BB. This pivot 
is known as Schiek's Anti-friction Bivot, 
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I. A uniform rectangular board, ABCD (fig. i68), rests in a yertical plane 
against two eaually rough pegs, P and Q, in the same horizontal line, two adja- 
cent sides of tne board being each in con- 
tact with a peg. Find the position of 
equilibrium. 

Let \ be the an^le of friction, B the 
inclination of the side AB to the hori- 
zon in the position of limiting equili- 
brium, G the centre of gravity of the 
board, PQ = a, and AG = e. 

Then if the board is on the point of 
slipping down at Q and up at P, me total 
resistances at P and Q will act in the 
directions PO and QOy which are inclined 
at the angle \ to the normals at P and Q 
to the sides AB and AD, respectively. 
If 0* (not represented in fig.) be the 
point of meeting of the normals at P and 
Q, it is clear that a circle will pass through the points AP(yOQ\ and therefore 
Z OA(y = A.. And since Aff = FQ = ay we have 




Fig. i6S. 



AO s= a cos \. 



(0 



Again, since Z. 0'QP= 0y we have z. QOG «= - — (x + a), and evidently 

2 

Z QOA = tf, therefore Z AOG = ' - (\ + 2«). If Z 6?^-B = o, it is clear that 

Z udtG^iV = — (d + a). Now the position of equilibrium is found by the equa- 
tion 

AO , SIR AOG - AG . Bin AGN. 

Substituting in this equation the value ot AO from (i), we have 

a cos \ . cos (\ + ^B) = c . cos (a + 9), 

which defines the position of equilibrium. 

2. A heavy uniform beam rests against a rough horizontal plane and against 
a rough vertical wall, the vertical plane through the beam being at right angles 
to the wall and the ground ; determine the greatest weight that can be affixed 
to it at a given point, so that equilibrium may be preserved. 



♦ Many of the following examples are due to Mr. Jellett, in whose Theorp 
cf Friction will be found several other instructive examples which wajiit <\C 
space compels me to omit. 
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(ff).^ If the beam be inclined to the yertical at an angle less than the angle 
of fHction for the beam and the ground, equilibrium cannot be broken by at- 
taching a weight, however great, to any point of the beam. 

Let ^£ (fig. 169) be ti^e beam, B its inclination to the horizon, W its 
weight, 2a its length, P the weight suspended from the point Q in the beam, 
BQ =^ Xj \ and \' the angles of friction at A and By respectively. 

Draw the lines AO and BO, making the angles \ and V with the normals,. 
An and Bm, at A and B, 

Then when the resultant of W«n.d P passes through 0, equilibrium will he 
at its limit. For, if this resultant acts in a 
line to the left of OV, the vertical through 
Of it will be possible to find an infinite 
number of points on it such tbat when 
joined to A and B the joining lines will be 
possible directions of total resistance at A 
and B (see Art. 115). 

If ike resultant of W and P acts in a 
line to the right of F, there will be no 
point on it inside both cones of friction, and 
therefore equilibrium will be impossible. 
Hence for limiting equilibrium, we have by 
taking moments about Oy 




Fig. 169. 



O being the centre of gravity of the beam. 

The lengths OF and QV&re easily obtained from the data. We may observe 
that if the point Q lies between O and F, equilibrium can never be broken, 
however great P may be. For it will then be impossible by increasing P to 
bring the resultant of P and TF to the right of V. 

These results follow also from the usual mode of solution of such a problem. 

Let P and S be the normal reactions at A and P, and fx. and ix the coefficients 
of friction at these points. Thee, resolving horizontally. 



resolving vertically, 



S = iiB\ 
B-\-fi'S = B+ W\ 



taking moments about P, 

2aR (cos tf - /A sin tf) = {Fx + Wa) cos 6. 



From (2) and (3) we have 



P=: 



P+ W 



I + /i/i 



f> 



and by substituting this value of P in (4), we get 



P= Wa 



I +/i/ - 2 (r -/A tan©) 



2a (£ - fAtand) -x(i +/*/)* 



(3> 
(4> 



(5) 



Examples. 



183 



Now it is easy to see that JBO = 2a _^^ ^^ — ^, and BV^^BO ^ ; there- 



cos (A - \') 
fore ^F= 2a ^- — ;— , and (5) may be written 



I +/i/A 



P= W. 



a-BV 
BV-x' 



cos 



from which it appears that ifx^BVt the required force is infinite; and if 
x> BVj it is negatiye, or equilibrium can neyer be broken by any downward 
force. 

The second part of the problem follows from ^5), because if /a tan >i, or, 
in other words, if the angle nAB < \, the denommator will be negative. That 
it is impossible to break equilibrium in this case is eyident from fig. 170. For 
the point is now at the right of the vertical wall, and at wbateyer point along 
AB the resultant of P and W acts, it is possible to find points on it which aro 
within both cones of friction. 





Fig. 170. 
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3. Two unequal uniform beams, connected by a light rope attached to their 
middle points, rest in a vertical plane, an extremity of each beam resting on a 
rough horizontal plane. If the coefficient of friction is gradually diminished, 
which beam will slip first P 

Let the beams he AB and A'B', (fig. 171) and let (7 and C* be their centres, 
and AB> A'B^, Now the beam AB is in equilibrium imder the influence of three 
forces, viz., its weight, the tension of the rope CC'^ and the total resistance 9.iA\ 
and since the first two meet in t7, the third must also pass through this point, that 
is, the resistance at A acts along the beam. In the same way the resistance at A' 
acts along A'B^ ; and by considering the equilibrium of the system, we see that the 
vertical through O, the common centre of gravity, must pass through 0, the point 
of intersection of the resistances. Now the angles which these resistances make 
with the normals at A and B are equal iomOA and tnOA', respectively ; and the 
comparative safety of the equilibrium at A and B depends on the magnitudes of 
these angles. Now mOA' > mOA. For, draw C'q horizontal and ^ vertical ; 
then, since CQ < C'Qy qn < nC\ and, d fortiori, pn <nC\ Thei^fw^ Am <m^ *, 
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- ^ Am tan mOA ,, , ^ ^, ^ ^ ,.-.,.... 

but — ^ = r--7 ; therefore, fnO^l > mOA, and if the friction were gra- 
in^ tan tnUA 

dually diminished, the total resistance at A* would reach its Ijnu'tiwg inclination 

before that at A, Hence the short beam will slip first. 

4. A cylinder is supported on a rough inclined plane by a string coiled round 
it in a direction perpendicular to its axis, the string passing over a smootii pulley 
and sustaining a weight Find the limits to the direction of the string. 

Bound A, the point of contact of the cylinder and plane, describe the cone of 
friction, the section of which by the plane of the figure is nAm, the angles nAC 
and CAtn being each = A.. 

Let OB be any direction of the string, intersecting the yertical through the 
centre of the cylinder in 0, Then, so long as is between Uie points tn and », 
equilibrium is possible, because AO ib a. possible 
direction of total resistance at A, There is, of y^ 

course, a particular magnitude of the suspended / ^B 

weight, P, corresponding to the direction OB of the 
string, and this magnitude is foimd by taking 
moments about A. Ji ia the angle made by the 
string, OB with the inclined plane, we have 



P= W 



sin % 
2 cos'- 

2 




t being the inclination of the inclined plane. 

If, the direction of the string being OB, P have 
a value greater or less than this, the cylinder will 
roll up or roll down the plane. 

Drawing from m two tangents, tnh and m^, to 
the cylinder, we have the extreme directions of the 
string ; that is, the point at which the string leaves 
the cylinder must lie between the points of contact of rnti and mtzt on the upper 
portion of the cylinder ; for it is evident that if the string leaves the cylinder at 
any point outside these limits, tiie point in which its direction intersects that of 
^wQl be vertically above w, that is, outside the cone of friction. 

5. A heavy sphere is placed on a rough 
inclined plane at a point P (fig. 173), and is 
kept in position by a heavy rough beam, AB, 
wbich is moveable about a fixed extremity, 
B, the coefficient of friction for the sphere and 
the plane being the same as that for the sphere 
and the beam. Supposing that the friction 
is gradually diminished at both points of 
contact, P and Q, or that the sphere is pushed 
further up between the plane and beam, de- 
termine the nature of the initial motion. 

The total resistance at P and Q must meet 

in some point, 0, on the vertical through Of 

the centre of gravity of the sphere. Beyond 

this, however, their directions cannot be determined. The comparative safety 

of equilihnum at P and Q will depend on the relative magnitudes of the angles, 

GFOaad CQO, which the resistances at these points make with the correspond* 
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CO 

ing nonnals. Now it is easy to show that CQO > CFO; for sin CPO = -p^ 

. ^^T» :. . ^v/^/^ 00 . ^^^ ,^ ^ sixi CFO OH. COF , ^ 

«m COF, and sin CQC> = -— sm COM, therefore . ^^^ = -: — 7;^^= ; but 

CQ sm CQO sin (70-8 

COM > COFy therefore CQO > CFO, and if from any cause the friction is 

diminished, or the sphere pushed higher up, slipping must take place at Q and 

rolling at P. 

6. A cylinder is placed on a rough inclined plane, and a light rope is coiled 
round it in a plane perpendicular to its axis and containing its centre of gravity ; 
this rope, after passing round the cylinder, is attached to the middle point, M 
(fig. 174), of an edge of a cubical block whose height is equal to the diameter of 
the cylinder. Supposing the inclination of the plane to be gradually increased, 
determine the manner in which equilibrium will be broken, the coefficient of 
friction being the same for the cylinder and plane as for the cube and plane. ' 

The motions which are here geometrically possible are — 

(i). The cylinder may roll and 
the cube may turn over the edge C 

(2). The cylinder may roll and 
the cube may slip. 

(3). The cylmder may slip and 
the cube may slip. 

(4). The cylinder may slip and 
the cube may turn over. 

Now if is the point of inter- 
section of the vertical through the 
centre of gravity of the cylinder with 
the string, it is evident that the total 
resistance at A acts in the line AO. 
In the same way if (/ is the point of 
intersection of the vertical through 
G, the centre of gravity of the cube, 
with the direction of tne string, the 
total resistance of the plane on the 
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cube must pass through C, and if 2) is the point in which the line of action of 
the weight of the cube intersects its base, the total resistance must evidently 
pass through some i)oint between C and 2). 

Now this total resistance, wherever it acts, makes with the normal to the 

plane an angle greater than BAO ; for FAO = -, i being the inclination of the 

2 

plane, and the angle which O'D makes with the normal to the plane = i ; hence 
the angle made with this normal by a line joining C to any point between 
<7 and £ is > i, and, d fortiori, > £A0, Consequently the cylinder can never 
slip before the cube, and cases 3 and 4 are to be rejected. The choice then is 
to DC made between i and 2 ; and (see Art. 115) if the cube can turn over, it will 
do so. Hence we solve on the supposition tiiat the cube turns over C, and if 
this does not require too great a value of the coefficient of friction, the cube will 
turn over. 

The problem is to be solved by equating the values of the tension of the rope 
derived frt)m the consideration of the equilibrium of tiie cylinder and that of the 
cube. 

For the equilibrium of the cylinder take moments about A, and we have 

T=iJFBmi, (i) 

T being the tension of the rope and W the weight oi \)^^ cr^'VoAcst. 
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Again, since by supposition the cube is about to turn round C^ the total 
resistance of the plane acts through this point. Taking moments about C for 
the cube, 

T.CK^JT. CG Bia ('-»), 

or r=iJr'(coBf-sin»). (2) 

^ Equating the yalues of Tin (i) and (2), we haye 

But in order that CO* may be a possible direction of total resistance, the angle 
MC(y must be < A., or tan HC(y < /a. Now, it is easy to see that 

tan JCO- = I-ti?li 

TXT I 2 T^* 

Hence if i -- — =- < ju, equilibrium will be broken by a rolling of the cylin- 
der and turning over of the cube. If /x is less than the quantity in (4) the cylinder 
will roll and the cube will sHp, and there is no difficulty in determining the 
inclination of the plane when this happens. We may either draw from (/ a 
line making the angle of friction, \, with the normal to the plane, and then de- 
termine T by the triangle of forces, or resolve along and perpendicular to the 
plane for the equilibrium of the cube. If M is the normal reaction of the plane 
on the cube, we find in the latter way 

J2 = ^' cos iy 

therefore r= »^' (/x cos t - sin »). 

Equating this to the ralue giyen by (i), we haye 

tan a/it^ 

which giyes the inclination at which the cube slips. 

7. Two equal carriage wheels whose centres are connected by a smooth bar 
are placed on a rough inclined plane ; determine whether the equilibrium of the 
ayatem will be best preserved by locking the hind or the fore wheel. 
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Let (7 and L (fig. 175) be the centres of the wheels, and first suppose the 
hind wheel to be locked. Since Uiere is no friction between the bar CD and tho 
axle at C^ the action of the bar on the 
lower wheel consists of a force through 
C{8eep. 127). 

The weight of this wheel also acts 
through (7) and therefore the total re- 
sistance at^, which is the third force 
keeping the wheel in equilibrium, 
must also act through C. 

Let O be the centre of gravity of 
the two wheels, and consider the equi- 
libriimi of the system formed by them. 
There are three forces acting on the 
system, viz., its weight through Qy 
the total resistance at A (which has 
been proved to act in the line AC)y 
and the total resistance at B. If, 
then, is the point of intersection of 
CA and the vertical through O, the 
total resistance at B must act in the 
line OB. 

We shall now determine the in- 
clination at which equilibrium is broken. 

Since the hind wheel slips, the angle JDBn = \ ; also let r = the radius of 
each wheel, CD = 20, and % = the inclination of the plane. 




Fig. 175- 



Then 



tan co a ca 

tan COn " Cn * 



or 



tan » 



2a + fir 



since l)n = r tan DBn = fxr. The inclination of the plane when equilibrium ia 
broken is therefore given by the equation 



tan i = 



fia 



2a-\- ftr 



(«> 



Again, suppose the fore wheel alone to be locked. In this case the total re- 
sistance at B acts in the line BB, and that A acts mACXyO' being the inter- 
section of BD with 00. If i' is the new inclination at which equilibrium i» 
broken, we have, since Z. CAO' = A., 




m 

Ihn 



2fl — fkr 



or 



tan »" 



fjua 



la — fir 



(») 



Now it is clear that i' is greater than t, and that, consequently, equilibrium will 
be safer when the fore wheel is locked than when the hind wheel is locked. 
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8. A cylinder is supported on a rough inclined plane by a light rope coiled 
round it in a plane perpendicular to its axis passing through its centre of gravity, 
the rope being attached to a fixed point. Find the direction of the rope in order 
that tne inclination of the plane may be the greatest possible. 

Let ffff (fig. 176) be llie direction of the rope, and €(/ the vertical through 
the centre- of gravity of the cylinder. Then evidently the total resistance at A^ 
the point of contact with the plane, must act in the direction A(y, If the rope 
took the direction OB^ which is horizontal, the direction of the total resistance 
would be AO, and evidently the angle CAO < CAO' ; or, in other words, the 
equilibrium of the cylinder will be farther from 
its limit when the rope is horizontal than when 
it takes any other direction. For a given incli- 

nation, t, of the plane the angle CAO ^-. audit 

is clear that when CAOib equal to the angle. A., 
of friction, the inclination of the plane will be at 
its greatest. Hence the greatest inclination of 
the plane = 2\. 

If the coefficient of friction be > i , the greatest 

inclination of the plane will be > -, and the 

2 

figure of limiting equilibrium will be that repre- 
sented in fig. 177, in which the angle CAO (= \) 

IS >-. 
4 
(See Jellett's Theorp of Friction^ Examples 4 and 5, p. 212.) 




Fig. 176. 



9. If in the preceding problem the rope, instead of being attached to a fixed 
point, is attached to a weight which hangs freely over a smooth pulley, find the 
conditions of equilibrium. 

Let 0'£^ (fig. 176) be the direction of 
the^ rope, P tie suspended weight, W the 
weight of the cylinder, i the inclination of 
the plane, A. the angle of friction, 0the angle 
which the rope makes with the inclined 
plane. 

Then for equilibrium it is necessary that 
AC should be the direction of total resist- 
ance at Af and that the moments of P and 
W about A should be equal and opposite. 
Hence we must have 




Fig 177- 



angle 



CAff = or < \, 



(0 



and 



W 



sin f 
2 cos ' - 

2 



(0 



the second condition being equivalent to that obtained by the triangle of forces 
for equilibrium at 0* 

If the angle CAO' <\, and Pis slightly increased above the value in (2), 

tlie initial motion will evidently be a rolling up, since moment of P about A > 

Djoment of ^aboutA ; but if P is slightly diminished the rolling will be down. 
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10. A heayy Tiniform beam, AB (fig. 178), is to be snstained in a horizontal 
position, one end, B, resting on a rough inclined plane, while the other end, Ay 
18 attached to a light rope wmch passes over a smooth 
pulley and sustains a weigbt. Find 

(a). The limits to the direction of the rope, and 
the corresponding limiting values of the susp^ided 

weight. 

Uf). The least weight that will sustain the beam. 

Let IF be the weight of the beam, P the sus- 
pended weight, and BN the normal to the inclined 
plane at B. Then if ^0 be the direction of the j^ 
rope, intersecting the vertical through the centre 
of gravity of the beam in 0, BO must be the direc- 
tion of the totsl resistance at B ; and in order that p,. « 
this may be a possible direction of total resistance, ^* ' * 
the angle NBO must be < A., the angle of friction. Hence the limiting direc- 
tions of the rope are obtained by drawing BO and BO^ making the angle \ with 
BNoTL opposite sides. If the rope takes the direction AO' the beam must be 
on the point of slipping up, since the force of friction acts down the inclined 
plane ; and if the Section of the rope ia AO, the beam is on the point of slip- 
ping down. The corresponding magnitudes of P are easily determined by tak- 
ing moments about B, Let pi and p2 be the perpendiculars from BonAO and 
Aff^ respectively, a half the length of the beam, and Pi and P2 the corre- 
sponding values of P. Then 

a 
Pi=W^-, 

Pi 



P2=^-. 
Pi 

The values of pi and p2 can, of course, be easily expressed in terms of a, \, and 
t, the inclination of the plane. 

If the rope takes a direction intermediate to AO and AO', and if pia th& 
length of the perpendicular from B on its direction, we have 

a 
F = 7F-. 

P 

Hence, if P is a minimum, p must be a maximum, since Wa is given. Now p 
wUl be a maximum when it is equal to AB, that is, when the rope is vertical. In 
this case the total resistance at B should also be vertical ; but if the inclination 
of the plane > \, this is impossible. Hence when t > A., p is a maximum (eon- 
siatently with the ebnditions of the problem) when the direction of the rope is 
AO ; and therefore in this case Pi is the least value of P. 

If i < \, the vertical at P is a possible direction of total resistance, and .'» 
AB is an admissible value of p. The corresponding value of Pis .*. } W, 

The student will easily see that if the angle of friction is greater than the 
complement of the inclination of the plane, there can be no limiting equilibrium 
in which the beam is about to slip up. 

II. A cylinder is laid on a rough horizontal plane, and is in contact with a 
rough vertical wall ; a string coiled round it at right angles to the axis passea 
over a smooth pulley and tustaine a weight which is gradually ixkQ>t^'^<^^S^ 



IQO 



Equilibrium of Bough Bodies, 



«qi]ilibrium is "broken. Determine the nature of the initial motion. (Jellett's 
Theory of Friction, example 21, p. 214.) 

Let W be the weight of the cylinder, P the suspended weight, B the angle 
made by the string with the horizon, \ and \' the angles of friction at -4 and B, 
the points of contact of the cylinder with the vertical and horizontal planes, and 
the point in which the direction of the string 
intersects the vertical through (7, the centre of 
gravity of the cylinder. 

Now, in accordance with Article 115, we first 
consider what motions are geometrically possible. 
These are 

(i). Rolling round A up the vertical plane. A I 

(2). Slipping forward at B whUe contact 
ceases at A. 

(3). Slipping at A and B simultaneously. 

If I. can happen it wUl (see Art 115) ; let us 
suppose, therefore, that the cylinder is on the 
point of fuming round A and coming out of con- 
tact at B, In this case there are only three forces 
keeping the cylinder in equilibrium, namely, 
W, P, and a total resistance at A, This last 
force should, for equilibrium, pass through and 
act in the direction OA, Now whether the angle 

OACis less or greater than A., this is not a possible direction of total resistance, 
because the plane cannot pull. Hence i is physically impossible. 

Suppose that 2 happens. Then, as before, there' are only three forces keep- 
ing the cylinder in equilibrium, namely, W, P, and the resistance at B, This 
last must pass through 0, and must therefore act vertically. But it is obvious 
that such a force could not equilibrate ^and F ; therefore 2. is impossible. 

There remains the third case, which alone is possible. To determine the 
value of P corresponding to limiting equilibrium, draw the lines AO' and BO* 
making with the normals at A and B tne angles, \ and A.', of friction for the 
cylinder and planes. Then by taking moments about 0' we easily obtain the 
value of P, which may also be obtained by the ordinary equations of resolution 
of forces. Thus, let B and B' be the normal pressures, and therefore fiB and 
fiB* the forces of friction, at A and B, 

Taking moments about B, we have 




Fig. 179. 



(I) 



(0 



B (i + /i) = P(i-co8a) 

Taking moments about A, 

i2'(i-/i')- W-Fii+smB). . 
Hesolving horizontally, 

fiB^" B =Pcos«. (3) 

Substituting in (3) the values of B and Bf given iQ (i) and (2), we obtain 
the value of P corresponding to limiting equilibrium. 

It will be a useful exercise for the student to vary the position of the pulley 
in such a way as to render possible a case of limiting equibrium in which the 
cylinder is about to ascend die vertical plane by turning round A, 

12. A heavy right cone is placed with its base on a rough inclined plane, 
the inclination of which is gradually increased ; determine whether the initial 
motion of the cone will be one of sliding or tumbling over. 
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Let ABC (fig. 180) be the vertical section of the cone through its axis, CH, 
and let O be the centre of gravity of the cone. {GE is iCflT, as will appear in 
a subsequent Chapter.) Then, in accordance with 
rule 3 of Art 1 15, if it is possible for the cone to turn 
over the point A, the cone will do so. Solve, 
therefore, on the supposition that equilibrium is 
broken by turning round A» In this case, the two 
forces acting on the cone are its weight and the 
total resistance of the plane, which, of course, passes 
through A ; and these forces must be equal and 
opposite, i. e., the total resistance must act in the 
vertical line AG. Now this will be possible only if 
A O makes with the normal to the plane an angle less 
than the angle of friction, \. Hence for a tumbling 
motion AGH<\. But if o = ACE, Fig. 1 80. 

tan AGE = 4 tan a. 

Therefore if /i > 4 tan a, the initial motion of the cone will be tumbling, and if 
fi < 4 tan a, the initial motion will be sliding, and this sliding will evidently 
occur when the inclination of the plane reaches the value \. 

13. A rectangular block is placed, with one of its edges horizontal, on a 
rough plane, the inclination of which to the horizon is gradually increased ; 
detenmne whether the equilibrium of the block will be broken by a motion of 
eliding or one of tumbling. 

Am, If a and h are the lengths of the edges which are not horizontal, 
h being the length of the edge which is perpendicular to the 
inclined plane, the initial motion will be one of tumbling if 

/i > -, and of sliding if /* < -. 


14. A cylinder the section of which perpendicular to the axis is any given 
curve is to be placed, witii its axis horizontal, on a rough inclined plane ; how 
must it be placed so that it shall be least likely to slip, the cylinder being in 
contact witii the plane along a single line P 

15. An elliptic cylinder is placed, with its axis horizontal, on a rough plane 
inclined to the horizon at an angle less than ,the angle of Motion ; prove that 
the cylinder cannot rest if the eccentricity of the section peipendicular to the 

axis is less than ^ / : — :, i being the inclination of the plane. 

\ I +smt ^ *^ 

16. A uniform beam rests with its extremities on two roufh inclined planes 
whose line of intersection is horizontal, the vertical plane mrough the beam 
'being peipendicular to this line ; find the limiting positions of equilibrium. 

Ans, If i, V be the inclinations of the planes, \, \' the angles of friction 
between the beam and the planes, respectively, and 6 the limiting 
inclination of the beam to tiie horizon, 

atana = cot (» + \) - cot (»" - V). 

Another limiting position will be got by changing the sign of 
\ and \\ 
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17. A heary uniform rod rests with its extremities on the interior of a rough 
vertical circle ; find the limiting position of equilihrium. 

Am, If 3a is the angle subtended at the centre by the rod, and \ the 

angle of friction, the limiting inclination of the rod to the horizon 

is giren by the equation 

sin2\ 
tantf = . 

C0S2X + C0S2a 

18. A solid triangular prism is placed, with its axis horizontal, on a rough 
inclined plane, the inclination of which is gradually increased ; determine l£e 
nature of the initial motion of the prism. 

Ana, If the triangle ^j&(7 is the section perpendicular to the axis, and the 
side AB is in contact with the plane, A being the lower vertex^ 
the initial motion will be one of tumbling if 

the sides of the triangle being 0, 3, e, and its area A. If /x is les» 
than this value, the initial motion will be one of slipping. 

1 9. A frustum of a solid right cone is placed with its base on a rough incline^ 
plane, the inclination of which is gradually increased ; determine the nature of 
the initial motion of the body. 

Ans, If the radii of the larger and smaller sections are It and r, and h is 
the height of the frustum, the initial motion will be one of 
tumbling or slipping according as 

4JZ* R- r 

^^^H*^ 3r»(i2 - r) * "IT"' 

20. An elliptic cylinder rests in limiting equilibriimi between a rough verti- 
cal and an equally rough horizontal plane, the axis of the cylinder being hori* 
zontal, and the major axis of the ellipse indined to the horizon at an angle of 45**. 
Find tiie coefficient of friction. 

Ana. ^' + 2.« - ^ - 1 



/* = 



2-^2 



e being the eccentricity of the ellipse. (Employ the Theorem of 
Art. 104, Chap. VI.) 

21. The circumstances of the preceding problem remaining the same, except 
that the vertical plane is smooth, show mat the coefficient of friction ia ^ e^ 
(Walton's Meehanieal Frohlems, p. 82). 

If the horizontal plane alone is smooth, is it possible for the cylinder to rest 
in any position P 

22. A uniform beam, of which one end rests against a rough vertical wall,, 
is supported by a light rope attached to the other end, and to a given point in 
the wiUl ; find the limiting positions of equilibrium (Widton, p. 81). 

Ana. If the length of the rope be n times the length of the beam, the in» 
clination of the latter to the wall is given by tiie equation 

(»* - /a" - 1) tan 2« + 4/it tan tf + n3 - 4 = o. 
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23. In order that "both limiting positions may be real, what must be the 
limits of n ? 

Ana, n must be > /a + 5 - v (/a + i ) (a* + 9)» ai^d 

< /A + 5 + V^(a* + (m + 9)« 

24. If n is 2, show that there is but one limiting position ; and prove geo- 
metrically that if in this case the angle of friction is 60°, the limiting position is 
horizontal. 

25. A heavy uniform beam rests with one end against a rough horizontal, 
and tiie other end against an equally rough vertical, plane ; find l£e least coeffi- 
cient of friction that will allow the beam to rest in all positions. 

Ana. Unity. 

26. In the previous question let the centre of gravity of the beam divide it 
into two segments, a and by the latter segment being in contact with the vertical 
wall ; given the coefficient of friction between the beam and the ground, find the 
least coefficient of friction between the beam and the wall which will allow the 
beam to rest in all positions. 

Ans. — . 

27. Two equal beams, AC and CB, are connected by a smooth hinge at C, 
and are placed in a vertical plane with their lower extremities, A and B^ resting 
on a rough horizontal plane ; from observing the greatest value of the angle 
ACB for which equilibrium is possible, determine the coefficient of friction for 
the beams and the plane (Walton's Mechanical Froblemay p. 96, second ed.) 

Ana. If the greatest value of /.ACBia fi, 

fi = ^ tan - . 

28. Two uniform beams are placed with their lower extremities resting on a 
rough horizontal plane, their upper extremities resting against each other. Show 
how to cut a plane face from the upper extremity of one of the beams, in order 
that slipping may be about to ensue at their point of contact. 

Ana, Determine the line of action of their mutual resistance as in p. 153 ; 
then cut a face inclined to this line at the complement of the angle 
of friction. 

29. A cylinder placed on a rough plane has a string coiled round it in a plane 
at right angles to its axis ; the string after passing round the cylinder is attached 
to a heavy particle which also rests on the plane. If the plane is gradually 
tilted up, determine the nature of the initial motion. 

Ans. The cylinder will roll and the particle slip if both are equally rough ; 
and if i is the inclination of the plane when this happens, 

2aP cos -a 
tan » = 



W cos 2a + 2P cos *a + filF ain 2a' 



where W and P are the weights of the cylinder and the particle, 
fi the coefficient of friction, and a the angle between the string 
and the inclined plane. 

O 
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30. A heavy cylinder is laid on a rough inclined plane, its axis being 
horizontal ; a heavy uniform plank rests on the cylinder and against the inclined 
plane, the plank being horizontal at right angles to the axis of the cylinder, and 
touching the cylinder at its highest point. Supposing the inclination of the plane 
to be gradually increased, the horizontality of Uie plank being always preserved, 
determine the nature of the initial motion of the system and the inclination of 
the plane at -which equilibrium is broken. 

Ans, The plank will slip at its point of contact with the plane, a rolling 
motion taking place at the other points of contact in the system ; 
and the inclination (t) is given by the equation 

f- cot - - I J |p cot - tan (X - t) - ^1 = P+ W, 

where r = radius of cylinder, 2a = length of plank, W = weight 
of cylinder, P = weight of plank, and \ = angle of friction. 

31. Two particles A and P, whose weights are denoted by A and B, are 
connected by a string fully stretched, and placed on a rough horizontal plane, 
the coefficient of friction for each particle being /a. A force P, which is 
< fi{A-i- B)yia applied to ^ in the direction BA, and its direction is gradually 
turned round through an angle in the plane. Find the nature of the initial 
motion of the system. 

Ans. If P < /A \/-4- + £^ and > fiA^ the particle A alone wDl slip, and 

fiA / ' 

this happens when sin = ^-—, If F> fi y A^ -\- £*, both will 

r V. . P-i + fjL^ {B^ - A^) 

slip when cos = —= . 

2ft Z/P 

32. A heavy rod is placed in any manner resting on two points ^ and P of 
a rough horizontal curve, and a string attached to a point C of the chord AB is 
pulled in any direction in the plane of the curve so that the rod is on the point 
of motion. Prove that the locus of the intersection of the directions of the fric- 
tions at A and P is an arc of a, circle and a part of a straight line ; except when 
C is the centre of gravity of the rod, in which case the directions of the frictions 
will be always parallel to the string. 
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CHAPTER IX. 

EQUILIBRIUM OF A RIGID BODY UNDER THE ACTION OF ANY 

FORCES. 
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123. Laplace's Proof of the Parallelogram of Forces. — The fol- 
lowing demonstration, which is substantially the same as that 
given by Laplace in the Mdcaniqice Celeste (Book i., p. 5), has 
the advantage over all proofs such as that given in Chap. I., 
of not requiring force to be transmitted from a particle to any 
rigid membrane connected with it. 

Let two rectangular forces, P and b'\ 
Q, represented by the lines OA and 
OB (fig. 181) act at 0, and let R be 
the unknown magnitude, and OC the 
unknown direction, of their resul- 
tant. It is evident that if P and Q 
give a resultant equal to i2 acting in 
OC, nP and nQ will give a resultant 
equal to nR acting also in 0(7, be- 
cause taking multiples of the forces 
is the same thing as merely altering the scale of magnitude 
to which they are referred. Conversely, whatever n may be, 
nR may be replaced by nP, making an angle B (= CO A) and 

yiQ, making an angle (= COB) with the direction of 



•A 
Fig. 181. 



P. 

OC 



p 

P' 



Let n be taken = -— , and draw A'OB> perpendicular to 

Then since 

P may be replaced by P in OA and Q in OP, 



pi 



>> 



J) 
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in OC 



>> 



PQ 
R 



in OA'; 
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Q 

and if n be taken = — , we see that Q may be replaced by 

JLl 

^ in 0^ and 1^ in OC. 

Hence the forces P and Q are equivalent to a force 

= — - + -^ in OCf a force —^ in 0A\ and a force -^- in OB". 

But these last are equal and opposite, and therefore they 
destroy each other. Hence P and Q are equivalent to a 

single force = — ^ — acting in the direction of their resul- 
tant ; therefore 






or 



R = yF^^. 



(0 



Thus we have found the magnitude of the resultant of any 
two rectangular forces. We now proceed to find its direction. 

If P and Q are equal, their resultant bisects the angle be- 
tween them, and (i) therefore shows that it is represented mag- 
nitude and direction by the diagonal of their parallelogram. 

Let three forces, at right angles to each other, OA, OB, and 
OC (fig. 182), each equal to P, act on a particle 0; complete 
the cube as in the figure. By what precedes, the resultant 
of OB and OC is OF; combining this 
with OA, we see that the direction of 
the resultant lies in the plane FOA. 
Similarly, it can be proved to lie in 
the plane COB ; hence its direction is 
0(7, the intersection of these planes, 
or the diagonal of the cube. Now 

from (i) OF = P -v/i? and the resul- 
tant of the three forces is the same as 

the resultant of P ^/2 along OF and 
P along OA. By (i) the magnitude 

of the resultant is P ^/^ ; and since OO ^ P y^j we have 
proved that the diagonal, 0(7, of the parallelogram FOA 
ivpresents in magnitude and direction the resultant of two 

forces P and P ^/ 2. 
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Suppose now that OA = P, OB = P v/2, and OC = P, and 
complete the parallelepiped. We have just proved that the 

resultant of OB (= P v/2) and OC (= P) is the diagonal OF 

(= P v^) 5 and since the resultant of the three forces must 
lie in the planes COD and FOA^ it must act in the diagonal 

Off. But this resultant is the resultant of P ^/i along OF 

and P along 0^, and by (i) its magnitude is P\/45 which 
is the magnitude of Offy the diagonal of the parallelogram 
FOA. 

By keeping OA and OC each equal to P, and giving 05 

the values P, P y^ , P-v/s, . . . P^/m, successively, we prove in 
this way that the parallelogram law holds for 

P and P ^/m ; 

hence, multiplying the forces by >v/w, the law holds for 

P^n and P^y'nm; 
or, repleicing mn by k, the law holds for 

P ^/n and P ^/Ic, 

where n and A; are any two integers. But the numbers n and 

fie 
k can be varied in such a way that /- shall be equal to any 

given quantity. Hence the parallelogram law holds for two 
rectangular forces which bear to each other any given ratio. 

From this the propo- 
sition follows easily for \ ,„y r::^^ 

oblique forces. n\- 

Let OA and OB (fig. 
183) represent two oblique 
forces, P and Q ; complete 
the parallelogram, draw the 
line mn through perpen- 
dicular to the diagonal OC, 
and let fall the perpendicu- Fig. 183. 

lars Ap^ Am, Bq, and Pw, 
en OC and mn. By what we have proved, the force OB Q=^ Q\ 
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can be replaced by Oq and On^ and OA (= P) can be replaced 
by Op and Om, But Om is evidently equal and opposite to 
On; therefore 0(7 is the direction of the resultant, and its 
magnitude = Op + Oq, which = OC. 

This proof will be found at greater length in the first 
Chapter of Moigno's Legons de Micaniqiie Analytique. 

124. Besultant of any Number of Porces applied to a 
Material Particle. — ^Let a force P, represented in magnitude 
and direction by Off (fig. 182), act on a particle at 0; let 
Ox, Oy, and Oz be any three rectangular axes drawn through 
0\ and let the angles, Of Ox, OfOy, and OOz, which the direc- 
tion of P makes with the axes of reference, be denoted by 
a, /3, and 7, respectively. From Of let fall perpendiculars, 
OF, OS, OD, on the planes yz, zx, and xyy, respectively, and 
let the parallelepiped be completed as in fig. 182. Then the 
force Off may be replaced by the forces OD and OC, by the 
parallelogram of forces ; and OD can again be replaced by 
OA and OB, Hence the force P is equivalent to the three 
forces 

P cos a along Ox, 

P cos /3 „ 0//, 

and P cos 7 „ Oz, 

The converse proposition is also evidently true — namely, 
that any three forces, OA, OB, OC, along Ox, Oy, Oz (whether 
these are mutually rectangular directions or not), give a re- 
sultant represented in magnitude and direction by the dia- 
gonal, Off, of the parallelepiped determined by the forces. 

If several forces, Pi, P2, . . . Pn^ act at and make angles 
(oij j3i, 71), (02, /32, 72), ... (om, /3«, 7w), with the axes, let 
each of them be replaced by its three components along 
Ox, Oy, Oz ; and if SX, S Y, SZ, denote the sums of the 
components along the axes, we shall have 

i!X = Pi CDS ai + P2 cos 02 ^ , , . ^ Pn cos n,„ ^ 

2F = Pi cos /3i + P2 cos /3 . -f . . . + Pn COS ftn, \ (l) 

'^ = JPl COS 71 + P2 cos 7: I- . . . + Pn COS 7;,, / 



V 
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and the whole system of forces will be replaced by the three 
forces, SX, S Y, and ^Z along the axes of x, y, and z. But 
the resultant of three forces in these directions is the diagonal 
of the parallelepiped determined by them. Hence, R being 
the magnitude of this resultant, 

R = v/(SX)-^ + (syf + (SZ/ ; (2) 

and if 0, 0, ;//, be the direction-angles of R, 

cos = — , cos = — , cos ¥' = ^- (3) 

125. Graphic Bepresentations of the Besultant. — Since 
the resultant of any two forces, OA and OB^ acting at is 
obtained by drawing from A a line, -4S, parallel and equal 
to OB^ and joining to 6, it follows that if a particle is acted 
on by n forces, 0-4i, OA2J OA^^ . . . OA^ the resultant is 
obtained in magnitude and direction by drawing ^102 parallel 
and equal to 0-42, ^2^53 parallel and equal to OA^^ . . . ^n-i an 
parallel and equal to OAn, and joining to «« ; or, in other 
words, the side Oan which closes the polygon OAa^az . . . an 
represents the resultant in magnitude and direction. When 
the sides of the polygon are not all coplanar, the figure is 
called a gauche polygon. Thus the second graphic representa- 
tion of the resultant of a system of coplanar forces, which 
has been given in p. 15, is equally applicable to non- 
coplanar forces. Hence, of course, it follows that a particle 
acted on by any set of forces which are parallel and pro- 
portional to the sides of a gauche polygon taken in order is 
at rest. 

Again, since by the parallelogram of forces the resultant 
of OAi and OA2 is 2 0^i, where gi is the middle point of 
AiAi ; and since the resrdtant oizOgi and OAz is 30^2, where 
gi is determined exactly as in p. 13, it follows that Leibnitz's 
graphic representation of the resultant is appKcable to non- 
ooplanar forces. 

This result follows also analytically ; for if {xi^ yi, 2i), 
(^2, Viy 22), . . . {xn^ yn^ 2n) be the co-ordinates of the extremi- 
ties Aij A2, , . , An oi the forces acting on the particle, it is 
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clear that 

SX = a?! + ir2 + . . . + ^n = 2a? = w . a; 

SF=yi + y2+. . .^yn = ^y = n .y 

where a?, y, 2 are the co-ordinates of (?, the centre of gravity 
of equal masses placed at the extremities of the forces. Hence 
by equations (i) of Art. 124, 

R^n.OG, 
and 

which show that the resultant is represented in magnitude and 
direction by n . OG. 

126. Transformation of Couples. — To what has been given 
in Chapter V. on the transformation of couples it is necessary 
to add a few propositions relating to couples in different 
planes. 

(a). A couple acting on a rigid body at rest may be trans- 
ferred to any plane parallel to its own. 

Let -4^ (fig. 184) be the arm 
of a couple (P, P) and let A'Jff 
be any line paraUel and equal to 
AB. At A introduce two equal P ^ 4 

and opposite forces, P and P', „ " 

and at JB' introduce the same ^ 

forces. The introduction of these |p 

forces will not disturb the equi- Fig. 184. 

librium of the body. Draw AB^ 

and J['P, which will bisect each other at 0, Then the force 

P at -4 and the force P^ oi B^ will give a resultant equal to 

2P at ; and FaiB and P' at -4' mil give a resultant equal 

and opposite to this at the same point. Hence there remain 

the forces P at -4' and P at -B' ; that is, the couple (P, P) with 

arm AB has been moved to any plane parallel to its own. 

From Chapter V., it is now clear that the only essential 
properties oi a couple are (i) the constancy of its moment. 



AP 
B 



B 
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and (2) the parallelism of its plane ; or, in other words, the 
constancy of the magnitude and direction of its axis. The actual 
2)osition of the axis in space is of no consequence, but only its 
direction ; two couples whose axes are of equal length and in 
the same direction are absolutely identical. 

Hence the axis of a couple is what is called in modem 
physics a rectory or directed line of constant magnitude. 

(j3). Convention with regard to the direction of the axis 
of a coitple. We have already stated that the axis is to be 
drawn perpendicular to the plane of the couple ; but since 
this perpendicular might be drawn at either side of the plane, 
an ambiguity arises, especially in the case of several couples 
acting in different planes. The following convention with 
regard to the direction in which the axis is to be drawn, given 
by Thomson and Tait [Natural Philosophy , p. 1 73), is founded 
on a similar rule of Ampere's : — Hold a watch with its plane 
parallel to the plane of the couple. Then, according as the 
motion of the hands is contrary to, or along with, the direc- 
tion in which the couple tends to turn, draw the axis of the 
couple through deface or through the hack of the watch. 

(7). Two couples result in a single couple whose axis is 
foimd'from the axes of the component couples by the paral- 
lelogram law. 

Let the planes of the \R 
<50uples intersect in the line 
AB (fig. 185), and the arm 
of each be made ABy by 
moving each couple in its 
own plane, and then suit- 
ably altering the forces of 
each couple (Art. 67, page 
35). Let P, P be forces of 
one couple, and Q, Q those Fig. 185. 

of the other. At B draw 

Bp perpendicular to the plane PABP and proportional to 
the moment of the couple (P, P). We may evidently take 
Bp = P, since the couples have a common arm. Draw Bq 
perpendicular to the plane QABQ and equal to Q. 

Now evidently the forces P and Q at ^ compounda 
resultant, J?, equal and parallel to the resultant of P and Q 
at A. Hence the two couples compound a single cow3^\ft. 
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Again, draw Br perpendicular to the plane RABR and 
equal to R, Bp, Bq, and Br are then the axes of the couples 
{P,P), (Q, Q), and {R, R). But it is manifest that the figure^ 
Bjjrq is merely the figure BPRQ turned round in its own 
plane through a right angle. Hence Br is the diagonal of 
the parallelogram determined by the axes of the component 
couples. 

Conversely, any couple may be resolved into two couples 
whose axes are determined from the axis of the given couple 
by the parallelogram law ; and, as in the case of forces actings 
at a point, any couple may be resolved into three couples 
whose axes are determined from the axis of the given couple 
by the parallelepiped law. All this follows as in Art. 124. 

It is well to remark that the axis of a couple represents 
the moment of the forces of the couple round a line in space 
parallel to the axis. 

(8). To find the resultant of any nimiber of couples acting^ 
in any planes on a rigid body . 

Let the axes of the couples be all drawn, each in its proper 
direction according to the rule (/3), at the same point, (fig. 
182), and let each axis be resolved into three components 
along rectangular axes Ox^ Oy^ Oz, drawn through 0, Let 
L = the sum of the axes in the direction Ox ; then L is the 
axis of the component of the resultant couple in the plane yz. 
Let M and iV be the sums of the axes in the direction Oy and 
O2, respectively. Then, if G is the resultant axis, 

G = yiXTWTiP', (i) 

and if A, /u, v are the direction angles of 6', 

. i M jsr 

cos A = ^, cos /i = -^, cos V = ^, (2) 

equations which are exactly analogous to (2) and (3) of 
Art. 124. 

The axes of couples are, therefore, compounded and re- 
solved in the same manner as forces. There is this differ- 
ence between forces and couples, that, while any number of 
couples in any planes whatever always result in a single 
oouple, any number of forces cannot, in general, be replaced 
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by a single force, and this difference results from the vectorial 
nature of the axis of a couple. 

(c). A force and a couple acting on a rigid body cannot 
produce equilibrium. 

For, let the couple be so transferred that one of its forces,. 
P, acts at a point on the line of action of the force, R, Then 
R and P at this point compound a single force which, in 
general, does not intersect the other force of the couple 
Therefore, &c. 

A force and a couple acting in the same plane are, of 
course, equivalent to a single force. 

127. Theorem. — A force acting on a rigid body in a 
given right line can always be replaced by an equal force^ 
acting at any chosen point together with 
a couple. P 

Let a force P (fig. 1 86) act at a point ^/ " / 

Ay and let be the chosen point. At O 
introduce two forces, P and P', opposite 
to each other and each equal to P. Then 
P at -4 and P' at may be taken to con- 
stitute a couple whose moment is Pp, ^ . 
p being the perpendicular from on 
the line of action of P at A, There Fig. 186. 

remains, then, the force P at ; and 
this force together with the couple may replace P at ^. 

Let the axis of this couple be drawn at 0, perpendicularly 
to the plane OAP ; let x, y, z be the co-ordinates of A with 
respect to a rectangular system of axes drawn through y 
and let a, j3, y, be the angles which the direction of P makes^ 
with the axes of Xy y^ Zy respectively. 

The direction cosines of OA are -, -, -, where OA = r^ 

It* *» A* 

and it is easy to prove that the direction cosines of the 
axis of the couple (which is at once at right angles to OA 
and P) are 

// cos y - z cos ft z cos a - a; cos y x cos ft - y cos a 
p ' P ' P ' 

Hence, the axis of the couple being equal to Pp^ the pro^ec* 
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tions of the axis on the axes of a?, y, and 2 are 

P {y cos 7 - s cos /3), P (^: cos a - .r cos 7), P (a? cos ]3 - y cos a) ; 

but it is clear (from (7), Art. 126, that these are the axes of the 
oomponent couples in the planes yzy zx^ and xy^ into which 
the couple Pp can be resolved. Putting P cos a = X, 
P cos /3 = F, P cos 7 = Z, we see that the three couples are 



Zy - Yz, Xz - Zx, Yx - Xy. 



(I) 



The force P at may also be replaced by its three com- 
ponents, 

X, F, Z. {2) 



There is another way in which the reduction is sometimes effected. 

Let P at -4 be resolved into its three components, JC, Z, Z, and let the direc- 
tion of Z meet the plane {xy) in Nj and let Z at -4 be transferred to K. Let fall 
Nn perpendicular to Ox ; at n introduce two opposite forces Z*' and Z^'\ each, 
equal and parallel to Z\ and at introduce two opposite forces, Z and Z\ each 
•equal and parallel to Z, Now the directions of positive rotation in the planes 
xy, yzy zx being those indicated by the arrows, the forces Z at N and Z"' at ;» 
form a couple whose moment is 

Zy parallel to plane yz ; 

■and the forces Z' a.t and Z^' at N form a couple whose moment is 

- Zx parallel to the plane zx ; 

and in addition to these there is the force Z 
■at 0. 

Similarly, the force XB.t A can be replaced 
by i at together with two couples, Xs and 
- Xy, parallel to the planes zx and ary, respec- 
tively ; and the force T bXA can be replaced by 
y at together with the couples Yx and - Tz 
parallel to the planes xy and yz. 

Hence P at -4 is replaced by the forces 
X, Z, Z at and the couples Zy— Yz, Xz — Zx, 
and Yx — Xy, parallel to the planes yz, zx, and 
-a//, respectively. 




Fig. 187. 



128. Parallel Forces. — Suppose a rigid body to be acted 

on by any number of parallel forces applied at given points 

in the body. Take any origin, 0, of co-ordinates, and through 

it draw three rectangular axes, that of z being parallel to the 
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common direction of the forces. Then the force P, acting at 
(^i> Vn 2i) may be replaced, as in last Art., by 

Pi at along Oz^ 
and the couples 

Pi^i and - PiiTi 

parallel to the planes yz and zx. 

Replacing each force in this manner, the whole system 
will be equivalent to a force 

Pi + P2 + . . . + P,„ or 2P at 0, 

together with the couple 

Piyi + P^y-, + . . . + Pnyn, or SPy, 
parallel to the plane yz, and the couple 

- PiiTi - P'^2 - ... - Pn^n^ or - SPcr, 

parallel to the plane zx. 

These two couples compound a 
single couple whose axis is found by 
drawing OL = SPy and OM (in the 
negative direction of the axis of y) 
= ^Px, and completing the parallelo- 
gram OiGJf (fig. 188). IfO(y,the --/--- 

diagonal, is denoted by G, />^/ 



/^R 



y 



G = v/(SPa^)^ + (SPy)^ / 

and R = 2P, Fig. 188. 

R being the resultant force. 

129. Centre of Parallel Forces. — Since the resultant of 

two parallel forces. Pi and P2, acting at the points Ax and A> 

An P 
divides the line ^1-^2 in a point g such that -j^ = -^, and 

since by elementary geometry (see p^ 93) the distance of ({ 
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from any plane = —^ p^-, where Xi and x^ are the dis- 

tances of Ai and A2 from this plane, it follows, by repeating 

this construction that the distances, ^, 3/, 2, of the centre of 
parallel forces from the planes ys, zxy and xy^ are given by the 
equations 

- _ 2P^ - 2^ - _ 2P2 

^ " SP' ^ " 2P' ^ ~ SP* 

130. Conditions of Equilibrium of a System of Parallel 
Porces. — ^A system of parallel forces has been reduced (Art. 
128) to a single force, P, and a single couple, G. Now 
since these cannot in combination produce equilibrium (c. 
Art. 126), we must have 

P = o, and G = o, separately. 

Since G cannot be = o unless 2P^ = o and SPy = o, the con- 
ditions of equilibrium are 

P-o, (i) 

SPiT = o, SPy = o. (2) 

Def. — The moment of a force with respect to a plane to 
which it is parallel is the product of the force by its perpen- 
dicular distance from the plane. 

Hence for the equilibrium of parallel forces — The sum of 
the forces must vanish^ and the sum of their moments with respect 
to every plane parallel to them must also vanish, 

EXAIXIPLES. 

I. A triangular table, ABC^ is supported horizontally on three vertical 
props at the vertices ; prove that the pressures on the props are equal. 

Let P, Q, JR be the pressures at ^, ^, 0, and let a vertical plane through A 
and the centre of gravity of the table cut the side £C in a, its middle point. For 
equilibrium the sum of the moments of the forces P, Q, R, and W (the weight 
of the table) with respect to this plane must = o. But the moments of P and W 
are each = o, since these forces lie in the plane. Hence the moments of Q and 
M are equal and opposite. Now the distance of Q from the plane = Ba . sin AaJi, 
and the distance oiR= Ca .smAaC', and since Ba — Ca, these distances are 
equal. Therefore Q = jB; and similarly it can be shown that-R = P; thore- 
fore, &c, • 
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2. A triangular plate hangs in a horizontal plane by means of three ver- 
tical strings attached to its vertices ; at what point in its area must a given 
-weight be placed so that the system of strings may be least likely to break ? 

At the centre of gravity of the board. For if W= the weight of the board 
«nd P the sustained weight, we have 

P+ Q+ R= 7r+ P, 

or the sum of the tensions is constant, wherever P is placed. Hence if any one 
is less than ^( ?F'+ P), some other must be greater than this value. It is evi- 
dent, therefore, that the best arrangement makes each tension = J(^+ P) ; but 
this happens (as proved in last example) when Pis placed at the centre of gravity. 

3. An elliptic cylinder is sustained with its axis vertical by three props 
applied at three points on the circumference of its base ; how should the props 
be placed in order that the cylinder may be least likely to be upset ? 

Let the base of the cylinder have any form, ABC (fig. 189), and let G be 
the projection of its centre of gravity on the plane of the base. Then, if the 
props are applied at .4 , P, and C, the perpendiculars 
from G on the sides of the triangle ABC must be all q 

•equal when the equilibrium is most stable. For, .---<7\ ""^^ 

suppose that the cylinder is about to be upset round /^-'Z \ \ 

the line AB ; then the moment of the force required y^ // \ ] 

to upset it is W .p, where ^ is the weight of the / // 'G \ / 
<jylinder and p the perpendicular from G on AB. \y' / \^ 

Again, suppose that the cylinder is about to be upset D <:^-y------^^^^^:zzz^^^ 

about AC\ then the moment of the force required to a"'^^ """"^ 

upset it is W . q, where g- is the perpendicular from 

G on AC. Herfce ifp and q are unequal, advantage Fig. 189. 

will be gained by increasing the lesser of them, even 

though the greater must be consequently diminished ; and it follows that the 

maximum advantage is gained when p and q are equal. In the same way it can 

be shown that the perpendicular from G on BC must, in the most advantageous 

case, be equal to that from G on AB ; and therefore the perpendiculars from 

O on the sides of ABV must be all equal. 

Hence the problem amounts to inscribing in a given curve a triangle on the 
sides of which the perpendiculars from a given point shall be equal. In the par- 
ticular case in which the base is an ellipse, we have to find a circle concentric 
with the ellipse, such that a triangle circumscribed to the circle shall be inscribed 
in the ellipse. Now (Salmon's Conic Sections, p. 330, 5th edition), let the ellipse 

have for equation — + — — 1=0, and the circle a:* + y^ - r* = o ; then the dis- 

■criminant of A; (a;^ + y^ — r*) + — + - — i = o is A^ . r* + ( i + r* — 7rnr\ ^^ 

H 5-5 . k -\ ; and the required condition being 0^ = 4A . 0', we 

a^b^ a'^b'- 

db ab 

have two values for r, namely, ri = -, and r2 = r. The first value alone 

a ^ b a-b 

is adoaissible, because ; > i, and the circle in this case either cuts the ellipse 

a — b 

or entirely encloses it. 

Since an infinite number of triangles can be inscribed m ^Jci"^ ^JCv^'w^ ^sa^^sct- 
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cumscribed to the circle of radius r (Salmoiii ibid.), the problem is capable of 

a -\- 

an infinite number of solutions. It is easy to see that in the cases in which it is. 

possible to have a real system of in- and circimi- scribed triangles for the ellipse 

ab 

and the circle of radius 7, the centre of the ellipse is outside the area of the- 

a — b 

triangle. This circle is, therefore, irrelevant to our question. 

4. A square board, ABCDy of uniform thickness, is hung by three ver- 
tical strings, one of which is attached to a comer, A, of the board. Tho 
plane of the board being horizontal, find the points, E and F, in the area to 
which the other two strings should be attached in order that it may be most 
difficult to overturn the board by placing a weight anywhere on it. 

It is evident that advantage is gained by taking the points E and F on tho 
edges of the board. 

Assume AE to be the direction of the line joining the points of application 
of two of the strings, and suppose that a weight, P, placed somewhere in the 
area ABE ia on the point of overturning the board about the line AE, Then 
the tension of the string at F = o ; and if W is the weight of the board, acting 
at O, the weight F required to upset it is 

.,„ distance of G from AE 

Tr X . 

distance of F from AE' 

Hence the greater the distance of F from AE^ the less the requisite value of Fy 
or, in other words, the more easily will the board be upset. It is evident, there- 
fore, that the applied weight should be placed at B ; and in the same way, if the 
board is to be upset round the lines AF and FE^ the applied weights should bo 
placed at the comers I) and C, respectively. 

Again, in the arrangement of greatest advantage, the board is upset with 
equal ease round each of the lines AE, AF, and FE. For, if it be more easily 
upset round one of these lines than round another, advantage will be gained by 
making it a little more stable with regard to the first. Hence, since the weights 
placed at B, 2), and C are all equal, we have 

distance of G from AE __ distance of O from AF distance of G from EF 
— _ — _ - ^ 

The angles EAB and FAL are, therefore, equal, and each = tan-»(\/2 - i). 

5. A heavy elliptic table is supported on three vertical props ; how must they 
be placed so that it may be most difficult to upset the table by placing a weight 
on it? 

Ans, The props must be placed at three points. A, B, C, on the circumference 
of the ellipse ; and if 7 is the excentric angle of C, that of B is 
f TT + 7, and that of -4 is | tt + 7. The weight which, most advan- 
tageously applied, will then just upset the table is half its ON\'n 
weight. 

This may be seen as follows. Assuming any line in the area as the line 

joining two props, the least weight that will be required to upset the table must 

he placed at the point of contact of a tangent parallel to the assumed line, since 

the weight will have maximum leverage at this point. Also, it must be equally 
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easy to upset the table round tlie three lines AB^ BC, and CA ; that is, the re- 
quisite weights placed at C\ A\ B^ the points of contact of the tangents, must 
be all equal. If, then, x^ y, z, be the perpendiculars from the centre on the lines 
BG, CA, AB, and F, Q, B the perpendiculars on the parallel tangents, we must 

have 

a? _ y __ g 

F- X ~ Q-y " R- z* 

or, if a, i3, 7, be the ezcentric angles of A, B, (7, 

a— /3- P— y a — y 

cos cos — cos 



2 



a - fi ^ fi- y a -y 

I - cos I — cos I + cos - 

222 

a negative sign being used in the last, since (7, /3, a being in ascending order 
of magnitude) is evidently > -. Hence $ = - 7r+7, a = -ir + y; and 

the weight required to upset the table = W — , or J W, Any one position of 

X — «C 

G is, therefore, as good as any other ; and if C is made the extremity of either 
axis, the line AB is parallel to the other at a distance equal to ^ of the first axis 
from it. 

6. A rectangular board is held with its plane horizontal by three vertical 
strings attached to three of its comers ; find the point in its area at which a 
weight must be placed so that the tensions of the strings shall be given multiples 
of the weight of the board. 

Ana, Let ^Fbe the weight of the board; let the strings be applied at the 
comers A, B, C\ let AC = la, AB = ib; and let the tensions of 
the strings at ^, ^, Cbe IW, mWj nW, respectively. Then the 
weight must be placed at a point whose distances from AB and AG 



are 



2« - I _ 2w — I 

. a and . J. 



1+ m + n — I l + m + n — I 

The magnitude of the weight is, of course, {l-hm + n— i) JF, 

7. A uniform circular lamina is placed with its centre upon a prop ; find at 
what points on its circumference three weights, wi, wz, toz, must be placed that 
it may remain at rest in a horizontal position (Walton's Mechanical Froblems, 

P- 73)- 

Am. The angles which the weights subtend in pairs at the centre of the 
lamina are the complements of the angles of a triangle whose sides 
are proportional to the weights. 

131. Beduction of a System of Forces acting in any manner 
on a Bigid Body. — ^Let any origin, (fig. 188), be assumed 
arbitrajily^ and let any system of rectangular axes, Ox, Oy, 
and Oz, be drawn through it. If, then, forces Pi, Pa, P^^ . . . 

p 
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act on the body at points whose co-ordinates are (a?i, yi, Zi)^ 
[Xii ^2, 22), (aJs, y^y 23), . . . each force can be replaced by three 
components acting at along the axes, together with three 
couples whose axes coincide with the co-ordinate axes. The 
force Pi, for example, is equivalent'^to Xi, Fi, 21 at and 
three couples, Z^yi - TiZi, XiZi - ZiXiy and TiXi - Xiyi. 
Adding the components of the forces, and also the axes of 
the couples, in the directions Ox, Oy, and Oz, the whole sys- 
tem of forces is equivalent to 

the force SX along Ox, 

„ 2F „ Oy, 

and „ SZ „ Oz; 

and the system of couples is equivalent to 

the couple S {Zy - Tz), or i, in the plane yz, 

„ S (Xs - Zx), or Mj „ zxy 

and „ ^{Yx- Xy), or iV, „ xy, 

(Of course the axes of X, Jf, If are drawn along the axes of 
iP, y, and a, respectively). 

Hence if i2 be the magnitude of the resultant of transla- 
tion, 

iJ= y(SX)* f (SF)* + (SZ)»; 
and if (t be the magnitude of the resultant couple, 

SX S F S2 

The direction-cosines of JJ are -^-, -^-, and -^ ; and those 

of Q are ^, ^, and ^. 

Thus, any system of forces acting on a rigid hody can he 

replaced by a single resultant force acting at an arbitrary origin^ 

ifAemoffnitude and direction of this force being the same for aU 
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criginSj and a single resultant couple whose magnitude and direc- 
tion are both dependent on the origin chosen. 

It has been already remarked (Art. 126) that (7 is not 
only the axis of the resultant couple (corresponding to a re- 
sultant force acting at 0), but also the sum of the moments of 
the forces about a line at drawn in the direction of Q ; and 
since the axes of couples have been proved to~ follow the 
parallelepiped and parallelogram laws, it follows that the 
sum of the moments of the forces about this line is greater 
than the sum of their moments about any other line at ; 
and also that the sum of the moments of the forces about any 
other line through is the resolved part oiO in the direction 
of this line. 

Remark. — The magnitude and direction of O are constant 
at all points along the same right line parallel to R. For 
R may be supposed to act at any point in this line, and the 
vector G may be moved paralled to itself to the point at which 
R is supposed to act. 

132. Poinsot's Central Axis. — ^Any system of forces acting 
on a rigid body has been proved to be equivalent to a single 
resultant force, jR, acting at an arbitrary origin, 0, and a 
single resultant couple, O. Let be the angle between R 
and G^ and resolve G into two components, OK and On (fig. 
190) along and perpendicular to jR, 
respectively. On is the axis of a couple 
in the plane ROx^ perpendicular to On. 
Now let each force of this couple be 
made equal to i2, and the arm, OP, is 

consequently equal to -^ ; that is, 



OP^ 



G sin 




(0 



Fig. 190. 



One of these forces may be applied at to destroy the 
resultant, i2, at this point, and there finally remains a resul- 
tant force, J2, at P along PT (parallel to OJK), together with 
a couple whose axis is OK, or G cos 0. Denoting OKhy K, 
we have then 

JT = (? cos 0. (2) 

p 2 
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The axis OKmAj^ of course, be drawn at P along PT [(a). 
Art. 126]. 

Hence the whole system of forces is equivalent to a resultant 
force equal to It acting along the linePT and a couple in a plane 
perpendicular to this line. 

The Kne PT thus determined is called Poinsofs Central 
Axis. 

To construct Poinsofs Central Axis for any system of 
forces — Reduce the forces to a resultant force^ ORy acting at any 
origin^ 0, and a couple whose axis is OG ; then on a lineperpen^ 
dicular to the plane of OR and OG measure off a length, OPy 

equal to — 5— ^> where 6 is the angle between OR and OG. A 
Ji 

line through the point P parallel to OR is the required Central 

Axis. 

133. Theorem. — ^A given system of forces has but one 
Central Axis. 

This, which is sufficiently evident from the preceding 
construction, may be proved ex absurdo thus : — 

Whatever origin be chosen, the resultant force acting at 
it is constant both in magnitude and in direction. Now, if 
it be possible let the system of forces be equivalent to a re- 
sultant R acting at and a couple whose axis is OK, and 
also to a resultant force R acting at (/ and a couple whose 
axis is 0^K\ the lines OK and OK^ being, of course, in the 
direction of R. Now it is evident that the force JB at and 
the couple OK should equilibrate the reversed force R and 
reversed couple ffK^ at (/. But the couples give a single 
couple, OK -' ffK\ and the forces give also a couple which, 
being in a plane perpendicular to the first couple, cannot with 
it produce equilibriimi. Therefore, &c. 

Since this axis is unique, equation (2) of the last Article 
shows that for all origins the quantity G cos ^, or the projec- 
tion of the axis of the resultant couple along the direction of the 
resultant force is constant. 

134. Theorem. — ^The sum of the moments of the forces 
roimd Poinsot's Axis is less than the sum of their moments 
roimd any other axis of principal moment. (Since for any 
origin, 0, the sum of the moments round OG is greater than 
the jBum of the moments round any other line through O 
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(Art. 131), OG is called the Axis of Principal Moment 
a.t 0). 

Let Oz (fig, 191) be Poinsot's Axis and OK (= K) the 
moment of the forces round it. Let (/ be any point in the 
body, and let it be proposed to find 
the principal moment at this point. 
(XO is a line drawn through (j per- 
pendicular to Poinsot's Axis. At ff 
introduce two equal and opposite 
forces, (/R and C/Ky each = R, Then 
OR and &K form a couple, whose 
axis ffn is perpendicular to the plane 
iJOO'iJ' and equal to i?.0(y. Trans- 
fer the axis OK to ffK' (Art. 126), 
and draw the diagonal, (XG^, of the 
rectangle determined by &n and 
aK\ Then ffG (= G) is the axis ^ ^^«- '^i. 

of principal moment at (/, and it is evidently > &K\ Hence 
Poinsot's is the least principal moment. 

135. Problem. — ^To find the surface traced out by the 
axes of principal moment at points taken along a right line 
intersecting Poinsot's Axis perpendicularly. 

Let Ox be the assumed Hue, and let it be taken as axis of 
-jr, Poinsot's Axis being that of s. (It will be observed that 
&n has been drawn according to the rule of (/3), Art. 126). 
lict Off = a?, and let y and z be the co-ordinates of any point 
on ffG. Then if = the angle GOK'^ we have 







- = cot = 

y 



Gn 



K 



On R . X 



or 



xi 



K 



an equation which denotes a hyperbolic paraboloid. As the 
point Of moves out from along Oxy the axes revolve towards 
the right ; as O moves in towards 0, they revolve towards 
the left; and after coincidence with Poinsot's Axis at 0, they 
revolve towards the left. At an infinite distance from the 
axis of principal moment is at right angles to Poinsot's 
Atxis. 
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Let it be proposed to find the stirface traced out by 
the axes of principal moment at points taken all along 
an arbitrary curve in a plane perpendicular to Poinsot'a 
Axis. 

Let Q be any point on the curve whose equation in the 
plane xy\&f[x^y) = o, and let (ay /3) be the co-ordinates of 
Q, and the point in which Pomsot's Axis meets the plane 
of xy. Then the axis of principal moment at Q is constructed 
by drawing QiV, in the plane xy^ perpendicular to OQ^ taking 
on QN a length = R . OQ, drawing at Q a perpendicular to 
the plane xy equal to K^ and constructing the diagonal of the 
rectan&:le determined by these two latter lines. Suppose P 
to be Ly point on the "axis of principal moment at^Q, and 
let N be the projection of P on the plane ocy. The co- 
ordinates of P being a?, y, 2, it is clear that 

^^^ ^ R.OQ 

QN = s tan = — ^;— . 2. 

If fl is the angle made by QN with the axis of ir, 

a-x+ QN cos 

R . OQ cos e 

— ^ + = . c, 

or 

Rz 

a-^x + 'j^.li. (i) 

Similarly 

= 2^-^-«- (2) 

Solving these equations for a and j3, we have 

R R 
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Hence, sinoe/(a, /3) = o, we have 

R R 

A ;gj— . ^7— I = o, (4) 

I + - -„ S* I -^ -T^„ Z^ 



2 





K"" K 



which is the equation of the surface traced out. 

136. Theorem. — ^A system of forces can be /reduced to two 
forces in an infinite number of ways. For they can be re- 
duced to a resultant force, i2, acting at any point, together 
with a couple. Now the forces of the couple can be made of 
any magnitude by varying its arm ; and one of them can be 
combined with R. There will then remain the resultant of 
jB and this force together with the remaining force of the 
couple. Therefore, &c. 

137. Theorem. — ^When a system of forces is reduced to 
a pair of forces represented in magni- 
tudes and lines of action by two right 
lines, the volume of the tetrahedron 
formed by these lines is constant, hoTs- 
ever the reduction is made. 

Let the system of forces be reduced ^\ 
to P and Q, and let these be supposed 
to act at the extremities, A and By of 
the shortest distance between them. 
Now to get the force and couple corre- 
sponding to the origin -4, inixoduce at 
this point two opposite forces, AQ and -4Q', each equal and 
pariEdlel to Q. 

Compoimding P and Q we get the resultant force, R ; 
and taking the forces Q at J? and Q' at ^ we get a couple 
whose axis, ^69^, is at right angles to the plane QBAQf and 
equal to Q . AB. Since AB is perpendicular to both P and 
Q, it is clear that AG is in the plane QAP and at right 
angles to ^Q. 

Now since (Art. 132) (? cos ^ = K, we have 

Q.AB.f^m QAR^ K. 
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P 

But sin QAE = -^ . sin PAQ, Hence 

It 

P. Q.AB. sin PAQ = K. R. 

Now the volume of the tetrahedron formed by the lines 
AP and BQ 

= ^ area ABQ x perpendicular from P on the plane ABQ ; 

= iBQ.ABxAP. sin PAQ ; 

= i P. Q.AB. Bin PAQ. 

Hence if A denotes the volume of the tetrahedron, 

This theorem has been proved in various ways. For an 
elegant demonstration by Mobius, see Crelle^s Journaly vol. 
iv., p. 179, or Jullien's Problimes de Micaniqvs Rationnelky 
vol. i., p. 71. 

138. Symmetrical Beduction of a System, of Forces. — ^A 
system of forces can be reduced to two forces equal in magni- 
tude, equally inclined at opposite sides to Poinsot's Axis, and 
equally distant from this axis. 

This is what Thomson and Tait call the Symmetrical Case 
(Nat. Phil., p. 418). 

Suppose the forces replaced by R acting along Poinsot's 
Axis, Ozy and a couple K. Take any point, ff (fig. 191) ; 
draw (70 perpendictdar to Oz and produce it to O^so that 
ffO = 0(y\ Let R acting at be replaced by ^R acting at 
(7 and ^R acting at 0". Also let the forces of the couple 
act at ff and 0" ; for this purpose these forces must each be 

made = — . x beinsr OCf. Now the resultant of \R and • — 



at (/ is a force = \ \R? + --^, acting towards the right, 

and the resultant of \R and — at 0" is a force of the same 
magrnitude acting towards the left of the figure. 
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If 01 is the angle made with Poinsot's Axis by these new 
forces at (X and 0", 

If we choose x so that — = v^3 -B, each of the two symmetri- 

cal forces is equal to jR, and they are inclined at an angle of 
60° to Poinsot's Axis. 

139. Analytical Condition for a Single Resultant. — ^We 
have just seen that a system of forces acting on a rigid body 
is, in general, equivalent to two forces. Let the forces be 
replaced by a single resultant force, i2, acting at an arbitrary 
origin, 0, and a couple G. Now the direction cosines of R 
referred to axes Ox^ Oy^ and Os, are (Art. 131), 

^' ~R' ^"""^ ":« ' 

and those of O are 

L M N 

& G' ^"""^ G' 
Hence, if ^ is the angle between G and -B, 

cos ^ = ^^ . (i) 

Now if the resultant couple is in a plane containing jB, 
one of its forces can be made to destroy JB, and there will 
remain a single force ; but if G and 22 are not at right angles 
to each other, the system of forces cannot be equivalent to a 
single force. 

The required condition is, therefore, cos ^ = o, or ' 

iSX + irsF+iV^Z=o, (2) 

provided that SX, SF, and SZ do not all vanish ; for if they 
do, R will also vanish, and will be illusory. In fact, in 
this case, since X, M^ and N alone exist, the system of forces 
is equivalent to a couple. 
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140. Theorem. — The quantity i2X + M^Y ■{■ N^Z ha» 
the same value for all systems of rectangular axes assumed 
anywhere in space. 

From (i) of the last Art., it = jB . (? cos ^, or iZ . K^ where 
iris Poinsot's moment (Art. 132). 

Hence, if this quantity vanishes for any one set of axes^ 
the force and the axis of the accompanying couple corre- 
sponding to any origin are at right angles. 

The value of tins quantity can be exhibited in another 
form which also shows that it is independent of any particu- 
lar set of axes. 

Substituting for i, My and N the values (Art. i3i)> 
S {Zy - Yz)y &c., the expression becomes 

(Zi^i - YiZi + ^2^2 - F2Z2 + . . . ) (Xi + Xa + . . . ) 

+ (XiZi - ZiXi + X2Z2 - Z^2 + . . . ) (Fi + F2 -h . . . ) 
+ {YiXi - Xiyi + Y^z-Xiy^+ . . . ) {Zi + Zi +...); 

or, substituting for Xi, !Fi, Zi, . . . in terms of the forces 
Pi, . . . and their direction-cosines, 

[Pi (yi cos 71 - 2i cos j3i) + P2 (ya 00s y, - 22 cos jSa) + . . . ] 

(Pi cos fli + Pa COS Oa + . . . ) + &C. . . . 

It is clear at once that the terms Pi'*, Piy . . . disappear, and 
the products P1P2, P1P3, • . . alone remain. 

Collecting the coefficient of PiPa as a typical term, we 
have 

PiPa[(iri - 0^) (cos j3i cos 73 - cos yi cos jSa) 

+ (yi - ya) (cos yi COS Oa - COS Oi COS ya) 
+ (Si - 2a) (cos Of COS j3a - COS /3i COS Oa)]- 

Now (see Salmon's Oeometry of Three Dimensions, p. 31, third 
edition, or Frost's Solid Geometry, p. 39) if (Pi, Pa) denotes 
the angle between the directions of the forces Pi and Pj, the 
quantity in brackets = dn.em (Pi, Pa), di2 being the shortest 
distance between the lines of action of the forces. 
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Hence 
iSX + JfSF + iV^Z = SPi P3 . d,^ . sin (Pi, Pz). (i) 

Again (Art. 137) the term involving P1P2 on the right 
side of (i) denotes six times the tetrahedron formed by Pi 
and P2 ; therefore the quantity on the left side is equal to- 

six times the sum {with their proper signs) of the — tetra- 

hedra which can he formed out of the pairs of lines representing^ 
the n forces Pi, P2, . . . Pn- 

This sum has, of course, no reference to any set of axes, 
and hence the necessarily invariant nature of iSX + M^Y 
+ iV^Sf 

With regard to the sign to be given to any tetrahedron 
of the system, we define that — 

The moment of a force with regard to a line is the component 
of the force perpendicular to the line multiplied hy the shortest 
distance hetween the force and the line. 

Hence Pi . dn . sin (Pi, P2) is the moment of Pi about 
the line of action of P2. Now to determine the sign which 
must be given to any tetrahedron, let a watch be placed so- 
that the direction in which either force acts passes perpendi- 
cularly from the back up through the face of the watch. If 
then the other force tends to produce rotation in the direction 
in which the hands rotate, the tetrahedron is to receive a 
negative sign, and if the rotation is the other way, a positive 
sign. 

141. Conditions of equilibrium of a Body acted on by any^ 
Forces. — ^The forces having been reduced to a resultant of 
translation, P, acting at any point, together with a corre- 
sponding couple, Oy since a force and a couple cannot con- 
jointly produce equilibrium ( (c), Art. 126) it is necessary that 

P = o and G = o. 

Substituting the values of R and O given in Art. 13 1, we see 
that these two are equivalent to the K)llowing six conditions : 

SX=o, SF=o, 2Z=o, 
X = o, -3f=o, iV=o, 
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Examples. 

1. When three forces keep a rigid hody in equilibrium, they must be co* 
planar and concurrent. 

Let the forces be P, Q» and R. Then the sum of their moments about every 
•axis is zero. Take any point, p, on F and from it draw a line meeting Q in the 
point q, suppose. Then, since two of the forces have zero moments about this 
line, llie moment of the third force, R, about it must = o ; that is, this line in- 
tersects Ri in the point r, suppose. 

Let another line be drawn through p meeting Q in q'. Then, as before, this 
line must meet Rin.dk point, r\ Now since two points on each of the lines Q 
«nd R lie in the plane of the lines pqr and pq'r\ the lines Q and R must both 
lie in this plane. 

Again, drawing any two lines across Q and Ry each of these lines must in* 
tersect P; that is, F has two of its points in the plane of Q and R, and P, there- 
fore, lies in this plane. 

Finally, taking moments about the intersection of Q and R, we see that P 
must pass through this point. 

2. A rigid body is acted on by forces represented in magnitudes and lines of 
miction by t]be sides of a gauche polygon taken in order ; prove that the forces 
are equivalent to a couple, and that the sum of their moments about any line is 
represented by double tiie projection of the area of the polygon on a plane per- 
pendicular to the line. 

Let the forces be represented by the lines AB^ BC^ CD, . . . (fig. 193), and 
let OQ be any axis. 

On the axis take any point, 0, and reduce the forces to a resultant, jB, of 
translation at this point, together with a couple, Gy 
(Art. 131). This is done by introducing at two D 

forces parallel and equal to AB in opposed direc- ^^^T\ 

tions, two equal and opposite to BG, &c. Now 2 ^ 
(Art. 125) the resultant of translation vanishes, and A 
the component couples are represented by double / *\ 
the areas of the triangles OAB^ OBC, &c. If the / I 
axes of these couples are drawn at 0, the sum of / 
the moments of the forces about OQ, will be repre- /,»''' 
sented by the sum of the components of the axes ^""^^.^^^ 
■along OQ ; but this is the same as double the sum ^^^>>,^»^ y^ 

of the projections of the areas of the triangles on a ; ]o'^ 

plane perpendicular to OQ ; that is, the moment ^ 

•about OQis represented by double the projection iig. 193, 

of the area of the polygon on a plane perpendicular 
to OQ, 

Again, since G is the greatest moment round any axis through (Art. I3i)» 
it follows that the axis of the resultant couple is the line perpendicular to the 
plane on which the projected area of the polygon is a maximum. 

3. When the resultant of translation vanishes, the forces will be in complete 
•equilibrium if the sums of their moments round any three non-coplanar axes are 
separately equal to nothing. 

For if X be the moment round the axis of x, the moment, X', round a parallel 
4ais through the point (a, fi, 7) is X + 7 ST- fiXZ. Hence X' = X, M' = Jf, 
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N' — N\ and since tlie moment round an axis througli (a, i3, 7) making angles 
A, /i, V with the axes of co-ordinates is L' cos A + Jf' cos /u + N' cos v, it follows 
that the moments round all parallel axes are equal. For the three axes of 
moments we may take, therefore, three lines through the origin making angles 
(Ai, /ii, v\)i (A2, /U2, V2)y and (A3, /us, i^s) with the ajes of co-ordinates. Suppose 
then tiiat 

L cos \i-\- M cos fii + N cos v\ = o, 

L cos \z-\- M cos /tt2 + i^ cos 1^2 = o, 

and L cos A3 + if cos /us + JV cos vs = o. 

These require either that Z = M—N=o, or 

cos Ai, cos fiif cos Vi 

cos A2, cos fl2, cos 1^2 = O. 
COS A3, COS /us, cos V3 

The latter condition requires that the three axes of moments be in one plane. If 
they are not coplanar, we must have Z = Jf = iV= o, i.e., the forces are in 
eqmlihrium. 

4. A tetrahedron is acted on by forces applied perpendicularly to the faces 
at their respective centres of gravity. If the force applied to each face is pro- 
portional to the area of that face, prove that the tetrahedron is in equilibrium,, 
the forces being supposed to act all inwards or all outwards. 

Let Aj Bf Cf J), be the vertices of the tetrahedron and denote the areas of 
the faces opposite these vertices by -4i, ^1, Ci, Di, respectively. Denote also 

A 
the angle between the faces Ai and ^1 by AiBi, Then evidently 

AAA 
Ai = Bi cos AiJBi + Ci cos AiCi + Di cos AiJ)i ; 

or if the forces perpendicular to the faces are denoted by P, Q, i?, S, 

AAA 
P - Q . cos PQ- i2. cos Pi2 - iS. cos FS = o, 

I 

which shows that there is no resultant force in a direction perpendicular to the 
face Ai ; similarly there is no resultant force in directions perpendicular to the 
other faces ; therefore the resultant of translation vanishes. 

To show that there is no resultant couple, let each force be replaced by three 
equal forces acting at the angles of the corresponding^ face. Thus the force P 
is to be replaced by three forces each equal to ^P acting at the points P, C, D 
perpendicularly to the face BCD. Let us calculate the sum of the moments of 
the forces about the edge BC. For this purpose, let the forces }Q and ^E at J) 
be each resolved in the direction of the force \P at this point, ». e.j perpendicu- 
larly to the face BCD. Supposing the forces to act outwards, the components 

A A , 

of JQ and JP are - JQ • cos FQ and - JP . cos PP ; therefore the sum of the 
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moments of Uie forces at D about BO is proportional to 

A A 

{Ai - Bi . cos AiBi - Ci . cos A\C\)p\ 



or 



I)\.p* . cos AiDif 
or, again, Di .p, 



p' being the perpendicular from D on BCy andp the perpendicular from D on 
the base ABC. But this last expression is three times the Yolume of the tetra- 
hedron. In the same way, the sum of the moments of the forces atAia repre- 
sented by three times the volume of the tetrahedron, and as these moments are 
in opposite directions, the forces have no moment round the edge BC, and simi- 
larly no moment round any of the edges. Hence by the last example they are 
in equilibrium. 

For another simple method of proof see Collignon's Stattque^ p. 354. 

5. Prove that a solid body of any shape is in equilibrium if it is acted on 
throughout its surface by normal forces, each force being proportional to the 
superficial element on which it acts. 

One very simple method of proof consists in imagining a surface precisely 
'equal and similar to that of the given body to be traced out in a weightless fluid 
which is subject to any pressure. 

6. Forces perpendicular and proportional to the areas of the faces act at the 
•centres of the circles circumscribing the faces of a tetrahedron ; prove that they 
■are in equilibrium, if they all act inwards or outwards. 

They meet in the centre of the circumscribed sphere. The proposition is 
^evidently true also for any polyhedron bounded by tnangular faces. 

Taking the results of this example and example 3 together, we see that forces 
proportional to the areas and perpendicular to tiiem are in equilibrium if they 
act at the orthocentres of the triangular faces of any polyhedi'on. 

7. Find the force necessary to keep a heavy door in a given position, the 
linge line being inclined to the vertical and the hinges smooth. 

Let i be the inclination of the hinge line to the vertical, and a the given 
inclination of the plane of the door to the vertical plane containing the hinge 
line. Then if W is the weight of the door, a the distance of its centre of gravity 
from the hinge line, and 9 the angle between the normal to the plane of t£e door 
And the vertical, the moment of the weight about the hinge line is 

Waeo&O. 

This is the moment of the required force. To find 9, 
let lines parallel to the hinge line and the vertical be 
'drawn through any point, (7, and through this point let 
a plane be drawn parallel to the plane of the door. Round 
let any sphere be described ; let Fand L (fig. 194) be 
Uie points where these lines meet the sphere; BL the 
•circle in which the plane of the door intersects the sphere, 
and N the point in which the normal, ON^ to the door 
intersects it. Then VL = t , LDLV^ a, and NV= 0, 
and we have from the spherical triangle VDL Fig. 194.. 




■or 



sin VD s sin f sin a, 
cos = sin i sin a. 
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since JV is the pole of DZ, Hence the moment of the required force is 

Wa sin t sin a, 

«nd when its point of application and direction are known, its magnitude is 
therefore known. 

8. A heam can turn in every direction about one end which is fixed ; the 
other end rests on a rough inclined plane. Find the limiting position of equili- 
brium. (See "Walton's Mechanical Froblems, p. 191, third option.) 

Let AB (fig. 195) be the beam, A the fixed end, LFH the rough inclined 
plane, FS the intersection of this plane with a horizontal plane tlLroiigh A, 
AFD the vertical plane through A perpendicular to the inclined plane, BD a line 
parallel to FH, AO a, perpendicular £ron) A on the inclined plane, DQa. perpen- 
^cular on the horizontal plane, t the inclination of the plane, a the angle, ABO, 
between the beam and this plane, and fi, the coefficient of friction. 

Now suppose first that the beam is perfectly 
inelastic. Then the end B describes on the in- j^/ 

«lined plane a circle whose centre is 0, and if y^V 

it is about to slip, the force of friction assimies y_J-^B 

4 direction perpendicular to OB in the inclined > — !!k^ 

plane. The extreme position of the beam will ,- — — -^""^X -^' 
be denoted by the angle, 9 or DOB, between ^ \ Z^^^^vT 

the plane, AOB, through the beam normal to ^^\^ /x'' ' ^*^tr 

the mclined plane and Ihe vertical plane, AOL, **^^'''' 

The forces acting on the beam are its weight, O 

the reaction of the smooth joint at A^ and the "Eir. iqc. 

total resistance of the inclined plane at B, This 

last force we shall consider as composed of a normal reaction, R, and a force of 
friction, fiR, acting perpendicularly to BO. For the equilibrium of the beam 
take moments about a vertical axis through A, The moment of the normal 
reaction at ^ is i2 sin t x BD, or J? sin t . BO sin B, or again ^ sin t . AiB cos a 
sin B, To find the moment of fiR, resolve it into iiR cos B along BD and 
liR sin B parallel to OD ; and resolve this latter again into a horizontal com- 
ponent, fiR sin B cos i, and a vertical component, fiR sin B sin t. The moment 
of i/lR is then equal to the sum of the moments of fiR cos B and fiR sin 9 ops > ; 
that is, it is equal to 

fiR cos B X AQ + /il^ sin 9 cos t x BD, 

Hence the equation of moments is 

R (sin t - /u cos i sin 9) ^D = jxR cos B,AQ, 

AO 

But AQ^AP-^-FQ^ -7-^ + (OD - OP) cos i 

sm I ' 

AB .»\n a .- . ^ .^ . 

+ AB cos t cos a cos 9 - AB sm a cot t cos % 



sin i 



= AB (sin t sin a + cos % cos a cos B) ; 
therefore 

(sin ( - /u cos » sin 9) cos a sin 9 = u cos B (sin t sin a + cos i cos a cos 9), 
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or 

or 

or, finally, 



sin t cos a sin 9 = /li cos t cos a + fi sin t sin a cos B, 
tan % tan 6 = /u \/ 1 + tan' ^ + /* tan t tan a, 



(tan H - fi^) tan ^0 — 2fi tan 't tan a tan 6 + /ix^ (tan H tan ^a — i) = o. (i) 

If there is no horizontal plane through A obstructing the beam, it will be pos- 
sible for the end B to describe a complete circle round 0. Let us inquire the 
condition that the beam should rest in all possible positions. For this tiiere 
must be no limiting position of equilibrium, or, in other words, the value of 9 in 
(i) must be imaginary. 

The required condition is, then, 

tan2»(i +Ai2tan2o)</A2, 



or 



tan i 
yi — tan^i tan ^c 



Let us next suppose that the beam is eJastiCy or that, in yirtue of a compres> 
sion of the beam, B is not constrained to move in the circle whose centre is O. 
Supposing, then, that the beam has been jammed against the plane, if the coeffi- 
cient of Motion is gradually diminished, B wiU begin to move in some other 
direction than that perpendicular to OB, and this direction will be exactly opposite 
to that in which the force of Mction acts. Now the reaction at A^ the total re- 
sistance at B, and the weight of the beam lie in one plane which must, therefore, 
be the vertical plane throttffh the beam. The total resistance at B must, moreover, 
lie inside or on the cone of friction described round B. Hence if the position 
of the beam is such that the vertical plane through it touches this cone, equili- 
brium will be at its limit, since the line of action of the total resistance is the 
line of contact of the vertical plane with the cone. 

Let the lines and planes of the figure be projected on a sphere described 
about B as centre with arbitrary radius. Then the cone of Mction will appear 
as a small circle of angular radius, NC (fig. 196) equal to A, the angle of friction 
Let JV" be the point in which the normal to the in- 
clined plane at B meets the sphere ; A, the point re- 
presenting the beam, and ACV tie vertical plane 
liirough Sie beam touching the cone of friction. 
Now the vertical line at B lies in the vertical plane, 
ACVy through the beam, and it makes an angle equal 
to i with the normal to the inclined plane. Hence, 
take a point Tin. ACV bo that NV= t, and we have 
JVF, the circle answering to the vertical plane through 
B normal to the inclined plane (a plane which is 
parallel to the plane AFD, fig. 195). In the spheri- 
cal triangle NFC we have, then. Fig. 196. 

sin NV. sin NVC= sin NC, 
or sin t sin = sin \ 




sin A 
.'. sin 0,= - — . 
sin 




Examples, 225 

This second solution supposes that the only condition to which the total reaiat" 
ance is subject is that of making with the normal an angle not greater than the angle 
of friction. The supposition of perfect rigidity, on the contrary, restricts the 
direction of the force of friction in the inclined plane, making it perpendicular 
to the line OB. 

9. A heavy elastic heam rests on two rough inclined planes whose intersect 
tion is a horizontal line. Show that every position of the heam may he one of 
equilibrium if the inclination of each plane is less than the angle of friction for 
that plane and the beam. 

Let A (fig. 197) be one end of the beam, AN the normal to the plane on 
which A rests, and A V the vertical at A. Then if the beam is suMciently 
elastic, it may be jammed against the planes, and the only 
condition to which the total resistances at its ends are subject 
are the conditions of making with the normals angles not 
greater than the corresponding angles of friction. Hence 
in the extreme position in which the end A is about to slip, 
the vertical plane through the beam must touch the cone of 
friction described round the normal, AN. But this is mani- 
festly impossible, since the angle A. is > VAN ; for the ver- 
tical line is included within the cone, and through this line 
no plane can be drawn to touch the cone. There can, there- 
fore, be no limiting equilibrium at either end in any position Fig. 197. 
of the beam. 

10. A particle is acted on by any number of given forces. Pi, J*2, • . . ; prove 
that if jS is their resultant, 

J22 = %{F^) + 25 (Pi . P2 cos P1P2), 

where P1P2 denotes the angle between the directions of Pi and P2. 

11. Prove that a system of forces acting on a rigid body may be replaced by 
two equal forces whose lines of action are perpendicular to each other, and each 
inclined at an angle of 45^^ to Poinsot's Axis : the forces act at the ends of a line 

bisected by this axis ; the length of this line is -^, and each force is — , J2 being 

-« V2 

the resultant of translation, and K Poinsot's moment. 

13. Prove that the distance between the lines of action of the two forces 
which equivalently replace a given system of forces is a minimum when the 
forces are equal and their directions perpendicular. 

13. Prove that the central axis of two forces divides the shortest distance 
between them into two parts which are inversely proportional to the components 
of the two forces along the direction of their resultant. 

14. ABCD is a tetrahedron ; forces P, Q, J?, act along the edges PC7, CA^ AB^ 
in order, and forces P\ Q\ K act along ^1), BDy CD ; prove that the condition 
for a single resultant is 

FP' QCt BB' 



BC.AD CA.BD AB .CD 

15. A rough heavy body, bounded by a curved surface, rests upon two others 
which themselves rest on a rough horizontal plane ; show that the three centres 
of gravity and the four points of contact lie in one plane. 

[Dublin Scholarship Examination Papers^ 1S70.) 
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1 6. A heaTj beam rests on two smooth inclined planes ; show that their line 
of intersection must be perpendicular to the beam and parallel to the horizon. 

17. Proye that the moment of a force represented by the right line FQ about 
a right line AB is six times the tetrahedron ABFQ diyided by AB, 

18. Three equal heayy spheres hang in contact from a fixed point by strings 
of equal length ; find the weight of a sphere of given radius which when placed 
upon the other three will just cause them to separate. 

Am, If W and a be the weight and radius of each of the three spheres, 
W and r the weight and radius of the superincumbent sphere, 
and / the length of each string, 



W hf^ + 6ar - a* 






10. Three spheres are placed in contact on a rough horizontal plane, and a 
fourth sphere is placed upon them, there being no friction between the spheres 
themselves. Show that equilibrium is impossible. 

20. Three equal spheres are placed in contact on a rough horizontal plane, 
and a fourth sphere is placed upon them, theie being friction between the spheres 
themselves. Find the least coefficient of friction between the spheres which will 
allow of equilibrium. 

Ant, If a is the radius of each of the equal spheres and r that of the super- 
incumbent sphere, the least value of A., the angle of friction, is 
given by the equation 

2 a 
sin 2X = -— . 



V3 « + *• 

(The total resistance between the upper sphere and any one of the lower spheres 
must be capable of acting through the point of contact of the latter and the 
ground). 

21. Three forces whose lines of action are given, but not their magnitudes, 
have a single resultant. Prove that the surface traced out by the line of action 
of the resultant is a hyperboloid of one sheet. 

(Draw any three lines across the giyen lines of action. Then the line of 
action of the resultant must always intersect these three). 

N. B. — In figure 190, Poinsofs Axis, PT, should in accordance with the rule 
of (/3), Art. 126, be drawn at a point on Uie production of xO backwards through 
0, Its position in the figure requires OQ to be drawn at the left of OR, as ti^e 
student will easily see. This error in the figure was detected too late for correc- 
tion. 
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CHAPTER X. 

CENTRES OF GRAVITY. 

Section I. 

Investigations which do not involve Integration. 

142. Employment of the term Centre of Gravity. — The 
centre of gravity of a body has been defined (p. 92) as the 
centre of a system of parallel forces acting on the elements of 
its mass, each force being proportional to the element of mass 
on which it acts. If the force acting on a unit of mass is de- 
noted by w, the force acting on dm units is w , dm. Hence 
(Art. 74) if 2r denote the distance of the element dm from an 
arbitrary plane {yz), the distance of the centre of gravity of 
the whole body &om this plane is 

j wadm 
j wdm 

But since w is constant, it may be taken outside the signs of 
integration, and therefore rejected in the numerator and de- 
nommator of this fraction. Hence the co-ordinates of the 
centre of gravity with reference to three arbitrary axes of 
4Pj y, and z are given by the equations* 

- J xdm - _ / ydm - J zdm 
^ " Jdm' ^ " Jdm' ^ " Jdm' 



* The point determined by these equations is eyidently nnique, and the faot 
ihat it is BO becomes a fruitful source of theorems in geometry— it ia, indeed^ 
the starting point of the Baryeentrie Calculus of Mobiua (Leipzig, 1827). 

Q 2 
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Now (see p. 95) these are precisely the co-ordinates of the 
centre of mass, or centre 01 inertia, of the body ; and it is 
evident that they have no reference to bidj force acting on the 
body. It has been abeady pointed out (p. 95) that the-sys- 
tem of parallel forces on which the existence of a centre of 
gravity depends may be purely fictitious. Hence it would be 
more proper to speak of the point determined by the above 
equations as the centre of mass than as the centre of gravity. 
But long usage has sanctioned the employment of the latter 
term, and for this reason it has been considered advisable to 
retain it in the present work. It must be remembered, then, 
that what is investigated in this chapter is, in reality, the 
centre of inertia. 

143. Theorem of Moments. — If any number of masses be 
multiplied each by the distance of its centre of gravity jBrom 
any plane, the sum of the products thus obtained is equal to 
the total mass multiplied by the distance of its centre of 
gravity from the plane. 

The centre of gravity of any number of finite masses is 
obtained in precisely the same manner as the centre of gravity 
of a number of particles. Thus, if mi and ^2 are the masses 
of two bodies of any magnitudes, their centre of gravity is 
obtained by dividing the line joining their respective centres 
of gravity in the ratio rrii : ^2, just as if two particles of masses 
nh and nh were placed at these points. 

Hence the distance, 5?, of the centre of gravity of any 
number of finite masses from any plane (that of yz) is given 
by the equation 

or M. X = Smo?, and the theorem at the head of this Article is 
merely the expression of this equation. 

It is obvious that the f ormulse which have been given for 
the co-ordinates of the centre of gravity hold whether the axes 
be rectangular or obliqm. For in Art. 73, p. 92, on which our 
formulae are founded, the distances of the points ^1, -^2, . . . 
from the line (or plane) L may be assumed to be measured in 
any common direction. 

It follows that if any plane be drawn through the centre 
o£ gravity of a system of masses, the sum of the products 
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obtained by multipljdng each mass by the distance of its cen- 
tre of gravity from the plane is zero. If the plane be that of 
{yz)y and if x' be the distance of the centre of gravity of the 
mass m from the plane, this result is expressed by the equa- 
tion 

^tnx - o. 

Given the centres of gravity, g^ and ^2, of two masses, mi and 
m2y the centre of gravity of the two as one system is a point, 

O. on the line giOi dividing it in the ratio -7^ = — . 

^ Gg2 mi 

Given the centre of gravity, G, of a mass My and also the 
centre of gravity, gi, of a portion, mi, of the mass, the centre 
of gravity, g.^, of the remainder is a point on the line giG pro- 
duced through G, such that -^ = -zr=-^ — . 
^ ' Ggi M-mi 

144. Centre of Gravity of a Triangular Lamina of Uniform 
Thickness and Density. — ^Def. Density means quantity of 
matter contained in the unit of volume. 

Let ABC be any triangular lamina of uniform thickness 
and density, and let it be divided by an indefinitely great 
number of lines parallel to the base BC into an indefinitely- 
great number of strips. Then the centre of gravity of each 
strip is its middle point ; and the middle points of all the 
strips lie on the line joining A to the middle point of BC. 
Hence the centre of gravity of the lamina lies on this line. 
Similarly, the centre of gravity lies on the line joining B to 
the middle point of CA. It is therefore the intersection of the 
bisectors of the sides drawn from the opposite angles. 

Again, the centre of gravity of a uniform triangular lamina 
coincides with the centre of gravity of three equal particles placed 
<it its vertices. 

For, the centre of gravity of the two equal particles at J5 
and C is the middle point of BCy and the centre of gravity of 
the three lies on the line joining this point to A. Similarly, 
it lies on the line joining B to the middle point of CA. 
Therefore, &c. 

If the mass of each particle is m, the centre of gravity 
■divides the line joining A to the middle ol BC in. the ratio 
2m: m, OT 2 II. Hence the centre of gravity of a triangular 
lamina of uniform thickness and density Hca on the b\;&ecloT oj atw 
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side drawn, from the opposite angle at the point oftrisection [nearest 
to tfie side) of the bisector. 

Cor. If the distances (rectangular or obKque) of the ver- 
tices of a triangle from any plane are a?i, a?2, and rrg, the dis- 
tance of its centre of gravity from this plane is •^- 

145. Centre of Gravity of a Triangular Pyramid of XTni- 
form Density. — Jjot AB CD (fi^. 198) be a triangular pyra- 
mid. Now if any vertex, 2>, be joined to the centre of gravity^ 
i\r, of the opposite face, the joining line passes through the 
centres of gravity of all triangles in which the pyramid is cut 
by planes parallel to this face. For, let abc be a section of 
the pyramid parallel to the base ABC. Draw the plane 
CNB containing the lines CJD and 
DiV; this plane bisects the base AB 
in JST, since (Arfc, 144) CiV bisects AB. 
Let the plane CNJD intersect the face 
ABB in the right line BJiBy h being 
the point in wmch this line meets ah. 
Then since in the triangle ABB, ah is 
parallel to ABy and BH bisects AB, 
h is the middle point of ah. 

Again, if the line BN meets the 
plane abc in w, the points A, n. and c, ^' o 

are in a right line. For these are ^'^' '^^' 

evidently points common to the planes CNB and abc, and 
since two planes intersect in a right line, the points A, w, c are 
in a right line — ^that is to say, w is a point on the bisector 
of the side ab drawn through c. Similarly, n is a point on 
the bisector of be drawn through a ; therefore n is the centre 
of gravity of the triangle abc (Art. 144). 

To find the centre of gravity of the pyramid, let it be 
divided by planes parallel to ABC into an indefinitely great 
number of triangular laminse. Now we have just proved 
that the centres of gravity of all these laminse lie on the line, 
BNj joining the vertex B to the centre of gravity of the 
opposite base. Similarly, the centre of gravity of the pyra- 
mid lies on the line joining the vertex A to the centre of 
^^vity of the face BCB. It is, therefore, the point, (?, of 
inteTseotioJi of lines drawn from any two vertices to the cen- 
ires of gravity ot the opposite faces. But this is exactly the 
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construction for the centre of gravity of a system of four equal 
particles placed at the vertices of the pyramid. Hence — 

The centre of gravity of a triangular pyramid coincides with 
the centre of gravity of four equal particles placed at its ver* 
iices. 

Also 

The centre of gravity of a triangular pyramid is one-fourth 
of the way up the line joining the centre of gravity of any face to 
the opposite vertex. 

For, if at the vertices there be placed four equal particles, 
each of mass w, their centre of gravity is found by joining 

D to JV^and taking ^ = ^ = 1, .-. GN = \ GD, or 

NG^INB. 

CoR. I. The perpendicular distance of the centre of gravity 
of a triangular pyramid from the base is equal to J height of 
pyramid. 

Cor. 2. If the distances (rectangular or oblique) of the 
vertices of a pyramid from any plane are a?i, a^, x^, ^4, the die- 

tance of the centre of gravity from the plane is . 

146. Centre of Gravity of a Cone of Uniform Density 
having any Plane Base. — Consider a pyramid whose base is a 
polygon of any number of sides. Then, by dividing the base 
into triangles we can consider the whole pyramid as composed 
of a number of triangular pyramids. Now (Art. 145) the 
centre of gravity of each of these pyramids lies in a plane 
whose distance from the base is one-fourth of the height of 
the pyramid; therefore the centre of gravity of the whole 
pyramid lies in this plane — ^that is, its perpendicular distance 
from the base is one-fourth of the height of the pyramid. 

Again, dividing the pyramid into an indefinitely great 
number of laminae, as in last Art., the centres of gravity of 
these laminae all lie on the right line joining the vertex to 
the centre of gravity of the base. Hence the centre of gravity 
of the whole pyramid lies on this line ; and by what we have 
just proved, it must be one-fourth of the way up this line. 
There is no limit to the number of sides of the polygon ; 
hence they may form a continuous curve. 
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Therefore — 

The centre of gravity of a cone whose base is any plane curve 
whatever is found by joining the centre of gravity of the base 
to the vertex^ and taking a point one-fourth of the way up this 
line, 

147. Theorem. — If the mass of each of a system of bodies be 

multiplied by the square of the distance of its centre of gravity 

from a given pointy the sum of the products thus obtained is least 

when the given point is the centre of gravity of the system of 

bodies. 

This theorem, which is well known in elementary geo- 
metry, adnuts of a veiy simple analytical proof. 

Let (a?, y, z) be the co-ordinates of the centre of gravity, 
Oj of the system with reference to rectangular axes through 
any point, 0, and let (a?i, yi, 21), (a?2, y^y 22), . . • > he the co- 
ordinates of the centres of gravity, Aiy ^2, . . . , of the bodies 
whose masses are ^i, ^2, • . . Then 

GA,'={x-'X,y^(^-y,y+{z-z,)\ (i) 

Similarly, 

GAo^ = (^ - x^^ + (y - ^2)' + (s - Z2)', (2) 



Multiplying these equations by ^i, ^2, . . . , and adding, we 
have 

S {m . OA^) = (^+y' + 2') . Sm - 2x . ^mx - ly . Smy 

- 2z . 2m2 + 2m {qc^ + y^ + 2'). (3) 

Now (Art. 143), 

^mx = X . 2w, 2wy = y . 2w^, 2ms = z . 2m. 
Hence (3) becomes 

2 {m . OA") = 2m {a^^y' + z^) - (P + y' + z") . ^m^ 
or 2 (m . GA') = 2(m . OA^) - OG^ . 2m, (4) 

from which equation it appears that 2 (m . GA^) is always 
less than 2 (m . OA^) by the quantity OG^ . 2m. 

It can be shown that, if r^ denote the distance between. 
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the centres of gravity of the masses nii and nhy and M the Bum 
of all the masses, 

Jf . S (m . GA^) = S {mitrhrn^). 

Pop, let the centre of gravity, G, be taken as origin. Then, 
denoting the co-ordinates of the points Ai, A2, . . . with re- 
ference to G by {xi\ 1/1, s/), {x2y y^y 22'), • • • , 

-J/S {m . GA^) =^1(^1 + ^2 + ...) {xi"^ + yi^ + 2/*) 

+ ^2 (mi + m2 + . . . ) {xi^ + i/a'* + S2'') + . . . (5) 

Also (Art. 143) 

o = niiXi + in^2 + . . . 
a = mi2// + m2y2 + . . . 
o = niiZi + W2S2' + . . . 

Squaring each of these last three equations, adding the re- 
sults together, and subtracting their sum from (5), we have 

(— — — n 2 2 \ 

a?i - ^2 + t/i-yz + Zi - 22 ; + . • • 

= mitrhrn + • • • 

= S mim2ri2^. 
Hence, fipom (4), 



^^ l^{m.OA') ^{m^m^rn') 



'J- 



M M^ ' 



under which form Lagrange expresses the distance of the 
centre of gravity of a system of bodies from a given point 
(see MScanique Analytique, p. 61). 

Equation (4) can be employed to prove the well-known 
expression for the distance between the centres of the inscribed 
and circumscribed circles of a plane triangle, viz. : 

2)^ = ii^ - zRr, 
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D being the distance between the centres, and r and R being- 
their radii, respectively. 

(Suppose a system of particles at the vertices, the mass of 
each being proportional to the opposite side. Their centre of 
gravity is the centre of the inscribed circle. The remainder 
is left to the student as an exercise). 

Examples. 

I. To find the position of the centre of gravity of the frustum of a pyramid. 

Let the frustum be formed by the removal of the pyramid abcD (fig. 198) 
from tbe whole pyramid ABOL ; let h and B. be the perpendicular heights of 
these pyramids, respectiyely ; and let m and M denote tiieir masses. 

Now if the perpendicular distances of the centres of gravity of the pyramid 
ABCD, the pyramid dbcD, and the frustum, from the base ABC he denoted by 
£1, Z2j and z, respectively, we have (Art. 143) 

Mzi = mz2 + {M"— m) z, (i) 

H h 

But 21 = — , «3 = - + if — A = IT — }A. Also the masses of the pynunida are to 

4 4 

each other as the cubes of their heights ; therefore (i) gives 

— = A3 (IT - }A) + (^3 - h^)z, 
4 

or 4(JI3 - A3) 2 = JT* - 4J5rA3 + 3A* 

= (jr- A)2(^2 + 2^A + 3A2) 



. • 



z = . — • (%\ 



4 • if2 + irA + A« 



Instead of the heights we can use the square roots of the areas of the base?, 
to which the heights are proportional. If these ai*eas are denoted by A and a^ 
we have 

JSr- A A + 2 V5a + 3a 

' I~-V nr ' (3> 

4 A + 2 wAa + a 

The centre of gravity, Q\ of the frustum obviously lies on the line iV/» 
(fig. 198) between iVand G; and (3) evidently gives 

4 ^ + VAu + a 

It is clear that the position of the centre of gravity of the frustum of a oone 
Btandrng on any plane base is also given by these equations. 
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2. To find the centre of gravity of a board of uniform thickness and density 
whose figure is that of a quadrilateral. 

Let ABCD be the quadrilateral; draw the line AC^ which divides the quad- 
rilateral into two triangles ; let L and M be the centres of gravity of the triangles 
^^(7 and ADC^ respectively ; and let the line LM meet ACin N, 

Then the centre of gravity of the quadrilateral is a point, (?, on LM such 
MG __ area ABC _ area ALC _ perp. from L on AC _ LN 

LG Sire&ADG area -4i¥C7 perp. from if on -4 C MN * 
MG LN 

MG = LIT, 

The centre of gravity is therefore found by taking a point, G, on LM, such that 
MG = LN. 

Another construction. The student will find little difficulty in proving thfr 
following construction. Draw the diagonals AC and BD^ meeting in the point 
O. On AC take a point C", such that AC = CO, and on BD take a point B\ 
such that I>B' = BO, Then the centre of gravity of the quadrilateral is tho^ 
centre of gravity of the triangle B'OC, 

3. From a triangular board of uniform thickness and density the portion 
constituting the area of the inscribed circle is removed ; prove that the distance 
of the centre of gravity of the remainder from any side (a) is 

A 2*3 — 3^^A 
^as ' a- — irA * 

A being the area, and 8 half the sum of the sides, of the board. 

4. If a tetrahedron be formed by the centres of gravity of any four masses^ 
prove that each mass is proportional to the tetrahedron standing on the opposite 
face and having for vertex the ccmmon centre of gravity of the masses. 

5. If at the vertices of a triangle there be placed three masses each of which 
is proportional to the opposite side of the triangle, prove that their centre of 
gravity is the centre of the circle inscribed in the triangle. 

6. Prove that the centre of gravity of a system of uniform bars forminpr a 
triangle is the centre of the circle inscribed in the triangle formed by the middle 
points of the bars. 

7. A figure is formed by a right-angled triangle whose sides are a, 3, and^, 

and the squares constructed on these sides ; find the distance of the centre of 

gravity of this figure from the greatest side (c), 

ah ic^ - sab 

Ana, — . — r — . 

ic 4c* + ab 

8. Prove that the centre of gravity of a trapezium divides the line joining^ 

the middle points of the two parallel sides in the ratio 7, the lengths of 

2a 4- 

these sides being a and b. 

Prove also the following construction for the centre of gravity : — 

The vertices, in order, being AyB,Cf 2), and the parallel sides AB and CD, 

produce BA to A\ and AB to J?', so that AA' = BB' = CD ; also produce DC 

to CT, and CD to D\ so that CC = DD' = AB ; then the point of intersection of 

ui'C and B'D* is the required centre of gravity. 
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9. A right line passing through a fixed point intersects two fixed right lines ; 
find the locus of the centre of gravity of the triangle formed hy the yariahle line 
and the two fixed lines. 

Ans, If the co-ordinates of the fixed point with reference to the two fixed 
lines as axes are a and b, the locus is the hyperhola 

(3^ - «) (sy - *) = «*. 

10. If the right line in the last example, instead of passing through a fixed 
point, cut off a triangle of constant area, find the loctis of the centre of gravity 
of the triangle. 

Ans, If m is the angle hetween the fixed lines, and k^ the constant area, 
the locus is the hyperhola 

3a;y sin w = ik^. 

11. From a sphere of radius It is removed a sphere of radius r, the distance 
hetween their centres heing c ; find the centre of gravity of the remainder. 

Ans. It is on the line joining their centres, and at a distance -r-^ — -3 from 
the centre. 

12. Every hody has one and only one centre of gravity. Hence show that 
the lines joining the middle points of the opposite sides of a quadrilateral hisect 
each other. 

(Consider four equal particles at the vertices). 

13. From the vertices of a given triangle let perpendiculars he drawn to the 
opposite sides. Find the distances of the centre of gravity of the triangle formed 
hy the feet of these perpendiculars from the sides of the given triangle. 

Ans, The distance from the side a is J a sin ^ cos (B — C), 

14. A thin uniform wire is hent into the form of a triangle ABCy and par- 
ticles, of weights jP, Q, B, are placed at the angular points AyB^C, respectively ; 
prove that if the centre of gravity of the particles coincides with that of the wire, 

F: Q : B - b -{■ e : c + a ', a ■\- b, 

fWolstenholme's Book of Mathematical Problems, p. 257). 

15. Find the centre of gravity of the triangle formed hy the points in which 
the hisectors of the angles of a given triangle meet the opposite sides. 

Ans, If A denote the area of the given triangle, whose sides are a, d, e^ the 
distance of the centre of gravity from the side a is 

2a -^ b -^ e 

2A 



(a-vb) (a + c) 



16. A uniform wire of given length is formed into a triangle of which one 
angle is given ; find the locus of the centre of gravity of the wire referred to the 
sides containing the given angle as axes. 

Ans, If C is the given angle, and 4/ the length of the wire, the locus is 

the ellipse 

C C 

(/-iP-y)2+ %{l- X -y)(i^-iP-y) Bin2- + 4xysin*- = 0. 
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17. If particles be placed at the angular points of a tetrahedron, proportional 
respectively to the areas of the opposite faces, their centre of gravity will be the 
centre of the sphere inscribed in the tetrahedron. 

(Wolstenholme's £ook of Mathematical Problems, p. 257). 

18. Prove that the centre of gravity of the surface of a tetrahedron is the 
centre of the sphere inscribed in the tetrahedron formed by joining the centres- 
of gravity of the faces. 



Section II. 
Investigations requiring Integration. 

148. Bide. — The general formulse in Art. 142 for the co- 
ordinates of the centre of gravity of a quantity of matter 
arranged in any manner assume particular forms according 
as the matter is arranged in the form of a wire of any shape, 
an area or thin lamina of any shape, or a solid. Then, again, 
they assume particular forms in each of these cases according 
to the manner in which the matter is supposed to be divided 
into elementary portions. 

Many students are in the habit of remembering a special 
formula for each of these numerous cases ; such a habit, how- 
ever, is not only useless but injurious. It is much better to 
consider the formulae of Art. 142, or the method of p. 93, as 
furnishing the following Rule which covers all possible cases : 

Divide the given quantity of matter ^ in any way^ into element 
tary portions ; find the position of the centre of gravity of each of 
these portions ; then multiply the mass of each portion by the co- 
ordinate* of its centre of gravity , and take the integral of this 
product; and finally divide this integral by the whole quantity of 
matter. The result is the co-ordinate of the centre of gravity re- 
quired. 

149. Centre of Gravity of the Arc of a Curve. — If the 
matter whose centre of gravity we desire to find is arranged 
in the shape of the arc of any curve, the co-ordinates of its 



* The co-ordinates are supposed to be such as are measured parallel to a 
given line. The rule would not hold if by co-ordinate were understood polar 
eO'OrdinatCy for instance. 
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centre of gravity are obtained from the equations of Art. 142, 
in which dm now denotes the mass of an elementary lenirth 

Let da denote the length of an elementary portion of the 
curve contained between two points, P and Q (fig. 199) ; let 
k denote the mean area of a section of the curve between P 
and Q ; and let p denote the den- 
sity of the matter in the neigh- 
bourhood of P and Q. Then, 
since the quantity of matter in 
any space is equal to the product 
of the volume and the density, 
the quantity of matter between 
P and Q^is 

kpds. 




Fig. 199. 



Again, the centre of gravity of this element is evidently the 
middle point of PQ. 

And since to obtain G^ the centre of gravity of the whole 
mass, the co-ordinates of this middle point must be multiplied 
by the infinitesimal kpds^ the co-ordinates of the centre of 
gravity of PQ may be taken to be the same as those of P. 

Replacing dm in the general formulae by the linear ele- 
ment kpdSy we obtain for the position of the centre of gravity 
of matter arranged in the form of any curve the equations 

_ / Tcpxds 
j kpds^ 

^ IJcpyds 
^ I kpds' 

j kpzds 
I kpds 

The quantities k and p must be given as functions of the 
position of the point P before the integrations can be per- 
formed. 
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Examples. 

I. To find the position of the centre of gravitj of a circular arc of uniform 
thickness and density. 

Let AB be the arc, M its middle point, and the centre of the circle. Then 
it is manifest from symmetry that Uie centre of gravity must lie on the line 
CM, Take OM as axis of z. Then since k and p are constant, we have 

_ lxd9 

jc being the co-ordinate of any point, P, in the arc. Let $ be the angle FOM, 
and a Sie radius of the circle. Then 

X s a cos 9, and dt = ad$. 
Hence 

J cos $de 



X = a 



Sd0 * 



the integration to be extended over the whole arc. Now if the angle BOA 
s 2a, tiie integration must be taken from = -ato9 = a. Therefore 

sin a 
X = a • 

a 

Hence the diatanee of the centre of gravity of the are of a eirelefrom the centre 

is the product of the raditM and the chord of the arc divided by the length of the 

4ire, 

10 
The distance of the centre of gravity of a semicircle from the centre is — . 

2. Find the centre of gravity of a circular arc of uniform section, the density 
varying as the length of the arc measured from one extremity. 

Let AB be the arc ; let the density at any point F= fi, AF, and let OA be 
taken as axis of x. Then if /.AOB^ a, and AF^ «, we have 



_ J 8xde J 
^"Y8di~ " 



cos $d$ 
J 
= a 



•' 



Similarly, 



a sin a + cos a — I 

2a 5 . 

a* 



J a 
$ sin $d0 

J 



sin a — a cos a 
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3. One extremity, A^ of the arc, AB, of a curve being fixed, whfle the other 
extremity, 3, yaries, it is required to construct at any point the tangent to the 
locus of the centre of gravity of the yaiiahle arc AB. 

Let ^^ he a portion of the arc of any curve, and let G he the centre of 
gravity of AB. Then if jB* he a point on the given curve very close to B^ the 
centre of gravity of the whole arc AB' is obtained by joining the centre of 
gravity, ff, of -4iJ to the centre of gravity of Bffy and dividing the joining line 
inversely as the lengths of AB and BB\ But the centre of gravity of BB' is its 
middle point. Hence the centre of gravity of A B' lies on the line joining G to 
the middle point of BB\ In the limit, therefore, the line joining & to its next 
consecutive position is the line GB, which is, then, the tangent at 6^ to the locus 
oiG. 

4. Find the position of the centre of gravity of the arc of a semi-cardioid. 

Am, The equation of the cture being r = a (i + cos 0), the co-ordinates 
of its centre of gravity referred to the axis of the curve and a per- 
pendicular line through the cusp as axes of x and y are 

- - 4 
a? = w = - «. 

5 

5. Find the equation of the line joining the centre of gravity of the arc of 
half a loop of a lemniscate to the double point. 

Ans, The axes of x and y being the axis of the curve and a perpendicular 
line, the equation of the required line is 

y = (a/I - I) . a?. 

6. Find the centre of gravity of the arc of a semi-cycloid. 

Am, The axis of x being a tangent at the vertex, and a the radius of th& 
generating circle, 

7. Find the distance of the centre of gravity of the catenary 



9 X 



-K--- •") 



from the axis of x, the curve being divided into two equal portions by the axis 
ofy. 

Ans, If 2I is the length of the curve and k the ordinate of its extremity^ 

the centre of gravity lies on the axis of y at a distance ^ 

from the axis of x, 

8. Find a law of density of a wire of uniform section bent into the shape of 
a cycloid so that its centre of gravity shall be half way up its axis. 

Arts, If the density varies as the length of the arc measured from the yer* 
tez; the result will follow. 
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9. If the density of a cycloidal arc varies as the fi<^ power of the arc measured 
from the yertex, find the position of the centre of gravity of tiie curve. 

w + I 

Ans, On the axis at a distance 2 a from the vertex, a beinir the 

« +3 
radius of the generating circle. 

10. One extremity of a circular arc is fixed while the other varies along the 
circle ; trace the locus of the centres of gravity of the varying arcs, and prove 
that the algebraic sum of the intercepts of the locus on the diameter perpendicu- 
lar to that passing through the fixed extremity of the arcs is equal to half the 
radius. 

150. Centre of Gravity of a Plane Area. — ^Let APQB (fig. 
200) be any curve whose equation is given, and let it be re- 
quired to find the centre of gravity of the area, CABD^ of a 
lamina included between 
a given portion, AB^ of the 
curve, two extreme ordi- 
nates, AC and JSD, and 
the axis of x, the lamina 
being supposed of uni- 
form thiclmess and den- 
sity. In accordance with 
the rule of Art. 148, we 
break up the area into elementary portions. Suppose that 
this is done by taking rectangular strips, such as PQNM^ 
included between two very close ordinates, PM and QN^ and 
let g be the centre of gravity of this strip. 

Let the co-ordinates of P be {x^ y) and those of Q[x+ dx, 
y + dy); let p be the density and Jc the thickness of the 
lannna. Then the mass, dm^ of the rectangular strip is 

kpydx. 

Also the co-ordinates of ^ are f iu + e, - + «' j, € and b being 

extremely smaU quantities of the same order of magnitude as 
dx and dy. 

Following the rule of Art. 148, to obtain the abscissa of 
Gy the centre of gravity of the area, we shall have to take the 
integral of the product 

kpy{x + i)da. 



Fig. 200. 
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Now idx is an infinitesimal of the second order, and is 
therefore to be neglected in the integral. Hence if x and y 
are the co-ordinates of Gj we have evidently, since k and p 
are constants, 

^J_xydx y ^x lfdx 

lydx^ jydx* 

the integrations extending over the whole area CABD. 



Examples. 

I. Find the centre of gravity of the area of a semi-cycloid. 

Taking the line ^joining the extremities of the arc of the whole cnrve as axis 
of X, and a perpendicular through the vertex as axis of y, the curve is given by 
the equations 

;r = a (0 + sin 0) 

y = a (i + cos B). 

$ 
Hence ydx = 40^ cos * - d$f and we have 

2 

fir $ {V 9 

(e + sin e) COS* - de I COS « - d$ 

2 - Jo 2 



« = « rr 3 » y = « 



v $ 

COS *- d$ 

2 



fv ' ' f w 

cos*-rftf 
2 Jo 

To find f '^ a cos * - <fa, write it if 'tf (i + cos 0)^d0, or 
Jo 2 4J 

- I a ( ? + 2 cos e + - cos 2tf ) do. 

4J0 \2 2 / 

„ . ^.^ nO sin «a + cos fitf _. , . 

Now J cos « aw = . Hence the integral in question 



n 
1^^ - 16 



16 
J 



{V C "^ , 2 

sin a COS * - <fa = 2 I sin - cos* - d0 = - . Hence 
A 2 Jo 2 2 3 



- 9*2-16 
«= 2-— 5 .a. 

l&T 



. And evidently 

*/ = — a, 
^ 
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2. If the ordinates of a given curve, Z7, be all diminished or increased in a 
given ratio and a new curve, U\ thus formed, prove that the centre of gravity 
of any portion of U' cut off by a right line is obtained by diminishing or increas- 
ing in the same ratio the ordinate of the centre of gravity of the corresponding 
portion of Z7. • 

Let one right line parallel to the axis of y meet Z7and XT yd. P and P* re- 
spectively, and let another such line meet them in Q and Q. Draw the right lines 
J*Q and F'Q ; then these lines cut off corresponding portions of the two curves. 
From any point, M^ on Z7draw a line parallel to the axis of y meeting the right 
line FQ in JV, and V and F'Q in M' and N% respectively Denote the ordi- 
nates of M and iV by y and z ; then it is clear that if A; is the number by which 
the ordinates of V are multiplied to obtain those of U', the ordinates of IT and N' 
are ky and kzy respectively. All these points have a common abscissa, x. An 
ordinate drawn with the abscissa x + dx includes with the ordinate JfJOTiV', 
the curve U, and the line FQ a strip of area equal to (y - z)dx, while the cor- 
responding strip of the area of C/' cut off hy F* Q^ ia k (jy - s) dx. Again the 

y •¥ z 
ordinate of the middle point of the first strip is , and that of the middle point 

. y+ * 
of the second strip is k 

2 

Hence if y and y' denote the ordinates of the centres of gravity of the portions 
of U and U' cut off by FQ and F'Q^, respectively, 

^^ JkHy^-^ )dx 
^ "^ Sk(jy-z)dx 

-k.y. 

Let PQ cutoff in all positions a constant area from 27; then it is evident that 
F'Q' cuts off a constant area from TT, Suppose, moreover, that in this case the 
locus of the centre of gravity of the portion of CTis a curve whose equation is 

/(«, y) = o ; 

then clearly the locus of the centre of gravity of the corresponding portion of U* 
of constant area cut off by a right line is the curve 



/(..|)=o. 



If the lines FQ and F'Q' are replaced by two curves the second of which is de- 
duced from the first as V was from U, the same results evidentiy follow. 

3. Find the centre of gravity of a qnadrant of an ellipse. 

- 4a - 4* 
Ana, * =— , y = -^^ 

4. A right line cuts off a constant area firom an ellipse ; find the locus of the 
centre of gravity of the portion cut off. 

, Am, An ellipse concentric and coaxal with the ^yqq. o^<^* 

H 2 
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5. Find the centre of gravity of a quadrant of the curve (-)'*+ (D^"'* 

. - 2.4.6.8 2a- 2.4.6.8 2^ 
An», X — . — • y = — . — . 

3-5 .7.9 » 3.5.7-9 If 

(Assume a; s a cos ^^, y = ^ sin 3^). 

6. Find the centre of gravity of any segment of a parabola cut off by a right 
line. 

Am, On the diameter conjugate to the given line at a distance from the 
curve equal to f of the portion of the diameter intercepted by the 
given line. 

7. Through a given point, 0, is drawn a fixed right line meeting a curve in 
A ; through is also drawn another right line meeting the curve in P. It is 
required to construct at any point the tangent to the locus described by the 
centre of gravity of the area AOT as the line OP varies. 

AiM» Let be the centre of gravity of -4 OP, and take a point Q. on O'P 
such that OQ = f OF, Then GQ is the tangent to the locus at Q, 
(See Example 3, p. 240). 

8. Find the centre of gravity of a semi-ellipse cut off by any diameter. 

Am, It is on the diameter conjugate to the given one and at a distance 

4a' 

— from the centre, 2a' being the length of this conjugate diameter. 

9. Find the centre of gravity of the area included by a parabola and two 
tangents. 

Ans, If a and h are the lengths of the tangents (which are taken as axes 

— a - h 
of a: and y), a; = -, y = — • 

(The equation of the parabola is (-)*+ (1)^ = ^- Assume 
a; « a cos * ^, y = ft sin * 0). 

The particular manner in which it is advisable to break 
up the area whose centre of gravity is required varies with 
the nature of the area itself. 
Thus, let the area be that in- 
cluded between the axis of x 
and two curves, AO and BC 
(fig. 201) whose equations are 
given. In this case the area 
may be broken up into thin 
strips, such asPQJr Q', parallel 
to the axis of x. Let {xy y) be 




the co-ordinates of P and {x\ y) 
' " ~ ■ ^ of 



Fig. 20 r. 



those of P". Then the area 01 the strip is {x' - x) dy^ and the 



Examples. 245 

co-ordinates of its centre of gravity are J {x' + x) and y. Hence 
if no portion of the area considered is above a parallel to Ox 
drawn through C, the co-ordinates of its centre of gravity are 
given by the equations 



- ^ , f {x^ - ^') (If/ -. ^ ly[oif -x)dy 
^ i[x' -x)dy' ^ i{3f ^x)dy' 



X - 



in which the limits of y are o and the ordinate of C, The 
values of x' and x are of course given in terms of y from the 
equations of the two curves. 

For example, let it be required to find the centre of gravity 
of the area included between a parabola and a circle described 
with the vertex of the paxabola as centre and a radius equal 
to |- of its latus rectum. The centre of gravity is on the 
axis of the parabola. Let the equation of the parabola be 
y^ = /\mx ; then the equation of the circle is a?* + y' = f w* ; 

and the ordinate of C, their point of intersection, is m^/z. 
Hence 






X — TT 

I ( I . , 

4 4w/ 

36m 



16 + 27 sin 



;«-i (t/S\ 



(: 



as the student will find without much difficulty. 



Examples. 

I. Find the centre of grayity of the area included hetween the arc of a semi« 
cycloid, the circumference of the generating cirde, and the line joining the ex- 
tremities of the cycloid (fig. 47, p. 44). 

Ana, The common tangent to the circle and cycloid at the vertex of the 
latter being taken as axis of x, the vertex being origin, and a the 
radius of the generating circle 

- 3^-8 _ 5 
4ir ' ^ 
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2. Find the locus of the centre of gravity of the area of a parabola cut off by 
a yariable right line drawn through the vertex. 

Ana, If 4m is the latu3 rectum of the parabola, the locus is another para* 

bola whose equation isy^ = - mx, 

^The student may verify the construction of Example 7, p. 244, for the tan* 
gent to this locus.) 

3. Find the centre of gravity of the portion of an ellipse cut off by a line 
joining the extremities of the major and minor axes. 

- 2 a -2b 
Ana, X = - . ; y = - 



3 IT - 2 



3 * -2 



151. Graphic Construction of the Centre of Gravity of a 
Plane Area. — The following method of detennining the cen- 
tre of gravity of any plane area is taken from Collignon'& 
Statique, p. 315. 

Let APBQ be any plane area, and let Ox be any line in 
the area. Then if the distances of 
the centre of gravity from Ox and 
any other line in the area are known, 
the position of the point is known. 

Draw any line, ffafy parallel to 
Ox (axis of x) in the plane of the 
curve, and let the perpendicular 
distance between Ox and ff:xf be a. 
Let the area be broken up into 
narrow rectangular strips, such as 
FPQ[Qy by lines parallel to the 
axis of X, Then if PQ = 2, the area 
of the strip = zdy^ the distance of 
PQ from Ox being y, _ 

Hence the distance, y, of the 
centre of gravity of the area from 
Ox is given by the equation 




Fig. 202. 



-^ f yzdy ^ 5 yzdy 
^ izdy A, ' 



(0 



Ai being the area of the figure, and the values of y running 

from the ordinate of A to that of -B, at which points the tan- 

gents are parallel to Ox. Now tate any point, 0, on Ox ; 
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draw OQ, and draw PC/ parallel to OQ. Let the line Off 
meet PQia JR. Then by siniilar triangles 

OR OB , OR ^ OR 

RP ' Ra **• PQ " oa' 

or, z' denoting the length Qi2, 

as' = yz. (2) 

Let the locus of R corresponding to all strips of the given 
area be constructed. It will be a curve, ARBy passing through 
the points A and B. 

Substituting the value of yz from (2) in (i), we have 

-_ aj_^dy 
^^ A, ' 

in which the limits of y are the eame as before. But J z'dy is 
the area, A^, of the curve ARB. Hence 

- A, 

The distance of the centre of gravity from Ox is therefore 
known. Similarly its distance from any other line can be 
found, and therefore the position of the point is determined. 

If a point 8 is deduced from R in the same way as that 
in which R was deduced from P, and if Q8 = s", we shall 
have as before 

az = 2 V = ^ — • 
^ a 

If therefore the locus of Sis constructed its area multiplied by 
a' will be the value of the integral / y^zdy extended over the 
original area. 

By the construction of successive curves such as ARB we 
represent the values of / y^zdy, / y^zdy^ &c., graphically. 

An ingenious instrument founded on these principles — 
the Integrometer of M. Deprez — is described by ColUgnon 
in the Annates des Pants et Chaitss^es for MarclL, \%'\'i. 
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Example. 

In finding by this method the centre of gravity of a portion of a parabola 
cut off by a double ordinate at a distance h from the yertez, prove that if the 
tangent at the vertex and the given double ordinate are taken as the lines Ox 
and (/gff the equation of the curve ARB will be 

h^y* = 4»M? (A — ^xy. 

This curve (both branches being drawn) has a loop between the values x = o 
and X » ^A, and passes through the extremities of the double ordinate. 

152. Polar Elements of a Plane Area. — ^Let it be required 
to find the centre of gravity of a portion of a plane area 
bounded by a portion of any curve, AB (fig. 203), and by two 
extreme radii vectores, OA and 0-B, 
drawn through a given point, 0. It 
is obvious that in this case it is advis- 
able in applying the rule of Art. 148 
to decompose the area into triangular 
strips, such as POQ^ included between 
two very close radii vectores. If OP 
= r, and L POx = 0, the element of 
area, POQ, is equal to 

^''dQ ; o M 

and if the thickness and density of the 

lamina are uniform, the centre of gravity of this element is a 
point g which may be considered as on OP at a distance 
\r from 0. 

Hence ii Ox \a the axis of x^ the co-ordinates of g are 
ultimately 

f r cos 0, and f r sin 0. 

Applying the rule of Art. 148, we then have 

- _ jt^ COS O de - _ f r^ sin e dO 
^^^^ jr^dO ' ^"*" jr'de 

For example, to find the centre of gravity of a loop of 
JBeraouilli^B £emniscate whose equation is r* = a' cos 26. 
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The axis of the loop being taken as axis of x, the abscissa 
of the centre of gravity of the whole loop is evidently the 
same as that of the half loop above the axis ; 



IT 

il 



COS 20 COS Odd 

- 2a 
,\ x = — 

3 

COS lOdO 



rr 
T 



i: 

W 3 

(i - 2 sin '^fl) .rfsin 0. 
Putting sin = — ~ this integral becomes 

IT 

-^— COS *0 1/0, 

which = — r= . — ^ . -. Therefore 

3v^ 2.4 2 



- wa 

X = 



4\/- 



Examples. 

1. To find the centre of gravity of a given sector of a circle. 

Am, It is on the diameter bisecting the arc, at a distance from the centre 
equal to J of the product of the radius and the chord of the arc 
divided by the length of the arc. 

2. Find the centre of gravity of a portion of an equiangular spiral included 
by the initial line and a given radius vector. 

Ans, The initial line being taken as axis of x, the equation of the spiral 

being r = a^ , and a being the angle of the given radius vector, 

- ^Jca «^*a sin a + ^ke^^ cos a — 3^ 

- 4ka I — e**** cos a + jAr^^** sin a 
^ " 3(1 + 9*') ' ^2ti37. • 
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3.^ When a = o in the preceding question, find the values of x and y, and 
explain the result. 

4. Find the centre of gravity of the portion of a parabolic area included 
between the axis and a radius vector drawn through the focus. 

Am, If 4m is thelatus rectum, and ^ the tangent of half the angle between 
the given radius vector and the axis, 

153. Double Integration. — ^When the density of the la- 
mina varies from point to point it may be necessary to divide 
it into infinitesimal portions of the second order instead of 
strips (triangular or rectangulax) whose areas arp infinitesi- 
mals of the first order. 

Thus, suppose that the area AOB (fig. 203) is not of uni- 
form density. Then if we break it up into triangular strips, 
such as TOQ^ the element of mass will be no longer propor- 
tional to the area POQ^ or \ r^dO ; and, moreover, the centre 
of gravity of the strip will not he ^r distant from 0. 

Let a series of circles be described round as centre, the 
distance between two successive circles of the series being dr\ 
These circles will divide the strip POQ into an indefinitely 
great number of rectangular elements ; and if one of these 
is included between the circles of radii / and / + d/, its area 
will be 

rWdO. 

If p is the density and k the thickness of the lamina at 
this element, the element of mass will be 

kp/d/d9. 

Also the rectangular co-ordinates of the centre of gravity of 
the element are ultimately / cos and / sin 0. 

Now to find the abscissa of the centre of gravity we must 
perform the summations J xdm and J dm over the whole area 
considered. 

The contribution to the first of these summations given 
by the strip POQ is evidently 



cos 9d6 



kpr^'dr ; 
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and the contribution to the second is 

dB [ '' kp/dr\ 

In each of these latter integrals the values of k and p in 
terms of / and 8 must be substituted, and the integrations are 
to he performed on the supposition that is constant while r^ 
runs from o to r. 

The quantity cos OdO kpr'^d/ will then assume the 

shape (r, 0) . cos dO. But since the curve AB is given, r 
is given as a function of 0. Hence this quantity assumes the 
form/(0) . cos d0. This is the final shape of the contribu- 
tion of the strip POQ. If we wish to find how much is 
contributed by all the strips of the area, we must integrate 
/(0). cos d0 from = AOx to = BOx. 

This double process of integration — first with regard to /, 
and then with regard to — ^is expressed by the symbols of 
double integration thus : — 



LrtJ&w = kpr^ COB d/ dOy 

J J aj 



a and /3 denoting the angles AOx and BOx. 
Hence we obtain 

\^ r kpr"^ cos d/d0 f [ kpr"^ sin 0dr'd0 
X = l^Jj . Z = ilh 

kp/d/dO kp/d/dO 

J aJ J aJ 

Let it be required, for example, to find the centre of 
gravity of the area of a cardioid in which the density at a 
point varies as the n*^ power of the distance of the point from 
the cusp. 

Here p = /i/**, and k is constant ; therefore, the abscissa 
being the same for the whole curve as for the half above the 
axis. 



- jj.'-- 



^ cos 0d/d0 

J J 
X = 

r IT ir 



{" r r'"*' dr'c 
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Integrating first with regard to r', we have 



• w + 2 J 



3 cos Ode 



6 6 

But r = 2a cos ^ -. Substituting this value and putting - = ^, 

we have 

n + 2) |]«>S*"*«^(2C08'^-l)rf^ 



2( , 

-a . 

/» + 3 



IT 

J 



These definite integrals are well known (see Williamson's 

Integral Calculus^ p. 122). Dividing the numerator and 

J . X V. i.3.5...2n + 3 TT , 

denommator by 7 • — > we have 

•'2.4.6...2n + 5 2 

- _ 2 (^ + ^) ( (2n + 5) (2/1+ 7) 2w + 5 I 
n + 3 ( ' (2/1 + 6) (2n + 8) 2n + 6) 

{n-^2) {in + 5 ) ^ 
(h + 3) (^ + 4) 

The centre of gravity evidently lies on the axis of sym- 
metry, or y = o. 

Examples. 

1. Find the centre of grayity of a circular sector in which the density varies 
as the n<^ power of the distance from the centre. 

Ana, . Ti where a is the radius of the circle, /the length of the arc, 

fi + 3 ^ 

and e the length of the chord, of the sector. 

2. Find the position of the centre of gravity of a circular lamina in which the 
density at any point varies as the n^ power of the distance from a given point 

on the circumierencQ, 
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Ana, It is on the diameter passing through the given point at a distance 

from this point equal to -^— . a when n is even, and equal to 

n + 4 

— — z — .» . a when n is odd, a heing the radius. 
^n + zY 

Methods of double integration are also often employed 
when the elements of area are expressed in Cartesian co-ordi- 
nates. In this case, let the element of area at a point P, 
whose co-ordinates are [afy y\ be a small rectangle included 
between two very close lines parallel to the axis of x and two 
very close lines parallel to the axis of y. Then the element 
of area will be dsddif ; and if p and k are the density and 
thickness of the lamina at the element, the element of mass, 

dm - kpdxdy\ 

Also the co-ordinates of the centre of gravity of this element 
are ultimately x' and 2/. Hence 

- _ / J hpx'dx'dj/ . - _ / J kpy^dafdy' 
^^ jjkpdx'd/ ' ^^ JSkpdx'd/'' 

A single example will sujBBce to illustrate this method. 

Let it be required to find the centre of gravity of a quad- 
rant of an ellipse included by the semi-axes, the density at 
any point being proportional to the product of the co-ordinates 
of tms point. 

Here p = fx . a//, and since k is supposed constant, 

^ _ S j aP^dx'dy' -_/J^^W%' 
^ " HxYdx'd/ ' ^ " !!af/dufdy' • 

Let the integrations be performed first over a strip parallel to 
the axis of y. Then we integrate with respect to y , regard- 
ing ip' as constant, from y = oto ^= y, the ordinate of a point 
on the ellipse. 

- \x"^y^dx' 
Hence x = . /, . , . 

jxy^dx 
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Here we must substitute the value of y in terms of x\ and 
thus we get 

in which simimations the abscissa ^z^ is to receive all values 

from o to a. 

8 8 

"We easily obtain — a and — h for the co-ordinates of the 

15 15 

centre of gravity. 

Examples may occur in which, although the density of the 
lamina varies from point to point, the process of double inte- 
gration can be avoided by the judicious selection of an ele- 
ment of area. 

Let it be required to find the centre of gravity of a 
quadrant of an ellipse in which the density at any point 
varies as the distance of the point from the axis major. 

Here by dividing the area into rectangular strips parallel 
to the axis major, we obtain infinitesimal elements of the^ra^ 
order throughout each of which the density is constant. Hence 
our equations are 



X 



\xydy'^ \xydy' 



Making the usual excentric angle substitutions for x and y^ 
we find 

- 3 - 3T , 

154. Centre of Gravity of a Surface of Bevolution. — ^Let a 
plane curve AB (fig. 200) revolve round a line Ox (taken as 
axis of x) and generate a surface. Then the revolution of 
the elementary arc PQ, ( = di) generates a portion of surface 
whose area is i-^yds ; and if p is the density of the matter in 
this zone and k its thickness, the element of mass is zirkpyds. 
Also the centre of gravity of the zone is ultimately the point 
-ST, whose abscissa is x. Hence the centre of gravity of the 
surface generated (which obviously lies on the axis of revolu- 
tion) is at a distance from given by the equation 

- / kpxyds 
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the integrations being extended over the whole length of the 
generating curve. 

For example, to find the centre of gravity of the surface 
of a semi-ellipsoid of revolution round the minor axis, the 
density of any zone being proportional to its distance from 
the equatoreal plane, and the thickness being constant : — 

The area of a zone at a distance y from the equatoreal 
plane being zvxds^ the position of the centre of gravity is given 
by the equation 

^ jxyds^ 

the integration extending over the arc of a quadrant of the 
generating ellipse. Using the excentric angle, we have 



0?= a cos 0, y = 6 sin 0, ds = ^c? sin'^^ + V cos'^ . rf«^, 

a and h being the semi-axes of the ellipse. 

Hence 

ft 

cos sin^0 v^a* sin^^ + h^ cos^<p . d<p 
y^b -^ 

cos ^ sin v^a* sin*^ + V^ cos'^^ . d^ 

To find the integral in the numerator, put t for sin ^, 
and it becomes 

[ ' P y¥TJp dt, 
where a* - 6' = c^. This, again, is equal to 



which 



c J 
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and this, by making the first integral depend on the second^ 
is easily proved to be 



4^* ) 4c* 



. [\b^ + cH'')^dt. 



The integral in this expression is one of the elementary 
forms in the Integral Calculus. Hence the numerator is 



— f za^c - a¥c - 6* log 



The integral in the denominator is evidently 



i v/6* + c^ sin*^ . d sin'*^, 



which is equal to — 5 {a^ - b^). 
Therefore 



2a^c - ab'C - 6* log 



-^36 ^ b 

^ 8 * c {a^ - b') •' 

For a sphere of radius a the value of 1/ is easily proved by 
direct calculation to be fa ; and the student may exercise him- 
self in the evaluation of indeterminate forms by deducing 
this from the value of y given above. (For this purpose it 

will be advisable to put log -r— into the form ^ log ^ 

and expand). 

155. Centre of Gravity of any portion of a Spherical Sur* 
face. — ^Let dS denote any portion of a spherical surface, and 
let 6/S denote its projection on any plane passing through the 
centre of the sphere. Then, if this plane be taken as tnat of 
xt/y and if 2 denote the distance of the centre of gravity of the 
element dS from the plane, the distance of the centre of 
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grayltyof any portion of the spherical surface from the plane 
is given by the equation 

the integration being extended over the whole portion of the 
spherical surface considered. 

Now if r is the radius of the sphere, the cosine of the angle 
between the tangent plane to the sphere at the element d8 

and the plane of iry is - ; therefore 

fl?S = - dS. (2) 

Hence J zdS = r j d'2 = rS, S denoting the projection of the 
whole spherical area considered ; and making this substitution 
in (i), we have 

^^^8' (3) 

where 8 is the area of that portion of the sphere whose centre 
of gravity is required. 

Equation (i) gives, of course, the distance of the centre of 
gravity of any surface whose element is d8 from the plane of 
xy ; and it is clear that if the surface is generated by the 
motion of a sphere of constant radius whose centre moves 
along any curve in the plane oi xy^ the cosine of the angle 
between the tangent plane at the element d8 and the plane 

of xy will stUl be -, since the given surface and the generat- 
ing sphere have the same tangent plane. Hence equation (2) 
holds in this case and therefore also equation (3). 

156. Centre of Gravity of any Surface. — Let d8 denote an 
element of any surface, ^S the projection of this element on 
the plane of ayyy and 7 the angle between the plane of xy and 
the tangent plane to the surface at the element d8. Then if 
z is the distance of the centre of gravity of d8 from the plane 
of xy, we have __ ^^^ 



z = 



ld8' 

/ z sec 7 . fl?2 
J sec 7 . dS* * 

8 



=58 
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It is not unufiual to suppose the element d8 oat off &om 
the Burfa«e in the following manner. 

Let m (fig. 204) he a point ia the plane xy whose co-ordi- 
nates are «', y" ; let mn he drawn parallel to tne axis of x and 
equal to daf ; let mq be parallel to the axis of y and equal to 
dy ; and complete the rectangle mnpq. On the base mtipq 
describe a prism whose edges, Mm, Nn, Pp, Qq, are parallel 
to the axis of z. This prism will intercept on the given sruv 
face an element, MNPQ, which is dS. The rectangular 
projection, rf2, is then mnpq whose area is dddt/. Substitut- 
ing this value in the above equation, we have 

J" / a sec f dx'dy' 
I J sec y d^dy' ' 

the integrations being extended over the whole projection of 
the given surface on the plane zy. 

It easily follows that tlm centre 
of gravity of the projection {ortho- 
gonal or oblique) of any plane area 
on ant/plane is the prqjection of the 
centre of gravity of the area. 

Teike the plane on which the 
given area is projected as the plane 
oi<cy; let (D be the angle between 
this plane and the plane of the 
area, and let Sj S be co-ordinates - 
of tiie centre of gravity of the 
given area. Then 



S?^ 



Fig. 204. 



Jx 



.rfS 



^dS "jsectu.rfiS 

uuce w is the same for all elements. But the co-ordinate of 
the centre of gravity of the projection is evidently given by 
ibis equation. Therefore, &c. ; and a similar proof obviously 
holds for an oblique projection, because at aU points of the 
given area the ratio of dS^d^ia constant. 



Examples. 
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Examples. 

I. A section of a sphere is made by any two parallel planes ; prove tliat tbe 
centre of gravity of the spherical surface (of uniform thickness and density) 
included is midway between them. 

This is very easily proved either by direct calculation or by the application 
of the result of last Article. CoUignon (Statique^ p. 295) gives an elegant 
geometrical demonstration which depends on the fact that if a cylinder is cir- 
cumscribed to a sphere along any one of its great circles, the portion of the area 
of the cylinder included between any two planes at right aneles to its axis is 
«qual to the portion of the area of the sphere included by these planes. By taking 
indefinitely close planes it follows that the spherical area may be transferred to 
the cylinder, and the centre of gravity of any portion of a cylindrical area cut off 
by planes perpendicular to the axis is evidently midway between these planes. 

Cor. The centre of gravity of the surface of a hemisphere is at a distance 
«qual to half the radius from the centre. 

3. To find the centre of gravity of a spherical triangle. 

Let ABC be any spherical triangle, and the centre of the sphere. Produce 
the sides ^C7 and AB until they become quadrants, 
AE and AD f and draw the arc i)B of a great circle. 

We shall find the distance of the centre of gravity 
from the plane JEOD, which is perpendicular to the 
line OA, 

The projection of the area ABC on this plane is 
evidently the same as the projection of the sector, 
COB, Now if j9i is the perpendicular arc from A 
on the side BC, the angle between the planes COB 
■and EOD is 90° —pi ; also the area of the sector 
COB is ^0r, a being the length of the side BG and 
r the radius of the sphere. Hence if 2 denote the 
projection of the area of the triangle on the plane 

JSODy 

2 = }ar siui^i; 




Fig. 205. 



•and if A^ B, C denote the circular measures of the angles of the triangle, and S 
its area, 

S = r^(A-^B-hC-ir). 

Hence, by (3) of last Article, if x denote the distance of the centre of Tgravity 
from the plane, 

It is evident that x is the distance from of the projection of the centre of 
gravity on the line OA. Its projections on the lines OB and OC are obtained by 
writing h and p%, e and p^ instead of a and pi in this equation, 

3. To find the centre of gravity of the surface of a nearly spherical semi-> 
•ellipsoid cut off by the plane of the two greater axes. 
Let the axes in order of magnitude be a, ^, e, and let 



fl2_(j2 



= A«, 



*2-<j2 



6» 



= fc'«. 



S 2 
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Now if dx'df^i&iixQ projection on the plane xy (which is the base of the semi- 
ellipsoid) of an element of surface, dS^ we have 

^^ c^dx'dy' 

dS= -, 

pz 

p being the perpendicnlar from the centre on the tangent plane at the element^ 
and £ the distance of the element from the plane of xy. Hence, S denoting the 
surface of the semi-ellipsoid, we have 



.7 = ^0 



P 
Again 

Therefore, rejecting all powers of k and k' beyond the second, 

Integrating from x' = — xix)x^ =sXy the co-ordinates of a point on the circum* 
ference of the base being «, y, we have 

Expressing x and y in terms of the excentric angle, and integrating oyer the 
entire circumference, we have 

r / k^^k"^\ 
S ,z ss iraoe I ' — — ^ — I 

= »«» ji+|(*t+A"')j. 
Now (WiUianuon's Integral Cakultu, p. 256), 

^=,aW ff^ ?^^^^? 

L J (^ sin* a + c2 co8« a)l (a2 sin^ a + c« cos* a)* 



is sm Odd -I 

(a* sin* a + c« cos* a)* (i* sin* a + c* cos* a)^J * 



which is easily proved to be aire* {! + ♦(*»+ A;'«)}. 
Hence finally, 



A parabola reyolyes round ita aiia*, ^dtlhe centre of gravity of a portion 
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of the surface between the vertex and a plane perpendicular to the axis at a 
distance from the vertex equal to | of the latus rectum. 

29 
Ans, Its distance from the vertex = — (latus rectum). 

5. Find the centre of gravity of the surface generated bj the revolution of a 
cycloid round its axis. 

Ana. It is on the axis at a distance — ^ ir,a from the vertex, ffbeiniP 

the radius of the generating circle. 

6. Prove that the centre of gravity of the lateral surface of the frustum of a 

right cone or pyramid lies in a plane whose distance from the base is —. ^r . A, 

where p and p* are the perimeters of the base and upper section, and A the height 
of the frustum. 

157. Centre of Gravity of a Solid of Bevolution. — If the 
curve AB (fig. 200) revolve round Oa?, the reotangular 
area PQNM will generate a cylindrical volume eqim to 
TT . PM'^ . JOT, or iry^dx. Hence if the density of the solid is 
uniform, we have for the position of its centre of gravity 
(which obviously lies on Ox) 

the integrations being extended over the whole of the area, 
CABDy of the revolving curve. 

If the density varies, the element of mass may require to 
be taken differently. If the density is a function of x alone, 
i, e.y if it is the same all over the rectangular strip PQNMy 
the volume jmay be broken up as above, and the element of 
mass = T^f^yHx. Hence we shall have, in this case, 

- ^\_^xfdx 
J ^y'^dx ' 

Suppose the density to vary as y alone. Then if we take 
a small rectangular area, dx^dyf^ at a point whose co-ordinates 
are a^, ^, this area will generate an element of volume equal 
to iTri/cbfdy^ \ therefore the element of mass = iifpx/doidtf 
and we have 

- J\ px'y'dxdi/ 

j j py'dx'dy \ 
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The integrations axe to be performed first from y' = oioy = y^ 
the ordinate of a point P on the bounding curve ; and then 
froma^= OCto/= OD. 

As an example, let the curve AB be a quadrant of a circle 
of which OA and OB are diameters, and let it be required to 
find the centre of gravity of the solid hemisphere generated 
by the revoltition of this quadrant round OB (taken as axis 
of x)y firstly when the density is uniform ; secondly when it 
is constant over a section perpendicular to OB and propor- 
tional to the distance of this section from the centre ; and 
thirdly when it is the same at the same distance from OB, 
and proportional to this distance. 

Firstly, we have x= -. Putting a? = r cos 0, y = rsin 9, 

where r is the radius of the circle, and integrating between 

= and = — , we have 

2 

Secondly, since p^fxXjWe have x = ^ ^ , which easily gives 

J xy cix 

X = — r, (2) 

Thirdly, p = /u/, /. 

- __ / J oitf^dx'dy' _ / ocy^dx 

and the previous substitutions for x and y give 

In this case the double integration might have been avoided 
by breaking the area up into rectangles parallel to the axis of x. 

The student will do well in such examples as this to check 
his results as much as possible by a common-sense view of the 
question. Thus, having proved that the distance of the cen- 
tre o£ graTity of a homogeneous hemisphere from the centre 



Centre of Qramty of a Solid of Revolution. 263 

is |- r, it is clear that when the density of a section is directly 
proportional to its distance from the centre, the centre of 
gravity of the hemisphere must be at a distance from the 
centre > f r, since the matter is most dense in the space re- 
mote from the centre ; while in the third case above, smce 
the ordinates of the portion of the curve near A are greater 
than those of the portion near B^ and since the density in- 
creases' with the ordinate, it is evident that the centre of 
gravity must be nearer to the centre than in the homogeneous 
hemisphere. 

The most advantageous method of breaking up a mass of 
varying density into elements depends entirely on the law of 
variation of the density, and while aU these methods are 
embraced in the rule of Art. 148, it would be impossible to 
give formulae suited to all cases. 

Laplace, by assimiing the change of the pressure from 
stratum to stratum of the earth to be proportional to the 
change in the square of the density, proves that if the strata 
of xuuf orm density are spherical, the density of a stratum of 
radius x is given by the equation 

. liX 

sm — 
apst ^ 

a being the radius of the earth, po the density of the centre, 
and /Li a constant number. 

Let it be required to find the centre of gravity of a hemi 
sphere whose density follows this law. 

Here the element of mass of uniform density is the stra- 
timi included between the hemispheres of radii x and a? + efo. 
Hence 

dm - zirpx^dx 

X . pLX 

= iwapo - sm — ax. 
fi a 

Also the distance of the centre of gravity of this stratum from 

X 

the centre is - (Example i, p. 259). Hence, the axis of x 

being the diameter perpendicular to the base of the hemi- 
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sphere, the distance of the centre of gravity from the centre 
is given by the equation 

I a^ sin — dx 

, J a 
ic = i^ 



ic sin ^— 00? 



= a. 



■ 

J d 

(2 - /u^) cos ju + 2ju sin ju - 2 



2ii (sin fi - fi cos fi) 



as will be easily found. When /ic = o the hemisphere is of 
uniform density, and the student will see that this value of x 
becomes f a, in accordance with our previous result. 



Examples. 

1. Find the centre of gravity of a hemisphere in which the density is pro- 
portional to the n*^ power of the distance from the centre. 

Ans. It is at a distance = . - from the centre, a being the radios of 

« + 4 2 

the hemisphere. 

2. Find the centre of gravity of a portion of a paraboloid of revolution cut 
off by a plane perpendiciilar to its axis. 

Ans, If A is the distance of the plane of section from the vertex, :r = f A. 

3. Find the centre of gravity of a semi~ellipsoid of revolution round the 
minor axis, the density at any point being proportional to its distance from the 
base which is the plane perpendicular to the axis of revolution. 

Ana. V = — b, where b is the semi-minor axis. 

4. An ellipsoid of revolution round the minor axis is cut by a plane passing 
through this axis ; find the centre of gravity of the portion included between one 
semi-ellipsoid thus cut off and the concentric hemisphere whose diameter is the 
minor axis. 

Ans. If a and b are the axes major and minor of the generating ellipse, 

the required centre of gravity is on the major axis at a distance 

1 a^ + ab + b^ 
equal to ^ . ; — from the centre. 

Verify this result in two obvious cases. 

158. Centre of Chravity of any Solid. — ^In the solid take 
any point, P, whose co-ordinates are x^ y, s, and also a dose 
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"•s 



point, Q, whoBe co-ordinates axe ar + flb, y-^dy, z + dz. Then 
evidently the Tolunte of the paraUelopiped whose diagonal is 
PQ and whtee edges are parallel to tbe axes of oo-ordinates 
ia dtedydz ; and if p is the density of the body at P the element 
of mass at P is pdxdydz. 

Hence the oo>ordinates of the centre of gravity of the 
solid are given by the equations 



jn 



/J/pt&rfyefe' 



-Ui 



;/; 



J/J fizdxdydz 
jfj pdxdydi' 



the integrations being extended over the whole solid. 

It may not be necessary to take infinitesimal elements 
of Tolmne of the third order. From what has preceded, the 
student will have learned that the best mode of breaking up 
the given mass into elements depends entirely on the law of 
density which prevails. 

In many cases the symmetry of the solid enables us to 
simplify the problem by choosing elements of volume which 
are mfinitesimals of the first order only. 

The various elements of volume which it may be neces- 
sary to take are exemplified 
in the following problems. 

Find the centre of gravity 
of the eighth part of an ellip- 
soid, ABC {fig. 206) included 
between its three principal 
planes — 

(i). When the density at 
any point is simply a func- 
tion of its distance from the 
principal plane BC (plane of 

(2). When the denrity at 
any point is a function of its distances from the two princi- 
pal planes -iC and 5C (planes oi xz and yz). 

(3). When the density at any point is a function of ita 
distances from the three principal planes. . 

In the first case, the density will be constant over a sec- 
tion DS perpendicular to OA. Hence, taking two such 
seotious, LH and EF, at a distance dx from each ot^er, the 




Fig. 106. 
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density of the solid between them may be considered uni- 
form, and this portion of the soM may be taten as the ele- 
ment of mass. 

In the second case, the density will be constant throughout 
a portion of the body in which x and y are constant ; that is, 
along a perpendicular to the plane AB ; and the element of 
mass may be taken as the prism NQnq^ the area of whose 
base is dxcly^ and which intersects the bounding surface in the 
SiTesL JSTMQP. 

In the third case, the density is not the same at any two 
points, and the element of mass must be taken a small rec- 
tangular prism, str, whose volume is dxdydz. 



Examples. 

I. In the problem just discussed find the centre of gravity when the density 
at any point is proportional to its distance from the plane BC, 

Here p = /ix; also, the equation of the ellipsoid being -- + a2 "^ ]j ~ ^» "^^ 
ellipse DS satisfies the equation 7 JT + / K ~ '» which shows 

that the axes GIT and GD are ^ ^ i — ^ and <j ^ i — -^ respectively. Hence^ 
IG being = dx, the element of mass is 

fibexli"y\dx; 

and since the centre of gravity of this element is ultimately a point whose 00- 
ordinates are «, —^ i - ^, and — ^ i ^ (see Ex. 3, p. 243), we have 






and 



fix 

i6b 






the yalue of z being, of course, 
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2. If the density at any point of the ellipsoid is fjay, find the centre of gra- 
vity. 

Taking a prismatic element of yolume NQnq, the element of mass is 

fixyz dxdy, 

z being the height, Jfm, of the prism. 

The co-ordinates of Jf being x, y, 2, those of the centre of gravity of thi» 

prism are evidently a;, y, -. Hence 

2 

- _^!S x'^yz dxdy - _ / J 3?y2a dxdy - _ . H^yz^ dxdy 

~ ii^y^ ^^y ' iS ^y^ ^^^y ' ~ 55 ^y^ ^^^y 

The integrations may be performed, first with regard to y, from y = o to y = 0K\. 

and then with regard to a;, from a; = o to a; = OA, 

•A 

I — 2 *" I? ) ^^^y » ^^'^y integrating first with 

rOH / a:* y2\ i i* / a;^ \ ^ 
regard to y, we have y(i--^-T2l<^y=— (' %] ^ since from tk^ 

a^ I/' 
equation of the ellipse AB. the value OH. of y makes i 5-7;: vanibh. 

u ce ^^ b^c (» f a;2\« aH^e 
Hence }} xyz dxdy = — I x ii \ dx — . 

J2^ f a / x^\^ 
In the same way, jjx^yzdxdy = — I x^ I 1 — z] dx, which, by puttin 

3 Jo \ «*/ 

a? = a COS 0, is easily seen to be — 7—. Hence x = — . a, and y = — ,bi and 

•^ 96 32 3a 

it is easily found that 2; = | (^* 

o 

3. If the density at any point in the solid is proportional to the product of 
the co-ordinates of the point, find the centre of gravity. 

Here, at any point we have p = p. , xyz, and {he element of mass being: 
fixyz dxdydZf we have 

-^ aSx^yzdxdydz 

555 ^y^ dxdydz ' 

with similar values of y and z. If we first integrate from 2 = to 2 = mM 
(fig. 206), we shall have the contribution of the prism NQnq to the summation. 
Integrating, then, with respect to 2, considering x and y constant, we have 

5ii x^yz dxdydz = i / J x^y (mM)'^. dxdy 

-^\\^y[i'^^,-'^]dxdy. 
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since ilf is a point on the boundiog surface of the ellipsoid. • Let this latter in- 
tegration be first performed with respect to y, considering x constant, from y - o 
to y = GHj and we shall then haye the contribution of the mass contained be- . 
tween the sections LH and EF. 
Now 

2 



Hence j j j sfii/z dxdydz = -^ \ «* I i — ^ I ^^= 



•as easily appears by putting a; = a cos ^. 

It will be found without difficulty that J J J xyz dxdydz = — — -. Hence 

45 

- 16 - 16 , , - 16 

a? = — a, y= — b, and a = — c, 
35 35 35 

4. Find the centre of gravity of the portion of the elliptic paraboloid 

•i^ y^ z 

-^ + r^ = 2 - included between the planes xz and yz and a plane perpendicular 

to the axis of 2 at a distance h from the vertex. 



16 a liA - iSb fih - 2 
Ans, X = a/ — , y = / — > z = - 



z = - h, 
3 

5. At each point, Jf, in the semi-axis major of an ellipse is drawn a line 
perpendicular to the plane of the ellipse, its length being proportional to the 
•distance of M from the centre ; the extremity of this perpendicular is joined to 
the point P on one quadrant of the ellipse such that FM is perpendicular to the 
axis major. Find the centre of gravity of the volume thus generated. 

Ans, If at any distance, x, from the centre the perpendicular to the plane 
of the ellipse is kx, and if the axes of Xy y, and z are the axes of 
the ellipse and a perpendicular to them, we have 

- 3ira - b - wka 

* = 16' " = ? '=-76- 

6. Through a diameter of the base of a right cone are drawn two planes cut- 
ting the cone in parabolas ; find the centre of gravity of the volume of the cone 
included between these planes and the vertex. 

Ana, It is on the axis at a distance from the vertex equal to f of height of 
cone. 

7. A plane cuts off a constant volume from an ellipsoid ; find the locus of the 
■centre of gravity of the portion cut off. 

Ana. An ellipsoid similar to the given one, and similarly placed (see Ex- 
ample 2, p. 243, the theorem of which is equally applicable to 
surfaces). 

159. Polar Elements of Mass. — ^Let fig. 207 represent the 
portion of the volume of a solid included between its bounding 
surface and three rectangular co-ordinate planes. Then the 
solid may be broken up into elements in the following man- 

(i). Through the axis oi z droTi t^o Ao^a ijloaea cutting 
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the bounding surface in curves zR and zS (called meridians) ; 
and let the angles ROx and SOx be denoted by and 
+ rf0, respectively. 

(2). Eround the axis of z describe two right cones with the 
semivertical angles zOP and sOQ, equal to and Q + ei?fl, re* 
spectively. 

(3). With as centre, 
describe two close spheres 
whose radii, Os and Oty 
are equal to r and r + c?r, 
respectively. 

These planes, cones, 
and spheres will then de- 
termine the small rectan- 
gular parallelopiped mstq^ 
whose volume =ms}<:sqxst. 

Now, perpendiculars 
from m and s on Oz will 
each be equal to Os. sin zOs, or r sin 0, and they will include 
an angle equal to ROS^ or dcp: .\ ms =^r sin Odip. Also> 
sq = Os. sin sOq = r^^© ; and st = cfr. 

Therefore the volume of the elementary parallelopiped 
= f^ sin OdrdOd<p ; and if p is the density of the solid at Sy 
the element of mass is 

pf^ sin Odr dO dip. 

Again, the co-ordinates of the centre of gravity of this ele- 
ment are ultimately the same as those of « ; therefore they 
are 

r sin 9 cos 0, r sin 9 sin 0, and r cos 9 ; 

and for the centre of gravity of any finite portion of the solid 
we have 

- HIqi^ sin^9cos0 drdOd(p 

X ^ 
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jjjpr'smedrded^ ' 

/// pr* sin^9sin0 cfr ddd<i) 
fjjpr'&medrdedi, ' 

- _ jjjpr'euxBoosBdrdOd^ 
iSfpr'aaedrded^ ' 
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the limits of integration being determined by the figure of 
portion of the solid considered. 

The angles and 4> axe sometimes called the latitude and 
iongitudey respectively. 

Examples. 

I . Find the centre of gravity of a portion of a solid sphere contained in 
a right cone whose vertex is the centre of the sphere, the density of the solid 
varying as the n*^ power of the distance from the cenb*e. 

Take the axis of the cone as that of 2, and any plane through it as that from. 

which longitude is measured. Then it is clear that x = y = 0, and we have 

— j\S r'*-'^ Bine COB edrded<l> 



Z B 



m r*^*^ sine drde dip 



Performing the integration first with respect to r, considering 6 and ^ constanty 
from r s o to r = 0, the radius of the sphere, we have 

— « 4- 3 ^ i Bm 6 COB ededib 
« + 4 jj and dd d<i> 

Performing the integration now with respect to ^, the longitude, which runs 
from o to 2x, we have 

- « + 3 ! Bind COB $ do 

n + 4 } Bin Ode 

If a = the semi-vertical angle of the cone, the limits of 9 are o and a. 
Therefore 

— ft+ 3 a . - 

Z m , - (I + COS a). 

« + 4 » 

2. Find the centre of gravity of prism whose base is a given spherical triangle 
and whose vertex is the centre of the sphere on which the triangle is described. 

Let (fig. 205) be the centre of the sphere, and take OC as axis of z. From 
€ draw the perpendicular 173 to the base AB, and let £ be the radius of the 
sphere. 

The value of z given as a triple integral may be modified in the present case. 

Let dS denote any small element of area at anv point on CF ; then ike volume 
of a cone whose base is this element and vertex the centre of the sphere is iltdS^ 
«nd l^e distance of its centre of gravity from the plane of xi/ is (Art. 146) ^ii 
COB $, Hence 

- S J,! COB edS 

Now COB $ ,dS is the projection of the element dS on the plane of xy ; there- 
fore the numerator is the projection of the whole area ABC on this phme, which, 
as in Example 2, p. 259, is feS sin ^73. Hence, 

3 cBinpi 

z = 



^A-\-B+C-x 
• 3. A cardioid revolves round its axis ; find the centre of gravity of the solid 

uint. It 18 at a distance from the c\isp oqioal to ^ (aziaV 
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160. Theorems of Pappus. — If a plane area revolve through 
any angle round a line in its plane^ 
the volume getierated is eqtml to the 
area of the revolving figure multiplied 
by the length of the path described by 
its centre of gravity. 

Let AB (fig. 208) be the re- 
volving figure, and Ox the line 
about whidi it revolves. Let the 
area be broken up into an indefi- 
nitely great number of rectangular 
strips, such as PQqp by lines per- 
pendicular to Ox. Then the volume generated by this strip 
in revolving through an angle w is evidently equal to 




MN 
Fig. 208. 
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or 



. w {PM' - pM') . MNy 

^^[y2 -yi)dxy 



denoting PJf, pMy and MN by ^2, y^ ^^^ ^- Hence if V 
denote the whole volume generated, 

r=\u>l{yr-y,')dx. 

Now the distance of the centre of gravity of the strip from 
Ox is ^- — —y and the area of the strip is (yg - yij dx. Hence, 

mi 

denoting these quantities by y and dA respectively, 

r^^lydA 
= a)-4.y, 

A denoting the whole revolving area and y the ordinate of its 
oentre of gravity. Now in revolving through the angle w, 
the centre of gravity of the area describes a circular arc whose 

length is wy. Hence the theorem is proved. 

If the axis Ox intersects the revolving figure, the theorem 
fitill applies with the convention that the volimies generated 
by the portions of the figure at opposite sides of Ox are 
affected with opposite signs. 
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Again if the are of any plane curve revolve through any angle 
round a line in its plane, the area of the surface generated is equal 
to the length of the revolving arc multiplied by the length of the 
path described by its centre of gravity. 

For, the surface generated is 

(jjjydsy OT b)L .y, 

L being the whole length of the revolving arc and y the ordi- 
nate of its centre of gravity. As before, wy is the length of 
the circular arc described by the centre of gravity of me re- 
volving arc, and the theorem is evidently proved. 

If the revolving arc intersects the line Ox, the theorem is 
true, with the previous convention of signs. 

161. Extension of the Theorems of Pappus. — The previous 
theorems can be easily extended to the case in which the plane 
of the revolving figure, instead of revolving round a fixed line, 
rolls without sliding on any developable surface, and the first 
theorem wiU then become — 

If the plane of any plane area rolls without sliding on a efe- 
vehpable surface, the volume generated by the area in moving from 
one position to another unll he eqtuil to the area of the revolving 
figure midtiplied by the length of the path described by its centre 
of gravity, 

A similar enunciation gives the second theorem. 

These propositions are evidently true, because for an in- 
definitely short time the figure is revolving round a generat- 
ing line of the developable, and for such a small motion the 
theorem of Pappus gives the volume generated equal to the 
area x small space described by its centre of gravity. Taking 
the sum of all such elements of volume from one position of 
the figure to another, we have the theorem of this Article. 

It is clear also that the theorems hold in the case of a 
plane area which moves in such a manner as to be always 
normal to the path described by its centre of gravity. For 
the area may at any instant be considered as revolving round 
the line of intersection of two consecutive normal planes 
of the curve which the centre of gravity describes, and the 
theorems are then directly applicable. 

162. Volume of a Truncated Cylinder or Prism.-— Let A 
and£ denote the sections of a cylinder or prism made by any 
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two planes. Through any line L passing through the centre 
of gravity, G, of B draw any plane, ^, inclined at an indefi- 
nitely small angle to B. Then G is the centre of gravity of 
the section ^, since this section is the projection of B made 
by lines parallel to the generators of the cylinder or edges of 
the prism, and since (Art. 156) the centre of gravity of the 
projection of any plane surface is the projection of its centre 
of gravity. Also the area of the section B^ differs from that 
of J? by an infinitesimal of the second order. Hence the 
theorems of Pappus apply, and we may consider that the 
area B has revolved round the line L through a small angle. 
But the space described by its centre of gravity is zero ; there- 
fore the volume between the sections B and B^ on one side of 
the line L = the volume between them on the other side ; in 
other words, infinitesimals of the second order being neglected, 
the volume of the prism or cylinder contained between the 
sections A and B is equal to that contained between the sec- 
tions A and jB'. Allowing B^ to revolve again about L through 
a small angle, the same reasoning applies, and we see, finally, 
that for the sections A and B may be substituted any two 
passing through their respective centres of gravity, and the 
included volimie will be imaltered. Let two parallel sections 
each perpendicular to the axis of the prism or cylinder be 
substituted, and the included volume will be 

where Q is the area of either normal section and h the dis- 
tance between them. 

1 63 . Eqidlibrium of a Heavy Body on a Horizontal Plane. — 
When an indeformable body rests on a horizontal plane, the 
contact taking place at several points, either continuous or not, 
it is kept in equilibrium by two forces — namely, its own weight 
and the reaction of the plane. The condition necessary and 
sufficient for the equilibrium of such a body is that these two 
forces must be equal and opposite. Now this will be impos- 
sible unless the points of contact of the body with the plane 
can be so connected by right lines as to form a polygon within 
the area of which the vertical through the centre of gravity of 
the body intersects the plane. For, whether the plane be 
rough or smooth, resolve all the reactions at the points of con- 
tact vertically. Then it is evident that tba x^^oiSas^ ^^ **5c&k 

T 
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system of parallel vertical forces at the points of contact must 
necessarily fall within some polygon whose vertices are these 
points ; therefore, &c. 

The student must be careful to observe that this condition, 
though necessary in the case of a def ormable system, is not 
sufficient (see Article 8i, p. 102). Thus, in Example 15, 
p. 164, it is not true that the def ormable system of two bars, 
AJB and J?(7, will rest in any position in which their common 
centre of gravity falls between the props. 



Examples. 

1. To find tbe volume and surface of a tore. 

(A tore is a surface generated by the revolution of a circle round a line in its 
plane). 

Let r be the radius of the circle, and c the distance of its centre from the axis 
of revolution. Then the volume of the tore is evidently xr* x 2ir<?, or iv^er^ ; 
and the surface is 2irr x iwe, or ^ir^cr, 

2. A triangle revolves round a line in its plane ; find the volume generated. 
Ans, If the distances of the vertices from the line are xi, Z2t xzj and A 

21tA 

the area of the triangle, the volume = (xi + X2 + xz), 

3. From the Theorems of Pappus deduce the volume and surface of a frus- 
tum of a right cone. 

(Consider a trapezium one side of which is perpendicular to the two parallel 
sides). 

4. A pack of cards is laid on a table ; each projects in the direction of the 
length of the pack beyond the one below it ; if each projects as far as possible, 
prove that the distances between the extremities of the successive cards will form 
a harmonic progression. (Walton, p. 183.) 

5. A rectangular column is formed by placing a number of smooth cubical 
blocks one above another, the base of the column resting on a horizontal plane ; 
all the blocks above the lowest are then twisted in the same direction about an 
edge of the column, first the highest, then the two highest, and so on, in each 
case as far as is consistent with equilibrium. Prove that the sum of the sines of 
the inclinations of a diagonal of the base of any block to the like diagonals of 
the bases of all the blocks above it is equal to the sum of the cosines. (Walton^ 
ibid.) 
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CHAPTEE X. 

THE PRINCIPLE OF VIRTUAL WORK APPLIED TO ANY SYSTEM 

OF BODIES. 

164. Forces applied to a Particle. — It has been shown in 
Art. 124, p. 199, that the resultant of any number of 
forces applied to a particle may be represented by the side 
required to close the polygon of the forces. And whether 
the polygon OPj P2 . . . P^ be plane or gauche, it is clear (as 
in p. 61) that the sum of the projections of the sides, taken in 
order, along any line OA, is equal to zero. 

Let the projections of the sides be denoted by Qi, Qz,. • . Qn« 
Then Qi + Q2 + . . . + Qw = o. Multiplying this by OAy an 
arbitrary length along the line OA, we have 

Q,.OA + Q^.OA + ... + Qn.OA = o. 

But if ^1 is the projection of OA along OPi, we have (see 
p. 61) 

Qi. 0A = OPi.pi. 

If, then, the sides OPi, Pi P2, . . . be denoted by P„ Pj, . . . 
we have 

Pi . ^1 + P2 . ^2 + . . . + P« . ^« = o ; 

and if the sides represent forces, each term in this equation 
is the virtual work of the corresponding force for the displace- 
ment OA. Since the resultant, P, of n - i of the forces is 
- P„, we have 

P . r = Pi . |?i + P2 .^2 + . . . ; 

and if the displacement is small, this equation is written (as 
in p. 66) 

Pgy = PiSj^i + P2SJ92 + . . . CA 

T 2 
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In particular, if X, Y, Z denote the rectangular components 
of Bf we have 

iJ&- = XSx + rSy + Zcz. (2) 

165. Extension to any number of Connected Particles. — 
If two particles, m^ and nh, are connected by a rigid inexten- 
sible rod, and are in equilibrium under the action of forces 
JPi Qiy . . . applied to mi and P2, Q29 - • - applied to fWj, it is 
evident (as in p. 104) that the force arising from the connex- 
ion acts in the line joining mi to Wj. If, then, this force be 
denoted by T, and the distance between the particles by r, wo 
have for the equilibrium of w?i 

PiSpi + QiSqi + . . . + TSir = o, 

Sir denoting the ohan^ in r arising firom an arbitrary small 
displacement of mi. The equation of equilibrium of 1W2 is 

P2SP2 + QiSqi + . . . + TSir = o ; 

and if in the new positions of mi and W2 the distance between 
them remains imaltered. Sir + S2r = o. Hence, by adding 
these equations we obtain the equation 

PiSpi + QiS(Zi + . . . -h P2SP2+ QiBqo + . . . = o, (i) 

which is free from the internal force T. 

This is exactly the same as the investigation already 
given for coplanar forces in Chap. VI. The elusion to any 
number of particles, that is, to any extended body, proceeds 
just as in that chapter, and the enunciation of the principle of 
virtual work there given applies in general without the limi- 
tation that the forces are coplanar. 

If in the case of the two particles mi and W2, considered 
above, their new positions are such that the distance between 
them is altered by 8r, the equation of virtual work will be 

PM + QiSqi + . . . + P2?i?2 + Q2^q2 + . . . + I^r = o ; (2) 

and, generally, if the virtual displacement is such that the 

internal forces do virtual work, these forces will enter into 

tie equation ot virtual work in exactly the eame manner as 
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the applied forces. The theorem of virtual work may, there- 
fore, be thus enunciated : — 

WTien a material system is in equilibrium under the action of 
any external and internal forces^ the sum of the virtual works of 
the external and internal forces is eqical to zero for any small 
virtual displacement whatsoever. 

Instead of saying that the total virtual work is zerOy we 
should in strictness say that it is an indefinitely small quan- 
tity of the second order, the greatest of the displacements 
being considered as a small quantity of the first order. This 
has been already explained in p. 109. 

The proof of the converse proposition — namely, that when 
the virtual work vanishes for all imagined displacements, the 
system is in equilibriimi — ^has been already given in p. 108 
for coplanar forces ; and as the proof obviously holds for non- 
coplanar forces, it is unnecessary to reproduce it here. 

1 66. Displacements along Smooth Surfaces. — ^If any body 
or system of connected bodies be in contact with smooth 
curves or surfaces, and the system be imagined to receive 
any small displacement along these curves or surfaces, it is 
clear (as in p. 66) that, since the point of application of each 
of the geometrical forces (reactions of the curves or surfaces) 
moves in a plane at right angles to the corresponding force, 
these forces will contribute nothing to the equation of virtual 
work for such a displacement. 

If any of the bodies of the system are connected by strings 
or rods whose lengths are unaltered in the virtual displa^ce- 
ment chosen, the tensions of these strings or rods will not 
enter into the equation of virtual work. But, as already ex- 
plained in pp. 77 and 107, we may choose virtual displace- 
ments of the system which violate the imposed conditions at 
the expense of bringing into our equation the corresponding 
forces. 

167. Einematical Theorem I. — ^When all the points of a 
rigid body move parallel to a plane, the motion is a pure 
rotation round an axis perpendicular to this plane. 

The position of the body wiU evidently be known if the 
positions of any two points in a plane parsJlel to the plane of 
motion are known. 

Let A and JB be any two points in such a plane, and sup- 
pose that after the displacement of t\ift\iodL^ ^<s^ ^yjssos^ ^Sasv 
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positions -4' and B" (fig. 209). At the middle points of AA'' 
and BB^ erect two perpendiculars which meet in /. Then in 
the triangles AIB and A' IB", AI= A% BI= BI, and AB 
A!B^ ; therefore the triangle A!IB^ is nothing more than AIB 
turned round the point / through an angle -4/-4^ or BIB^. 
Hence the Kne AB is brought into its new position by a pure 
rotation about J, and the same is true of every point rigidly 
connected with A and B in the plane AIB, 

If through I an axis be drawn perpendicular to the plane 
of motion, it is evident that the body is brought into its new 
position by a pure rotation about tbas axis through an angle 

When the motion of the body is small, this axis is called 
the Instantaneous Axis; and it is obviously constructed by 
drawing two planes normal to the directions of motion of any two 
points in the body. The intersection of these planes is the 
instantaneous axis. 

When the body is a plane figure, 
the point / is called the Instantaneous 
Centre ; and the consideration of this \ / /"^'V -- ^ 
point is of very extensive use in Eine- 
matics, Statics, and Geometry. \ / 

To construct the instantaneous cen- \i^ 

tre, erect perpendiculars to the directions 
of motion of any two points, and their in- 
tersection is the required point, 

168. Einematical Theorem U. — Fig. 209. 

The motion of a rigid body round a 
fixed point is a pure rotation round an axis. 

Def. a motion of a body round an axis whereby each 
point in the body describes an arc of a circle having its cen- 
tre on the axis and its plane perpendicular to it is called a 
pure rotation. 

One point, 0, in the body being fixed, the position of the 
body will be known if the positions of any two points, A and 
B^ not in directimi with are known. 

Bound let a sphere, forming part of the body or rigidly 

connected with it, be described with arbitrary radius, and let 

A and B (fig. 209) be any two points on the sphere. After 

the motion of the body let A' and B^ be the positions of A 

and £. Imagine the lines AB^ A'B"^ AA\ and BB^ in this 
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figure to be arcs of great circles on the sphere instead of right 
lines. Then, at the middle points of AA' and BB^ draw two 
great circles perpendicular to AA^ and J?^, respectively, 
and let them meet in /. In exactly the same way as in tlie 
last theorem, we have the spherical triangles AIB and A IB! 
equal ; that is, the latter triangle is the former turned round 
the axis 01 through an angle AIA or BIBf, Hence the 
whole body is brought by rotation through this angle round 
the axis 01 from the old to the new position. 

1 69. Kinematical Theorem III. — If a body has a motion 
of translation represented in magnitude and direction by a 
right line OA^ and at the same time a motion of translation 
represented in magnitude and direction by a right line OB^ 
the resulting motion of translation is represented in magni- 
tude and direction by the diagonal, OC, of the parallelogram 
determined by OA and OB. 

This proposition requires no proof. It follows immediately 
that any motion of translation can be resolved by the paral- 
lelepiped law into three motions along the axes of x^ y, and 2, 
after the manner of forces. 

170. Kinematical Theorem IV. — If a body receives a 
motion of rotation round an axis OA^ the rotation being 
represented in magnitude by OA^ and at the same time a 
motion of rotation (of the same sign as the first) round an 
axis OjB, the rotation being represented in magnitude by OB^ 
the resulting motion is one of rotation round the diagonal, 
0(7, of the parallelogram determined by OA and OJ?, and is 
represented in magnitude by this diagonal. 

[The signs of rotations are determined by the rule given 
in Art. 125, Chapter IX. We shall, for definiteness, suppose 
that when a watch is held with its face perpendicular to -kO, 
so that OA passes up through the glass, the rotation about 
OA takes place in a direction opposite to that of the hands ; 
and similarly for 0B.'\ 

Let P be any point on 0(7, p the perpendicular from P 
on OAy q the perpendicular from P on OB^ and k . OA and 
k . OB the angular motions round OA and OJ?, respectively. 
Then in virtue of the rotation round OAy P moves upwards 
from the plane of the paper through a space equal to kp . OA ; 
and in virtue of the rotation round OBy P moves downwards 
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from the plane of the paper through a space equal to kq . OB. 
Therefore the whole motion of P upwards is equal to 

k{pOA-qOB). 

But this is obviously zero ; therefore P is at rest, and so is 
every point on OC, The motion is, then, a rotation round 
OC. Jjet Q, be the angular rotation of the body round OC. 
Then the point A moves upwards from the plane of the paper 
through a space equal to Q, , OA sin AGO, since OA anAOC 
= the perpendicular from A oii OC. But A in turning 
round 0£ moves through a space equal to k . OB . OA x 
sin A OB. Hence 

Q . 0-4 sin AOC = * . 05. 0-4 sin AOB, 

^ . ^^ smAOB 
or Q = k.OB. - — j7r-= 

smAOC 

^k.OC. . 

Therefore the resulting angular velocity is represented by OC, 
if the component rotations are represented by OA and OB. 

This proposition is known as the " paraUelogram of angular 
velocities. It foUows at once that an angular motion about 
any axis, OX, may be decomposed into three angular motions 
about three axes, Ox, Oy, and Oz. If these latter are rect- 
angular, an angular motion o) about OL is equivalent to 
angular motions, o) cos a, oi cos j3, and oi cos 7, of the same 
sign, round the axes of x, y, and z, the direction angles of OL 
being a, /3, 7. 

171. General Displacement of a Rigid Body. — Th« position 
of every point in a rigid body is known when the positions of 
any three points in it are known, provided that these points 
are not in one right line. The general displacement of a rigid 
body is, therefore, the same as that of a system of three points 
forming a triangle. 

Let A, By be the positions of three points in the body 
before the displacement, and A\ B^, C the positions occupied 
by these points after the displacement. Then the triangle 
ABC may be brought into the position AB^C by moving A 
directly to A while B and C move parallel to AA through 
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spaces equal to AA\ and then turning the triangle about A' 
until B and C coincide with B^ and C\ But (-Art. 168) this 
latter motion is one of rotation round some axis through A\ 
Hence the general displacement of a rigid body consists of a 
motion of translation which is the same for all its points^ and a 
motion of rotation round an axis through an angle which is the 
mmefor all its points. 

To find the changes produced in the co-ordinates, a?, y, % 
of any point in the body by a general displacement, we may 
consider the motions of translation and of rotation separately. 

Although we shall be concerned only with small displace- 
ments, it is well to investigate the changes produced in the 
co-ordinates of a point by a rotation through any angle, 6, 
round an axis whose position is given. 

Let the direction angles of the axis, OL (fig. 210), be 
«, )3, 7 ; let F be the point (a?, y, z) 
which, after the body has rotated 
through an angle fl round OX, occu- 
pies the position Q ; let Pi (= p) be 
the perpendicular from P on Oi, and 
Qr a perpendicular from Q on LB. 
Now the a? of Q is the projection of pig. 210. 

OQ on the axis of x ; therefore the 

change in a? is the projection of BQ, along Oar, or the sum of 
the projections of Br and rQ. But Pr = ^ (i - cos ©), and 
Qr =p sin 0. 

Again, if the direction angles of PL are X, ju, v, since Qr 
is at right angles to OL and Pi, the direction cosines of Qr 
are cos /3 cos v - cos 7 cos ju, &c. Hence, if the a? of Q is x\ 

Q 

x' -x = p sinO (cos /3 cos V - cos 7 cos ju) - 2p cos X sin* -. (i) 

But JO cos X is the projection of BL along the axis of or, 
or the projection of OB - the projection of Oi, and since 
OL = X cos a -\- y cos (i + z cos 7, 

p cos X = a? - (a? cos a + y cos j3 + s cos 7) cos a ; 
Similarly 

JO cos /I = y - (a? cos .a + y cos /3 + 2 cos 7) cos )3, 

jo cos V = z - (a? cos a + y cos /3 + z cos 7) cos 7. 
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Substituting these values in (i) we have 

Q 

a:' - ic = sin fl (^ COS )3 - y cos 7) + 2 sin* - \_{x cos a + y cos /3 + 

2 cos 7) COS a - x]y (2) 

and similar values for the changes in y and z. 

If the angular rotation is very small, we have 

Sx = (z cos J3 - y COS y) SO, 

Sy = (x cos 7 - s cos a ) 8(9, 

& = (y cos a - or cos /3) c50, 

and if the components of the rotation SO along the axes be 
denoted by Sfli, 862, 863, these equations give 

Sx = zS02 - 3/803 

8y = xSO, - ^S0x ^ (3) 

8s = y80i - ir802 

Of course these equations can be obtained very simply by 
considering the separate changes in the co-ordinates produced 
by successive rotations 861, 8^2, SO3 round the axes of x, y, s, 
respectively. (See Routh's Bigid Dynamics, p. 160, second 
edition.) 

If the components of the motion of translation common 
to all points in the body be Sa, Sb, Sc, the complete changes 
in the co-ordinates for a small displacement will be 

Sx = da + zSO, - ySft 

Sy = Sb + xSO, - z80i \ (4) 

Sz == Sc -^ ySOi - ic802 

172. Deduction of the Six Equations of Equilibrium.^ — 
Eeplacing the virtual work of each force in equation (i) of 
Art. 165 by the virtual work of its three components, the 
general equation of virtual work becomes 

S(Z8ir+ r8y + Z8s) = 0, (i) 
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and substituting in this equation the values of Sir, 8y, and oz 
given by (4), we have 

+ 802.2(Xs-Zp)+803.S(ra?-Xy)=o. (2) 

Now, the displacement being quite arbitrary, its com- 
ponents, 8a, 8ft, 8c, 8&1, 802, 803, are completely independent. 
Hence in (2) we may consider all of them zero except one> 
and the equation then gives the coefficient of this one equal 
to zero. Thus (2) involves the six equations 

sx = o, sr=o, SZ=o, 

S(Zy - Yz) = o, S(Xs - Zx) = o, '2,{Yx - Xy) = o, 

which are the equations of equilibrium before obtained (see 
p. 219). 

In addition to the following Examples, the student will 
do well to solve some of those in p. 164 by the Principle of 
Work. 

Examples. 

I. Four rigid bars, freely jointed togc^ther at their extremities, form a qua- 
drilateral, ^^ClZ) ; the opposite yertices are connected by strings, AC^sn^ BJ)y 
in a state of tension; compare the ten- 
sions of these strings. 

Let the bar AB be considered as fixed, 
and let the quadrilateral undergo any 
slight deformation. Then the bars AD 
and BG will turn round the points A and 
By that is, the points D and G will de- 
scribe small paths, Bd and Gcy perpen- 
dicular to AD and BG. Hence (Theorem 
I.) the point, J, of intersection oi AD 
and BG i& the instantaneous centre for 
the bar GD^ and the angles Did and Cle 
are equal. Denote their common value 
by 5ff. Then Dd = ID . 5ff, and Gc 
= IG, ze. 

Now, since in the displacement of 
the system none of the geometrical con- 
ditions — namely, the constancy of the 
lengths of the bars — are yiolated, the stresses of the bars will not enter into the 
equation of virtual work. Hence if T and T denote the tensions of the strings 
AG and BD, this equation will be (see p. 74), 



A 




Fig. 211. 



T.ZAO^ T.ZBD = o. 



Ci\ 
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But 9AC= projection of Ce on AC= Ce . sin ACB = JC. sin ACB , ^B ; and 
similarly 9B1) = — ID . sin BDA . dd. Hence (i) becomes 

T,IC.BiaACB= T .ID.anBJDA. (2) 

Again 

IC _ AG sin CAB 

Il)~ BDmnCBI)' 
Substituting in (a) we obtain 

_ AG ^, BD 



OA ,0C OB.OD 

Another solution of this problem (quoted from Euler) will be found in 
l^alton's Mechanical Problems, p. i o i . 

2. Four rigid bars, freely jointed at their extremities, form a quadrilateral, 
ABCD ; the bars AB and AD are connected by a string, aa in a state of tension, 
■u being a given point in AB^ and a a given point in AD; in. the same way, 
BA and BC are connected by. a string bfi ; CB and GD are connected by a string 
cy ; and DG and DA by a string d9 ; find the relation between the tensions of 
these strings. 

If the lengths of the strings aa, b$, cy, and d9 are denoted by x, y, z, and tr, 
snd the tensions in them by X, Y, Z, W, the equation of virtual work for a 
flight deformation will be 

X6x + YZy ^ Zhz-\- W9w = o. (i) 

Now 

ar^ = Aa^ + Aa^ — lAa . Aa cos A - Aa^ + Aa^ 

■therefore 

Aa.Aa __ ^__ 
«8a; = 2 — - — — - . BD . 852>. 
AB.AD 

Substituting this value of Zx^ and similar values of 8y, 8^, 8tr, in (i), we have 

\y BA.BG w DG.DAf 

But from the last Example, we have 

iBD BD.OA.OG 



lience, finally, 



BAG AC.OB.OD' 

(X Aa.A a Z Cc.Cy\ BL^ 



Z Cc.Cy \ 
It' CB . CD) 



\x AB.AD z CB . CD/ OB , OD 

- /J Bb.B fi W Dd,DZ\ AC^ 
" [y'BA ,BG^ w ' DG. DA/ OA .OC' 



For a different solution, see Walton, i6id. 
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3. Six equal heavy beams are freely jointed at their extremities ; one is 
fixed on a horizontal plane, and the system lies in a yertical plane ; the middle 
points of the two upper non-horizontal beams are connected by a rope in a state 
of tension. Show that the tension of this rope is 

6^ cote, 

W being the weight of each beam, and 9 the inclination of the non-horizontal 
beams to the horizon. 

Let X be the length of the rope, y the height of the centre of gravity of the 
system, 20 the length of each beam, and T die tension of the rope. Then the 
virtual work of the tension is - TZx (see p. 74), and the virtual work of the 
weight of the system is — 6 Why, Hence 

TZx + 6 WZy = o. 

But 2; = 20 (i + cos 9), and y — 2a sin 9, and the deformation imagined is one^ 
in which the upper horizontal beam moves vertically through a small space* 
Hence the values of y and x will be of the same forms as before, and 

82; = - 20 sin 989, Zy = 20 cos BZO. 

Substituting these values of hx and 8y, we have 

T=6Wcoie. 

4. A body receives a small general displacement parallel to one plane ; find' 
the co-ordinates of the instantaneous centre. 

If the components of the motion of translation parallel to the axes of 2: and y 
are 80 and 86, and the rotation is 8(», the equations (4) of Art. 171 give for the 
displacement of any point whose co-ordinates are x, y, 

8a? = 80 — y8« 
8y = 86 + xhw. 

Now, the displacement of the instantaneous centre is zero ; hence, if (x, y) b& 
its co-ordinates, we have 

hb 80 

A particular case may be noticed. If any body in contact with a surface 
receives any small displacement parallel to one plane, the body still remaining^ 
in contact with the surface, the instantaneous centre lies on the normal to the 
surface of contact. In the rolling of one figure on another the point of contact 
is the instantaneous centre. 

5. A uniform beam, AB (fig. 130, p. 135), rests as a tangent at a point F 
against a smooth curve in a vertical plane, one extremity, Ay resting against 
a smooth vertical plane ; find the position of equilibrium, and the nature of the 
curve so that the beam may rest in all positions. 

Let the weight of the beam through O, and the normal reactions at A and P 
meet in the point ; take the vertical line AD as axis of y \ an.dU.^i.a — Nh^ 
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length of the beam. Then, if a; is the abscissa of P, we have AO = — — , and 
also AO = a fOJiB. Hence, equating these values, 

ar = « an^. (i) 

Now, from the equation of the given curve, $ is known in terms of a: in the 
form 

e -/(«). (2) 

From (i) and (2) the value of x^ and therefore the position of equilibrium, can 
be found. 

For example, if the curve be a circle of radius r whose centre is at a dis- 
tance e from the vertical plane, we find 

a sin^d + r cosB — e = o. 

If r = o, we get the result in Ex. 7, p. 1 35. 

If (i) holds in all positions in which the beam is placed, every position is 

one of equilibrium. Now, since tan B = — -, (i) gives 



And since this equation holds in all positions, we may integrate it. Hence 

y + ^ = - (a^-a;^)^ 

or «^ + (y + li)^ = a', 

k being an arbitrary constant. 

We may, without loss of generality, assume A; = o, and the curve will be 

The equation of virtual work shows that in this case the centre of gravity of 

the beam is at a constant height. For if y denote the ordinate of (?, this equa- 
tion is 

Wdy^ o, 
and since this holds in all positions, we have, by integration, y = constant. 

6. Four rigid bars freely jointed at their extremities form a quadrilateral 
ABCD (fig. 212) ; the middle points of the opposite pairs of bars are con- 
nected by strings, mm' and nn\ in a state of tension. Compare the tensions 
of these strings. 

Let / and /' be the lengths of the strings mm' and nn% and let the tensions 
in them be T and T^ respectively. 
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Then, assuming the quadrilateral to receive any small deformation, the 
equation of work will be 



Ttl + TZV = o. 



(I) 



Now, it may be left to the student as an 
-exercise to prove that 

n - /2 = i (^^ + Ci)2 - 5(72 - ^2)2), 

that is, /'* — /2 ig constant however the 
•quadrilateral may be def oimed. Hence / 



m - VZV = o ; 
and from (i) and (2) we have 



(^) 




y + y=o, 



(3) 



a remarkable result, since it shows that one of the tensions must be negative ; 
i. e., if the bars AB and CD are pulled togetlier, equilibrium will be impossible 
unless the bars AD and BC are pulled asunder. 

It is well to notice an apparent exception to the result (y). The student 
will easily prove that if the sides AB and BC are parallel, equilibrium will be 
maintained by the single string mm' in any state of tension, ». e,, T' = o, a re- 
sult which contradicts (y). 

The difficulty is easily removed, however, by reverting to (i), which in the 
case under consideration is identically satisfied. For, since AB and CD are 
parallel,, the line mm' passes through /, the instantaneous centre, and therefore 
for a slight deformation the point m' moves perpendicularly to Im\ that is, to 
mm\ Hence 91 = o, and equation ( i ) is satisfied by having at once T' = o and 
Zl = o. The combination of (i) and (2) is therefore irrelevant. 

7. Six equal heavy bars are freely jointed at their extremities ; one bar is 
fixed in a horizontal position, and the system hangs in a vertical plane ; the 
middle points of each pair of adjacent non-horizontal bars are connected by two 
strings in a state of tension.' Show by the principle of work that, if the hexa- 
gon is regular in its position of equilibrium, the tension of each string is three 
times the weight of a bar. 

8. Four bars whose weights may be neglected are freely articulated at their 
•extremities and form a quadrilateral, ABCD, in a vertical plane. The joint A 
is fixed, while the lateral joints, B and i>, rest each against a smooth vertical 
plane. A given vertical force being applied at the joint C, find the magnitudes 
of the reactions of the planes at B and D, and the direction and magnitude of 
the pressure on the joint A. 

Ans, Let Fhe the force applied at (7, P and Q the reactions at B and i>, 
B the pressure at A ; also let a, $, 7, and 5 be the inclinations of 
the bars ABj BC, CD, and DA to the horizon, and $ the angle 
made by the direction of It with the horizon. Then we shall 
ha7e 
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r Q F 



I + cot a tan /S i + cot 5 tan y tan j3 + tan 7 
R = */F- + Q2 ^ -F^ - 2FQ 



cot i5 + cot 7 
tand = 



cot a cot 7 — cot j3 cot 5 



(To get P, choose a displacement of the bars in which AJD remains fixed ; 
the intersection oiAB and CD will then be the instantaneous centre.) 

9. Two heavy uniform beams, AC&nd CB (fij?. 137, p. 148), are connected 
by a smooth joint at C\ the beam AC i^ moveable in a vertical plane about a 
smooth joint fixed at A, and*the extremity B of the beam CB is capable of 
moving along a smooth horizontal groove whose direction passes through A, It is 
required to keep the system in a given position by means of a horizontal forc& 
applied at B ; determine by the principle of woik the requisite magnitude of 
this force. 

Am, If a and a denote the angles CAB and CBA : W and W the^ 
weights of -4(7 and CB ; and F the required force, 

F = 



2 (tan a + tana')' 

10. Four bars, freely articulated at their extremities, form a parallelogram,. 
ABCD ; two forces, each equal to P, act in opposite directions in the dia|;onal 
AC^ and two forces, each equal to Q, act similarly in BJ), Find the figure of 
equilibrium. 

Ans. The adjacent sides of the parallelogram being a and b, the angle be- 
tween them w, we nave 

^2+^2 p» _ Q2 



cos» = 



lab • P2+ <22* 



173. Lag^rangian Meaning of the Virtual Moment of a 
Porce. — ^We see that in the general equation (2) of virtual 
work, each of the displacements, Sa, &c., is multiplied by 
a function of force which tends to produce this displacement. 
Thus 8O1 is multiplied by the whole moment of the forces 
round the axis of a?, and the tendency of this moment is ta 
produce a rotation round the axis ; ca is multiplied by the 
whole component of the forces along the axis of ^, and the 
tendency of this component is to produce a motion of trans- 
lation in this direction. In the same way, in equation (2) of 
Art. 164, each force is multiplied by a variation which it 
tends to produce. Thus the tendency of the force Pi is to 
drag its point of application in its own direction. If pi is the 
distance, OAi of the point, Ax^ of application of the force from 
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a fixed point, 0, in the line of action of the force, the ten- 
dency of Pi is to alter the distance jOi, and accordingly the 
term PM appears in the equation of virtual work. 

Similarly, the tendency of the internal force T is to alter 
the distance, r, between the points mx and W2, and accordingly 
the term T^r enters also into the equation. Each of these 
terms is, in fact, the elementary work which the correspond- 
ing force tends to do. Hence Lagrange defines the virtual 
moment, or virtual work, of a force as the product of the force 
and the variation of the function which it tends to alter {M^ca^ 
nique Analytique, § 5> P- 29 ; § 9, p. 33 ; § 6, p. 72 ; § 26, p. 126, 
Bertrand's edition), and in every case he obtains the general 
equation of equilibrium of a system by adding together all 
such products, whether they belong to the given external 
forces, the geometrical forces (reactions of smooth surfaces, 
or forces of connexion), or to the internal forces (mutual 
attractions or repulsions) of the system. 

This method of the solution of statical problems (which 
is equivalent to what Thomson and Tait call the Method of 
Energyy Nat, PhiLy p. 430) is one of great power and gene- 
rality, and its nature will be rendered more clear in the 
sequel. 

174. Equations of Condition maybe replaced by Forces.— 
Suppose a system of n particles whose co-ordinates are con- 
nected by k equations of condition, 

ii = o, Z2 = o, . . . Zjk = o, (i) 

each of these equations being of the form 

f{Xiy yi, 2„ X2y y%y S2, • . • Xni Vny «n) - O, 

that is, involving the co-ordinates of all the points in general. 
Then the equation of virtual work for the position of equili- 
brium of the system is 

2(X&r+ r8y + -Z82) = o, 
which, when written at fuU length, is 

Xx8«i + Tily, + ZM + . . . + XnlXn + Tn^y^ + Znl%n ^ O. [z) 
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Now if the virtual displacements of the particles were all 
independent, this equation would involve the vanishing of the 
coefficient of each displacement (see Art. 171) ; but the dis- 
placements of the particles must be such as still to satisfy the 
equations (i). Hence the quantities Sx^ &c., are connected 
by the k equations 

dxi dt/i czi 

diCn at/n azn 

dLn 



dlj2 ^ dlj2 o dlj2 ^ 

Sxi + -7— Syi + -T-^ Ssi + . . . 



dxi 



dLi 



dzi 



dLz ^ rfij 5^ dLz ^ _ 



dXn 



dt/n 



> 



d%n 



'^^*&,. + ^*8y.+f^8,. + ... 



dxi 

dXn 



lXn + 



dyx 



^^'lyu^ 



dyn 



dzi 
dLjc 

dZn 



SZn = O. 



(3) 



Solving these k equations for any A of the displacements — 
suppose &ri, Sxzf . . . 8^* — and substituting their values in 
(2), we obtain an equation connecting the remaining 3n - ib 
displacements of the form 

+ BiSyi + . . . + BnSpn 

+ CiSZi + . . . + Cn'SZn = O. (4) 

Now, the remaining quantities, Sxk+u &c., are completely 
independent, and thereforefsee Art. 171) every coefficient in 
Hub equation must = o. Thus, we obtain ^n - k equations 
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involving the forces, that is, statical equations of condition. 
Combining these statical equations with the equations of con- 
nexion (i), we have finally ^n equations for the ^n co-ordi- 
nates of the particles. The ehmination of the displacements 
from the equations can, however, be exhibited in a more 
symmetrical and useful form. 

Multiply the equations (3) by Xi, X2, • . . X* in order, 
these multipliers being undetermined quantities; then add 
the equations together, and finally equate to zero the coeffi- 
cient of every displacement in the resiilting equation.* Thus 
we shall have the following ^n equations : — 



^ dZi ^ dL 
Xi + Xi -7- + X2 



dxi 
dL, 



dxi 



dL^ 



+ . . . + X* -; — = O, 



-Fi + Xi — — + X2 — ; 1- . . . + X* 

dyi dy, 

„ ^ dLi ^ dL2 % 

Zil + Ai — ; \r A2 "l H , . . + Ajk 



dzx 



dzi 



dxi 

dLic 
dyi 

dLh 

dzi 



= o, 



= 0, 



(5) 



If from these equations we eliminate the k xmdetermined 
multipliers, we shall have ^^ - k statical equations of con- 
dition, as before. 

Now, this method of elimination has the advantage of 
discovering the geometrical forces, or forces arising from the 
connexions, of me system. For, suppose that we suppress 
the condition ii = o ; then the system wiU begin to move ; 
but it may be kept at rest by applying a special force to each 
particle. 

Let the components of the force applied to nii be X/, 
Yiy Zi\ those of the force applied to W2, X,', Fg', Zg', and so 
on for all the others. The equations of equilibriimi of mi 
will then be 



* Thifi is the method of undetermined multipliert^ for which see Williamson's 
Differential Calculus. 

V 2 
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Xi + Xi + X2 -J— + . . . + X* -T— = o, 

dxi dxi 

Fi + r/ + A2 -7- + . . . + A* -T- == Q, 

dyi ayi 

Zx + -Z/ + X2 -y- + . . . + X* -z — = O, 

azi az\ 

Bunilar equations holding for the other particles. 

Subtracting each of these from the corresponding equa* 
tion in (5), we have 



Y( = A. 



Z( = Ax 



Hence, Xi' : F/ : Zl = 



dxx* 
din 

rfy.' 

dLi 
dzi' 

1 

dLi dL\ dL\ 

•^— >^__ • ______ • ^_^___ 

dxi " dj/i ' dzi ' 



If, now, all the co-ordinates involved in the equation 
Xi == o are considered constant except x^ ^1, and Zi, this 
equation will denote a surface on which the particle mi is 
constrained to lie, and 

dZti dLi dZii 

dxi* dyi^ dzi* 
each divided by 



"-i)'<W<i)' 



UdL, 
\\dxi 

will be the direction cosines of the normal to this surface at 

the point (^1, ^i, ^1), It is evident, therefore, that the fproe 

Teqiured to keep the partiole mi at rest, when the condition 
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ii = o is suppressed, is a force acting nonnally to this surf aoe^ 
its magnitude being 

S\da!iJ \dr/ij \dzj' 

In the same way the force required to keep W2 at rest acts 
normally to the surface denoted by ii = o when X2, yz, 23 are 
considered as the only variable co-ordinates in the equation, 
and the magnitude of this force is 



S\dx2j \dy2J \dZi 



If the condition ia = o were suppressed, it follows in like 
manner that forces 



should be applied to the particles mi, &c., in directions nor- 
mal to the surfaces represented by the equation X2 = o when 
the sole variables in it are the co-ordinates of Wi, &o., in suc- 
cession. It is easy to see that 

\dxi dyi dzi ^ 

is equal to 

Fi (cos a . Sxi + cos /3 . Syi + cos 7 . Szi), 

where Fi is the force of connexion acting on mi in virtue of 
the condition Xi = o, and a, /3, 7 the direction angles of the 
normal to the surface denoted by Xi = o when the co-ordi- 
nates of mi are regarded as the only variables in it. 

Now, tiie multiplier of Fi in this expression is evidently the 
projection of the displacement of mi along the normal to this 
surface. If this projection be denoted by 8n, n being the 
length of the normal at the position of mi measured from 
some fixed point on the normal, we have 

XiSii = JPiSw, 

in which the variation of Xi has reference solely to the par- 
ticle mi. 

Now, as the force JPi acts along tha tlotcel^, ^sA KssoSis^ 
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directly to alter its length, or to produce the displacement 8n, 
we may, in conformity with Lagrangian language, regard 
the term XiSXi as the moment of a force tending to vary the 
function Li. 

This is true without regard to the nature of the function 
Li, It may, then, be a function not only of co-ordinates, 
but of differential coefficients of co-ordinates. It may, for 
example, express the imposed condition of inextensibifity in 
the case of a string, and then it will tate the form 

ds = constant ; 

or it may express the same condition in the case of a mem- 
brane, or, finally, the incompressibility of a fluid, and then 
it will be 

dxdydz = constant. 

Except in the case of continuous systems (such as spring:s> 
memSranes, and Btrings), this method is not a simplification of 
the ordinary statical methods. Nevertheless, for the sake of 
showins^ its application in practice, we add a few examples 
solved by means of it, deferring its more useful application 
for the present. 

Examples. 

I. A number of heavy particles are attached at given intervals to a weight^ 
less string the extremities of which are fixed ; investigate the circumstances of 
equilibrium (Funicular Polygon). 

Let (a, b) be the co-ordinates of one of the fixed extremities {x\, yi), (o^, y%j^ 
. . . the co-ordinates of the particles taken* in order from this extxemity, 
A)it h2i • • • the lengths of the portions of the string between these points, and 
Wu ^2» • . . the weights of the particles. 

Then the equations of connexion of the system are 

(« - xiY + (i - yiY = ki\ 

{Xi - X2jl^ + (yi - Vijl^ = ^13^, &c. 

Hence the Lagrangian equation of virtual work is 

X2 {(«! -ara) {?xi - 8^:2) + (yi -^2) (8yi - «y2) } + ... = o. 
Equating to zero the coefficients of the several displacements, 

Xi (tf - iPi) - X2 {Xi - a%) = o, 
X2 {xi - afz) - X3 («ii - xz) = o, 
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Wi -\i(b " yi) + \2 (vi - y2) = o, 
W2 - Aa (yi - ya) + X3 (ya - ys) = o, 

• ••••• • 

The first set of these equations evidently give 

Xi (a - xi) = \2 (xi - a!i) = As («8 - «8) = • • • = ^» suppose, 
and by substituting in the remaining set, 

h-i/i _ yi-ya ^1 
a - a?i "" a?! — fl?a T' 

yi - ya _ ya - ya . ^2 

•Pi ~ ^a iPiB "■ *8 -t 



But ^ is the tangent of the inclination of the portion ^01 of the string to the 

a — xi 

lioiizon. Hence we have 

tan aoi = tan aia + -^\ 

tan au = tan Bzz + -^9 

as in p. 27. Also the tension of the string joining (a, b) to («i> yi) is r- acting 

hi 

from the first point towards the second, and so on for the other tensions. 

2. Deduce by the method of Lagrange the conditions of equilibrium of a 
system of three particles forming a rigid triangle, each particle being acted on 
by given forces. 

Let (xi, yi, zi) be the co-ordinates of one particle, and (Xi, Fi, Zi) the com« 
ponents of the force acting on it, with similar notation for the other two parti- 
cles. Then, if /la, I23, hi denote the sides of the triangle, the equations of con- 
nexion are 

{xi - X2)^ + (yi - ya)' + («i - 22)* = hz^, 

{X2 - x^y + (ya - ifzY + (aa - «3)' = W, 
(x3 - xiY + (ya - yi)' + {zz - «i)* = /si'. 
Hence the Lagrangian equation of equilibrium is 

Xi5a?i + Ti5yi + Zi^zi + . . . 
+ Aia { {xi - Xi) {dxi - dx2) + (yi -ya) (8yi - 8ya) + («i -«a) (toi - i«a) } + ...= o, 
the undetermined multipliers being Aia* Aas* and A31. 



(0 
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Equating to zero the coefficients of the displacements, we have 

Xi + X12 («i - «2) - X31 (aJs — a?i) = o, 

Fi + X12 (yi - t/z) - X31 (y3 - yi) = o, 

Zi + X12 (21 - «2) - A31 (2i - «i) = o, (3) 

with similar equations for the other particles. 
By addition, we have at once 

Xi '\- X2 + Xs ^ o, or 2X = o, 

ri+r2+rs = o, or2r=o, 

Zi + Z2 + ^ = o, or 2Z = o, 

which are the ordinary equations of translation. 

Agun, multiplying (i) by yi and (2) by xi, and subtracting, 

Tixi - Xij/i - X12 (fl?iy2 - yi«i) - X31 («iys - yia^s) = o, 

and by taldng the similar equations for the other particles, and adding, we get 

2(ra;-Zy) = o. 

Similarly, :S (Xz - Zx) = o, . 

and 2 C^y - Tz) = o. 

These last three are the equations of moments, and they constitute with the 
first three six equations of equilibrium. Now these are all the conditions that 
can be obtained among the forces and co-ordinates. For if n particles be oon- 
nected by k equations of condition, there are (Art. 174), 3» — ^ final equations. 
But here n = 3, A; = 3, .*. 3ft — ^ = 6. It is to be observed that the equatioiiB 
of equilibrium of any np.d. body must be the same in number as those ror three 
particles forming a rigid triangle, because if three points of a rigid body are 
determined in position, the position of the body is determined. 

3. Show that the equations of equilibrium of a system subject to given con- 
ditions may be expressed as the vanishing of the differential co^B&cients of a 
single function of the co-ordinates of the system. 

Suppose that 

{Xidxi + Jidyi + Zidti) + {X%dx% + Tifiiyz + Ztdn) + . . . , 

or 2 (X<2r + Tdy + 2<&), E ^r where F is a function of the co-ordinates I9 yi» si» 
dPs, y2, f2» ... Then, taking 

I7'Er+XiZi + X2X2+ . . . , 
where Zi = o, Z2 s o, . . . are the equations of condition, we shall have 

dU_ <fZ, dU^ J.T ^^^^T ^^2. 

axi ax\ 4»\ dx\ dx\ 
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But since the co-ordinates make Zi = Za » . . . =0, 

dJJ _ dL\ dL2 

-T- —Xi + \i 3 — + A.2 J — + . . . , 

axi ax\ axi 

and comparing with equations (5), "we see that the equations of equilibrium are 
dU dU dU dU . 

-J— =0, -— • = O, ... J— = O, -z— = O, &C, 

dxi dx2 dy\ dyz 

175. Distinctive Feature of the Lag^rangian Method. — If 
the first method of eliminatiiig the diBplacements described 
in the last article is adopted, we arrive at an equation such as 
(4) of that Article, from which the conditions of equilibrium 
are obtained by equating to zero the coefficients of the dis- 
placements. But in proceeding thus, we fail to obtain the 
values of the internal and geometrical forces of the system. 
Now these forces are, as we have seen, intimately related to 
the imdetermined miiltipliers ; and as these latter are found 
from the Lagrangian equations, it follows that — 

The method of Lagrange gives not only the conditions of 
equilibrium^ but also the internal forces of the system. 

A single very elementary example will suffice to render 
this clear. 

Two heavy particles of weights Wi and Wz are connected 
by a rigid rod, and each particle rests on a smooth inclined 
plane. The inclinations of the planes are ii and i^ and their 
intersection is horizontal; find the position of equilibrium, 
and the internal and geometrical forces. 

Let the line of intersection of the planes be taken as axis 
of 2, let the axis of y be vertical and that of x horizontal. 
Also let [xiyiZi) (aJz^jSz) be the co-ordinates of the particles, 
and / the length of the rod connecting them. Then the 
equations of connexion are 

yi - Xi tan ii = o, 

^2 + ^2 tan iz = o, 
{xi - XiY + (yi - yzY + (21 - ZiY = P. 
Hence the Lagrangian equation of equilibrium is 
- TFiSyi - TTzSya + Ai {Syi - tan ii . Sxi) + A2 (8^2 + tan t2 . Sxz) 
+ t[{xi -Xi) {Sxi - Sxi) + (yi -ya) (Syi - 8^2) + (21 - 22) (S21 - 822) ) « o, 
A19 A29 and r being the undetermined multipliers. 
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Equating to zero the coeffioients of the separate displace- 
ments, 

-TTi + Xit rfyi-ya) =0, 
- JTa + Xa - t{i/i - 1/2) = O, 

Xi tan ii - t{xi - x-i) = o, 
X2 tan ii - t{xi — Xi) = o, 

T (Si - 23) = O. 

From the last equation we have 2i - 23 = o, which shows 
that both particles must lie in a vertical plane perpendicular 
to the line of intersection of the inclined planes. 

If be the inclination of the line joining the particles to 
the horizon, the other equations give 

{Wi 4 JTa) tan e^JFiOotii-Wi cot «i, 

Wi sin ii 



1 = 



Xx = 



X.= 



cos {ii - oy 

TTi cos cos ii 

cos {ii - 0) ^ 

W% cos cos «a 
COS (4 + 0) 



The student will easily perceive from Art. 174 that rl is 
the tension of the rod, and Ai sec %x and X2 sec ii the reactions 
of the smooth planes. Thus we have the same values of the 
inclination of the rod and of the internal forces as we should 
have obtained by the ordinary statical methods. 

Suppose now that the equation of virtual work is employed 
according to the first method ; that is, let us write 

Syi - tan ix . 8a?i = o, 

Sya + tan i% . Zx% = o, 

{xi - x^ (8a?i - Ix^ + (yi - ya) (Syi - ly^ + (s^ - z^ (Szi - &,) = o> 
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and eUminate the displacements without employing nndeter* 
mined multipliers. Then we obtain simply the equations 

Zi — ^2 = o> 

{Wi + Wi) tan e = JTi cot 4 - W2 cot fi, 

which define the position of equilibrium, without giving the 
values of the unknown forces of the system. 

176. Potential of a System of Forces. — ^Let there be any 
number of particles, rriiy nh^ . . . acted on by forces Xj, Y^ Ziy 
X2, 1^2, i^2, . . . J and let the co-ordinates of the particles be 
(a?i, yi, Si), [x2^ t/i, Z2)r - . . Then, if F be such a function of 
the co-ordinates that 

dV ^ dV ^ dr_„ 

rfari c/yi dzi 

we have 

F = J ( Jirfa?! + Yidyi + Zi&i + X^2 + F2rfy3 + ^2rf«a + • • •) J 

or, as it may be written for shortness, 

F= S J (Xcfe + Fc^y + Ztfej, 

2 denoting a sunmiation of the integral for all the particles 
of the system. The integral may be considered either as 
indefinite f or as performed from any fixed position which the 
system can geometrically occupy to the position which it 
occupies at the moment under consideration. Of course it 
may happen that the forces are such that S {Xdx + Ydy + Zdz) 
is not the differential of any function of the forces and co- 
ordinates ; when it is so, the system belongs to what Thomson 
and Tait call Conservative Systems [Nat. PhiLy § 271). The 
function V which belongs to a conservative system is called 
the Potential of the given forces. 

177. Stability and Instability of Eqtdlibrium. — When a 
body in equilibrium under the action of given forces is 
slightly disturbed from its position, it will not, in general, be 
in eqiulibriimi in the new position. Now the effect of the 
forces in the new position of the body may be either to drive 
it back to its original position, or to deviate it still further 
from this position. In the former case the equilibrium ia 
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said to be stdbky and in the latter unstable. For example, 
take a heavy rod, AB, moveable roimd a smooth hinge at 
one end, A. If the rod is placed in a vertical position it will 
evidently be in equilibrium ; but if the end B is vertically 
above A, a slight disturbance will cause the rod to fall from 
this position ; while if jB is vertically below A^ after a slight 
disturbance the rod will revert to its original position. 

178. Haximum and Minimum Potential. — ^When a body 
or a system of bodies assumes such a position that the poten- 
tial of the forces acting on it is a maximum, the body or 
system is in a position of stable equilibrium. When, on the 
contrary, the position of the system is such that the potential 
has a minimum value, the eqiulibriilmi is unstable. Here the 
terms maximum and minimum are to be understood as they 
are defined in the Differential Calculus. The complete proof 
of this principle is kinetical, and it will be found at great 
length in the MScanique Analytique (6th section of the DynO' 
mique, p. 320). 

In a very useful particular case, however, a statical proof 
may be given. 

Suppose a system, subject to certain geometrical condi- 
tions, to be in equilibrium, and suppose, moreover, that, sub- 
^'ect to these conditions, the position of the system is defined 
y a single variable. 

In general (Art. 174) the equations of equilibrium are 



I' 



ii = O, X2 = O, . . . JjJe = O, 

and 

S (XSa? + F8y + ^z) =0. 

Assuming the forces to have a potential, F, the last equa- 
tion is 

8F=o. (a) 

Now if all the co-ordinates, ^1, yj, Si, . . . , in conformity 
with the geometrical conditions, ii = o, . . . , are expressible 
in terms of a single variable, g, F is simply a function of q^ 
and the statical equation can be written 
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dV 
Hence, in the position of equiKbrium — = o, and there- 
fore V is, in general f either a maximum or a minimum, since 

-^-r- will not, in general^ vanish. 
aq 

Now it has already been emlained (Arts. 173 and 174), 

that in the equation of equilibrium the coefficient which 

multiplies each variation is proportional to a force which 

tends directly to produce this variation ; therefore from (j3) 

we see that ^- is proportional to a force which tends to pro- 

dV 
duce the displacement denoted by 8g, or, in other words — 

is proportional to a force which tends to increase q ; and 

(/3) shows that in the position of equilibrium this force must 

vanish. 

Suppose now that, the geometrical equations of condition 

being still satisfied, the system receives a small displacement 

dV 
for which q becomes q + Sq. Then if ~ is denoted by /($'), 

dV . 
the value of — in the new position will he f{q + Sq) ; that 

is, the force called into play by the displacement is 
or 

dV 
But, by hypothesis, -r- = o, therefore the force called into 

play is 

d^r . 

If this force has the same sign as Sg, the force called into 
play increases the displacement, and tike equiKbrium is un- 
stable ; whereas if the sign of the force is opposite to that of 
the displacement, the force destroys the displacement^ and thi^ 
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(PV . 
•equilibrium is stable. In the former case -^-y is positive and 

V a minimum, and in the latter -j-r is negative, and V a 

maximum. 

Whether the position of the system depends on a single 
variable or on several variables, equation (a) is satisfied in 
every position of equilibrium ; but the vanishing of the first 
differential of a function of several variables is not a sufficient 
condition for a maximum or minimum value of the function. 
Hence we cannot assert that every position of equilibrium of 
such a system is one in which V is either a maximum or 
minimimi. On the contrary, when the position depends on a 
single variable,* Fis, in general^ either a maximum or a mini- 
mum, and the equilibrium is, in general^ either absolutely 
stable or absolutely unstable. A position of equilibrium is 
said to be absolutely stable when, after all possible small dis- 
placements, the system reverts to its position of equilibrium ; 
and absolutely unstable when, after all possible small displace- 
ments, it deviates still further from that position. 

Since maxima and minima values of a function succeed 
each other alternately, it is clear that the same is true of the 
positions of stable and unstable equilibrium of a system. 

179. Maximum or Minimum Height of the Centre of 
Gravity. — ^When gravity is the only force acting on a system 
of bodies, the potential is simply 

W denoting the weight of the system, and z the height of its 
eentre of gravity above any fixed horizontal plane. 

For if Wi be the weight of any one body of the system 
and Zi the height of its centre of gravity above a fixed hori- 
zontal plane, me virtual work of Wi for a small increment of 
Zi will be (Art. 59, p. 75) 

Hencet 8F= - Wilzi - w^lzi - . . . 

* The system in this case is called by French writers un tyttime d liaiaen* 
computes. 

f This assumes that none of the g^ometnsal fotcea required for a position of 
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But JF. 2 = t^i. si + «r2 . S2 + . . . ; therefore 8F= - W. 8z, 
and F= - W.'z. 

Now the maximum value of F will occur when z is least ; 
hence when the centre of gravity of any system of bodies is in 
the lowest position that it can occupy consistently tvith the geO' 
metrical conditiom of the system^ that system is in a position of 
stable equilibrium; and when its centre of gravity is in the highest 
position, the system is in a position of unstable equilibrium. 

Unless the position of the system depends on a single 
variable, we cannot assert conversely that a position of equi- 
librium is one in which the height of the centre of gravity is 
either a maximimi or a minimum. 

If any bodies of the system rest on rough curves or sur- 
faces, the equation of virtual work will involve the reactions 
of these curves or surfaces for displacements along them. 
Hence we have no longer the equation JF. Sz = o, and the 
principle of maximum or minimum height of the centre of 
gravity does not hold. 

Even when the position depends on one variable, it may 
happen that in a position of equilibrium the height of the cen- 
tre of gravity is neither a maximum nor a minimum. Take, 
for example, the case of a heavy particle placed at a point of 
inflexion on a smooth curve in a vertical plane, the tangent 
at the point being horizontal. The particle is evidently in 
•equilibrium, since for a small displacement P& is zero, P being 
the weight and z the height of the particle. But z is neither 
a maximum nor a minimum, and the equilibrium, accordingly, 
is stable for a small displacement along the upper part of the 
curve, and unstable for a displacement along the lower paxt. 

When the connexions 01 the system are complete (see 
note, p. 302) the centre of ^avity describes, in all positions 
of the system compatible with the given conditions, a curve 
which is sometimes very, easily found. In the position of 
equilibrium the centre of gravity will be the point of contact 
of a horizontal tangent to this curve, and in this manner we 
oan most readily perceive the nature of the equilibrium of the 
body. 

equilibrium are infinite ; for the term A.8X cannot "be assumed to yanish, eyea 
though 8X = o, if A. £4 ixifinite. 



304 The Principle of Virtual Wbrky etc. 

"When the connexions of the system are not complete, it 
may happen that its centre of gravity is constrained, in all 
displacements compatible with the connexions, to describe a 
fixed surface. In this case the position of equilibrium will 
be one in which the tangent plane to this surface at the 
centre of gravity is horizontal ; and if the surface lies entirely 
below the tangent plane in the neighbourhood of the point of 
contact, the equilibrium will be unstable, as in the case of a 
curve ; if the surface lies above the tangent plane, the equili- 
briimi will be stable ; and if the tangent plane intersects the 
surface in a real curve in the neighbourhood of contact, the 
equilibrium will be stable for some displacements and unstable 
for others. 

1 80. Continuous Equilibrium. — ^If in all positions of the 
system, compatible with the geometrical conditions, the stati- 
cal equation 

8F=o 

is satisfied, every position is one of equilibrium. Writing 
down this equation in all positions, and adding the equations 
thus obtained is evidently the same thing as integrating it. 
Hence if all positions of the system are positions of equili- 
brium, the applied forces must satisfy the equation 

V = constant. 

In the particular case of a heavy system under the action 

of gravity alone, Fis - W.z; therefore if a system be con- 
tinuously in equilibrium under the action of gravity, the 
centre of gravity of the system for all displacements com- 
patible with the conditions moves in a fixed horizontal plane^ 
or, in other words, maintains a constant height. 



Examples. 

I. A heavy beam, AJB (fig. 124, p. 132) rests on two tmooth inclined planes ; 
find the nature of its equilibrium. 

It is yery easy to proye that if the right line A3 moyes between two fixed 
right lines, OA and OB, the giyen point O on AB describes an ellipse whose 
equation with reference to OA and OB as axes of x and y is 

^ + .-?coe(»+«+^=i. 
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The centre of this ellipse is the point 0, In the position of eqnilihrium G 
is the point of contact of a horizontal tangent to thiB ellipse. Now two such 
tangents can be drawn, one above the intersection of the inclined planes and the 
other below it. There are, therefore, two positions of equilibrium ; that with 
which we were concerned in the example of p. 132 is obviously the position 
in which 6^ is at a maximum height, and it is, therefore, unsuAle ; the other 
requires the planes to be prolonged below their line of intersection, and as it 
also requires the reactions of the planes to assume impossible directions, it is 
physically impossible. It would, however, be possible if the planes were re- 
placed by smooth fixed rods to which the extremities of the beam are attached 
by rings. The second position of equilibrium would then be stahU, 

The impossibility in a certain case of any position of equilibrium, except one 
of continuous contact with either plane, which has been signalized in p. 133, is 
now easily explained. It occurs when the point of contact of the horizontal 
tangent to the ellipse locus of O falls underneath the plane (a) or the plane {fi\ 
80 uiat it is not a possible position of 0. 

The problem may be solved by a purely analytical method. If z is the 
height of the centre of gravity of the beam, it will be easily found that in the 
position of equilibrium 



d^z sin a sin /3 cos 

502 (a + *) sin (a + 



|r |(a + Vf + (a cot a - i cot fif\ 



2. Two given points of a body rest each in contact with two smooth inclined 
planes ; show that the equilibrium of the body is unstable. 

"We Imow that if two vertices of a given triangle move along two fixed rieht 
lines, the locus of the third vertex is an ellipse whose centre is the intersection 
of the given lines. 

Hence if we consider a given triangle in the body to be formed by the centre 
of gravity and the two points which are in contact with the planes, we see that 
the locus of the centre of gravity is an ellipse whose centre is at the intersection 
of the inclined planes. Now in the position of equilibrium the centre of gravity 
is the point of contact of a horizontal tangent 
to this ellipse. Hence the only possible posi- 
tion of equilibrium is one in which the height 
of the centre of gravity is a maximum ; titiere- 
fore the equilibrium is imstable; and if, as 
explained in the last Example, the point of 
contact of the tangent falls underneath either 
plane, the only position of equilibrium of the 
body is one of continuous contact with one of 
the planes. The student will find several 
particular examples of this problem in Wal- 
ton's Meehanieal Frobletns (pp. 164, &c.}, 
where the solutions are analytical. 

3. A heavy body has two plane surfaces, 
CP and CQ (fig. 213) which rest against two Fig. 213. 

smooth fixed pegs, P and Q, the line PQ 

making any angle with the horizon ; show that the positions of equilibrium 
are determined by drawing horizontal tangents to a Lima9on. 

The centre of gravity and the pegs must lie in one vertical plane, which is that 
of the figure. Since P and Q are fixed points and the angle at C between the 
plane faces is constant, the circle described round the triangle PCQ ia fizj^^ 

X 
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space. Again, let O be the centre of gravity of the body. Then since CQ and 
CP are lines fixed in the body, the angle GCP is given ; and if CO meet the 
circle in 0, the point is fixed in space ; aLso the distance CG is given. 

Hence in all positions of the body — i. ^., in all positions of C on the circle — 
the centre of gravity is found by drawing the line OC from to the circumfer- 
ence of the circle, and taking a constant length, CG^ on this line. The curve 
deduced in this way from a circle is a Lima^on, which is, therefore, the locus of 
the centre of gravity. 

A particular example has been already discussed in p. 136. 

4. A heavy plane body of any shape is suspended from a smooth peg, fixed 
in a vertical wall, by means of a string of given length, the extremities of which 
are attached to two fixed points in the body. Determine the nature of the equi- 
librium. 

This problem, so far as the positions of equilibrium are concerned, has been 
already discussed (Ex. 11, p. 138). We propose here to show that there are 
two positions of stable and one position of unstable equilibrium. In the figure 
of the Example referred to, the point of contact of GPz with the evolute is between 
O and Pz ; tiie point of contact of GP\ is between G and Pi ; and the point of 
contact of GP2 is on P2G produced. Now it is easy to see that GPz is a line of 
maximum length drawn from G to the ellipse. 
For, let Q be a point on the ellipse close to 
Pz, and let QC be the normal at Q. Then C 
is the centre of curvature, and therefore the 
point of contact of GPz and the evolute. 
Hence CPz = CQ, .-. GPz = GG •\- CQ, which 
is > GQ, .*. GPz > GQ, and GPz is, therefore, 
a maximum. ^ Fig. 214. 

In the same way OPi is a maximum and 
OP2 a minimum distance of G from the ellipse. 

Hence, in the positions of equilibrium, GPi and GPz are maximum distances 
of the centre of gravity from the peg. The positions in which these lines are 
vertical are, therefore, positions of stable equilibrium. And since GP2 is a 
minimum depth of G, the position in which GP2 is vertical is one of unstable 
equilibrium. 

5. To find the nature of the equilibrium of the beam in Example 5, p. 285. 
Take any position of the beam (in which, of course, the lines GW, AS, and 

PS (p. 135) do not meet in a point). Then, if y is the ordinate of P, the point 
of contact of the beam and the curve, referred to a fixed horizontal axis, the or- 
dinate of G will be 

y + {GA - PA) cos e, 

or ^ + a cosO — x cot 0. 

Denoting this by y, we have 

de do 8m^0 dO 

Now, 

-f- = cot 0, .*. -TT - cot d ^- = o. 
dx de de 




licence, 
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Differentiating this, and remembering that in the position of equilibrium 

-— = o, we have 

d^y dx 
sin'e ^ = — - 3« sin'e cos 0, (i) 

dy 
Again, since cotd = — , we have 

dQ dr-y 
ax ax* 

But if p is the radius of curvature of the curve at P, 

^\ ^!_,.sin3e^-^ 



^ ( 



I 



1 + 



(D) 



dx^' 



Therefore ^- = — :— r, and (i) gives 
dx p srnfl 

d^y 
sm —5 = p - 3a sin cos a 
dd^ 

= P - ZPO. 

. . d^y 
Hence, since sin0 is necessarily positive, -r^, will be positive, and y therefore 

(to 

■a minimum if 

p > ZPO. 

The equilibrium will therefore be stable or unstable according aa p> or < ^FO* 
To arrive at this result, it would have been sufficient to demonstrate it for a 
circle, which is very easily done. The curve in the neighbourhood of P may be 
replaced by the circle of curvature at this point. 

6. Prove geometrically that] the equilibrium of the beam in Example 2, 
p. 133, is stable. 

7. Two uniform heavy rods freely jointed together at a common extremity 
rest on a smooth parabola whose axis is vertical and vertex upwards ; find the 
position of equilibrium. 

Ans. Let the weights of the rods be P and Q, their lengths 2a and 2^, 
and let them make angles and ^, respectively, with the vertical 
in the position of equSibrium ; then tiliese angles are determined 
from the equations 

Pa sin=^a + (P + (?) m cot ^ = o, 

Qb sin»4> + (P+ Q) m cot e = o, 

4in being the latus rectum of the parabola. 

X 2 
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[Taking the tangent at the vertex as axis of y, the abscissa of the point of 

intersection of two tangents, y = tx and y = t'x „ is — -. Hence 

(P + Q) « = Ptf COS d + Q3 cos ^ + (P + Q) «t cot d cot 4>. Then 2; is to be a 
max. or min.] 

8. A uniform heavy rod, AB, moveable about a smooth hinge fixed at Aj 
has its extremity B connected with a string which, passing over a smooth pulley 
at a point C veitically over Ay sustains a given weight which rests on a smooth 
inclined plane passing through C. Find the positions of equilibrium, and the 
nature of each. 

Ant. Let W and 2a be the weight and length of the rod ; P the weight 
on the plane whose inclination to the horizon \a%', 2e the distance 
ACf and the inclination of the rod to the vertical. Then, if 
(« — a) W< iPe sin «', there will be three positions of equilibrium 
defined by the equations 

^ 7r2 (a2 + c2) _ 4P2e2 sin^t ^ 
a = o, cos d = ^ -^i^^ , and a = x. 

The first and last positions are stable and the intermediate one is 
imstable. 

If (e — a) W> 2Pe sin », there is no intermediate position, and 
the first and last positions are unstable and stable, respectively. 

9. One end of a beam rests against a smooth vertical plane, and the other 
on a smooth curve in a vertical plane ; find the nature of the curve so that the 
beam may rest in all positions. 

Am. An ellipse whose axis major is the horizontal line described by the 
centre of gravity of the beam, the axis minor lying in the yertical 
plane. 

10. A uniform heavy rod rests inside a smooth fixed sphere whose dia- 
meter is equal to the length of the rod. In all positions of the rod its centre of 
gravity is fixed ; hence tiie rod should rest in all positions ; but, except in the 
yertical position, it is impossible that the acting forces can give equilibrium. 
Explain this. 

(See note, p. 303.) 

1 1. A uniform beam rests in all positions with its extremities on two smooth 
curves in a vertical plane ; given the equation of one, find that of the other. 

Ana. Let the axis of y be vertical, 2a the length of the beam, h the constant 
height of the centre of the beam, and x=ib(y') the equation of one 
curve ; then the equation of the other will be 

a: = ^(aA - y) - 2 y/a^ - (A - y)*. 
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181. Expansion of the Abscissa and Ordinate of a Curve 
in Powers of the Arc. — Let A and B (fig. 215) be any points 
on a curve, and let Am and An be the twgent and normal at 
A. Also let \p be the angle between 
the normals at A and 5, and let 
Am (= x) and Bm \^= y) be the co- 
ordinates of B wifch reference to 
the tangent and normal at A as 
axes. ^^«- »'5. 

Then, by Maclaruin's Theorem we have 

« denoting the arc AB^ and ^0, ( -r- ) > . • • the values of yfj 

and its differential coefficients at A. 

Now \Lq = o, and -p = -, where p is the radius of ourva- 

ds p 

ture. Hence, 

p I .2 ds 1 .2.3 fife* 

the suffix being omitted, it being imderstood that p is the 
radius of curvature at A. 
Again, we have 

(dx\ 8^ fd'xX 

^0 

dPx _ I dy , cPy _ 1 dx 

d^ ^ pds^ ds^ pds' 
But 

:and the successive differential coefficients are calculated with 
ease. 
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We thus obtain 



Bn^ 



^ 



s* dp 



Op* 24p* da 



+ 



• • • 



An = 



8" 



s' dp 



8' 



2 fdp^ 



I d" 






2p 6p^ds 24 f/o^ /o^\rfs 



>*efo» 



+ . 



(2) 



(3) 



182. Eqiiilibrium of a Heavy Body resting on a Fixed 
Bough Surfiace. — ^Let AD (fig. 216) be a fixed rough surface 
on which a heavy body, -4(7, rests, under the action of gra- 
vity, at a single given point A ; and 
let this body receive a slight displace- 
ment of rolling on the fixed surface. 

We propose ^o investigate the na- 
ture of the equilibrium. The figure 
represents a section of the bodies 
made by the vertical plane througl 
their common normal, w40, in which 
the rolling takes place. We suppose 
the normal w40 to be vertical. 

Then, since, in the position of 
equilibrium the body AC is acted on 
by only two forces — ^namely, its own 
weight and the total resistance of the 
fixed surface — ^its centre of gravity, 
Gy must be vertically over the point of contact. 

Let the point A of the rolling body come to A\ and G to 
G\ the new point of contact being 5, and the new common 
normal 0(/. Draw the vertical line BVy meeting A'(/ in F. 

Then, if -4' F is > A'G\ the weight of the body acting 
through G^ will produce a rotation round B which will send 
the body back to its original position ; while, if A' Vis < A'G\ 
the rotation produced by the weight will be in the opposite 
direction, and the body will deviate still further from its 
original position. For stability, therefore. 




Fig. 216. 



A'r>A'G\ 



(I) 



Let p and p' be the radii of curvature of the curves AB 
and AC at -4, and let xf^ and xf/ be the angles AOB and 
A' OB. Then drawing Bn perpendicular to ACf^ we have ■ 
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Ar= A'n + nr= A'n + Bn cot A'VB; 

but Z. A'VB = \p + \p^ ; therefore the condition for stabiKty is 

^'n + Bn cot (1/. + x^') > A'0\ 
or, denoting A'& (or AG) by ^, 

Bn> {h- A'n) tan (1/^ + i/^O- (2) 

Now, carrying approximations as far as a*, it will be 
found from equation (i) of last Article that 



taw.f)=.(i.i,).';i^-|.^ 



d" - (P i 



"^ 6 ' (fe' "^ <fe'» "^ ^ 



C-?)1' 



8 being the common length of the arcs AB and A^B. 

Substituting this, and the values of Bn and A^n from last 
Article, in (2), the condition for stability is 






I I \ r I p p 
«- \o p y 2 \ds ~d8 



6 I ^ ^ \p (/ 



> .. 



or 
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Neglecting all powers of s, the first condition for stability is 



I > A ( - + "J, 



or 

h < -fl. (4) 

P + P 

If A > , , the equilibrium will be unstable. 
9 + 9 

A special case occurs when h = , , and this is com- 

monly called the " neutral " case, or the equilibrium is 
said to be neutral. We shall, however, call this the criticai 
case. 

To find the real nature of the equilibriimi in this case, we 
revert to the general condition (3), and neglect all powers of 
8 beyond the first. The condition for stability now is 

di di 

p p 

da dd * 

Hence when h = — —^^ the equilibrium will be stable or 
unstable according as 

d- d—, 

is negative or positive. 

Taie bodies are, however, frequently in contact at «er- 
ticcB, or points of maximum or mininium curvature, and then 

d— d—f 

-2 and ^ 
ds da 

are both zero. Hence the condition (5) fails to determine 
the nature oi equilibrium. Eeverting to the condition (3), 
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the terms as far as $^ destroying each other on both sides, we 
see that equilibrium will be stable if 

__L *fc ^p (I l\].±(l L\ 

or, substituting , for A, if 

and in the contrary case the equilibrium will be imstable. 

If the lower surface is concave, instead of convex, to the 
upper, the conditions are obtained by changing the sign of p, 
Thus, the equilibrium will be stable or unstabfo, according as 

A<or>-^^' 



P -P 



and in the-^critical case, the equilibrium will be stable or im- 
stable, according as 

rfi, dl 
da da 



is negative or positive ; and in case of contact at vertices, the 
condition (6) is to be similarly modified. 

If the body jest on b, plane surface, /o = 00 , and the differ- 
ential coefficients of - are all zero. Hence the limiting value 
of h for stability is p ; but if A = p', the equilibrium will be 
stable or unstable according as ^ is positive or negative; and 
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if the point of oontaot is a vertex, equilibrium will be stable 
or unstable, according as 



ds^ 



is negative or positive.* 



Examples. 



1. If a cone of the same substance and of equal base with a hemisphere be 
fixed to the latter, so that their bases coincide, find the greatest height of the 
cone in order that the equilibrium may be stable, when the hemisphere rests 
symmetrically on a horizontal plane. (Walton's Mechanical Froblems^ p. 185.) 

Ana. The height of the cone must be < yV3, r being the radius of the 
hemisphere. 

2. Froye that any body with a plane base, resting on a fixed rough spherical 
surface, will, when the height of its centre of gravity has the critical value, be 
in unstable equilibrium. 

3. A heavy body whose section in the plane of displacement is a catenary^ 
resting on a rough horizontal plane, has its centre of gravity at the critical 
height ; prove that the equilibrium is really stable. 

^\ 

P 
(The condition (6) reduces in this case to ---— < o for stability). 

as 

4. A heavy body in the shape of a paraboloid of revolution, placed on a rough 
horizontal plane, has its centre of gravity at the critical height ; determine this 
height, and find the real nature of the equilibrium. 

Ans. The critical height = the radius of curvature of the generating para* 
bola at the vertex, and the equilibrium is really stable. 

5. In the critical case, if both of the conditions (5) and (6) fail, prove that 
the equilibrium will be stable or unstable, according as 

is negative or positive,* the surfaces being convex towards each other. 



* These results are, I believe, new. They were arrived at independently by 
Professor Wolstenholme, whose method was also that in the text. 

It may be well to caution the student against the error of replacing the sec- 



» 
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183. Definition of Work. — ^If a force actually displaces its- 
point of application in such a manner that the displacement 
has an orthogonal projection along the direction of the force,, 
this force is said to perform work ; and if the force is constant 
during the displacement, the product of the force and tha 
projection of the displacement along its direction is called th& 
work done by the force. 

Thus, suppose that during the passage of a material par- 
ticle along a curve ABD (fig. 217) it is continually acted on 
by a force, P, constant in both magnitude 
and direction. Then if dp denote the pro- 
jection of any elementary arc of the curve 
along the direction of P, the work done 
by P in this displacement v& P ,dp\ and 
the work done in the passage from Aio B 
is / Pdpy or P X (the projection of AB 
along the direction of P), since P is con- , 
stant during the motion. ^ Fig 217 ^ 

Suppose the point D to be such that 
AD is perpendiciilar to the direction of P. Then the whole- 
work done by P on the particle during the motion from A to- 
D is zero, whatever he the shape of the path pursued between A 
and D. 

When the forces acting on a particle ore variable with tha 
position occupied by it, we have to consider the elementary 
work done for a small displacement of the particle ; and to 
find the whole work done by the forces during the passage of 
the particle /row one position to another, this elementary work 
must be integrated between the extreme positions considered.. 

In the most useful application of the principle of work 
the forces acting on a given system are functions of the co- 
ordinates of their points of application, and do not depend on 
the velocities of these points ; and it is solely with forces of 
this description that we shall be concerned. 



tions, AD and ACy of the surfaces in contact by their osculating circles at ^.. 
For, if we do this, the condition (5] necessarily disappears, and the application 
of (6) is not allowable, since, to the third power of the arc, the value of A'n is- 
not the same for the circle of curvature as for the curve AC, as at once appears 
from the expression for A'n given by eq^uation (3) of last Article. The nature 
of the" equilibrium, therefore, as determined from the osculating circles is errb-- 
neous. 
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It must be pointed out, however, that in considering the 
work which such forces are capable of doing on a particle or 
system of particles while this system is displaced from one 
position to another, all conceptions of time are here left out 
•of consideration. The work which a given system of applied 
forces performs on a given material system during the pas- 
sage of this system by a fixed route from the position (A) to 
to the position (B) in no way involves the time or the manner 
in which the passage is effected. The different particles of 
the system may have in one case moved more or less swiftly 
than in another from the first to the second position, and yet 
the work done by the forces (which are functions of co- 
ordinates only) is the same in both cases. 

The theorems which have already been given for virtual 
work apply evidently to work actually done. 

Thus, as in p. 276, we see that for a small actual displace- 
ment of a particle occupying the position {x^ y, z) the work 
done by the force acting on it is 

Xdx + Ydy + ZdZy 

the components of the force along the axes being X, Yj Zy 
and the components of the displacement being dx^ dy^ d%. 
The work performed on the particle in moving from, one po- 
isition to another is then 

J {Xdx + Ydy + Zd%), 

the force acting on the particle being a function of the co- 
ordinates of the particle, and the integration being performed 
from the values of the co-ordinates in the first position to 
their values in the second. 

If there ore several particles in the system, each acted on 
by given forces, the work performed on the system will be 



\ 



2J(Xflfe+ Ydy-^Zdz), 



the integration being performed for each particle from its 

&«t to its second position, and 2 denoting (as in Art. 176), a 

summation of this integral for all the particles of the system. 

The cajse of most usual occurrence is that in which the 



Energy. Potential Energy. 317 

forces belong to a conservative system (see Art. 176), or, in 
other words, when 

2 (Xdx + Ydy + Zdz) 

is the perfect differential of a function, F, of the co-ordinatea 
of the particles acted on. 

In this case if c^W^ denote the elementary work done on 
the system for a small displacement, we have 

dW^dV, 

and the work done in the passage of the system from one 
position to another is given by the equation 

W^ F- Fo, 

Fo denoting the value of F in the first position. 

Since F is a function of co-ordinates only, the value of 
F - Fo depends merely on the original and &ial positions of 
the material system, and not at all on the route by which the 
system has moved from the one to the other. 

184. Unit of Work. — Since, by definition, work is the 
product of a force and a line, the unit of work will be the 
product of a unit of force and a unit of length. If the imit 
of force is a kilogram, and the unit of length a meter, the 
imit of work will be done when a force of one kilogram 
drags its point of application through one meter along ita 
line of action. Thus, if a body whose weight is a kilogram 
is lifted vertically through a meter by a force which just 
overcomes its weight, this applied force does a unit of work, 
which is called a kilogram-meter. In the same case the weight 
of the body does a negative unit of work (see Art. 47). 

185. Energy. Potential Energy. — ^Energy means capa*^ 
city for doing work. This energy is of two kinds — ^Kinetio 
and Potential. With the former we are not concerned in 
Statics, as the discussion of it involves, in general, the oon» 
sideration of the accelerated motions of bodies. A simple 
example may, however, be used to illustrate its nature. Sup* 
pose a heavy cylinder rotating round its axis which is fixed in 
a horizontal position. Then the motion of this cylinder might 
be utilized for the purpose of lifting a weight, if the latter 
were connected with the cylinder by a string coiled round, it. 
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When the weight has been lifted so high that the system 
comes to rest, it is clear that the motion of the cylinder has 
heen transformed into a certain quantity of work done. 
Moving bodies, then, possess, in virtue of their motion, a 
power of doing work, and the amount of work which is 
obtainable from them is called their Kinetic Energy. 

The Potential Energy of a system of forces in any given 
<>onfiguration of their points of application is the amount of 
work which they are capable of doing in moving t/ieir points of 
^ipplication from any chosen configuration to the given one. 

This chosen configuration is quite arbitrary. Thus, the 
quantity of work which the forces applied to a system are 
capable of doing during the passage of the system from one 
position to another is (Art. 183) 

r-Voy 

Fand Vo being the potentials, or certain functions of the 
co-ordinates, belonging to the two positions considered ; and 
the two positions may be taken as defined by the values of 
the function F belonging to them respectively. 

The zero position of the system (that corresponding to 
Vo) is generally chosen in such a way that in any other posi- 
tion, practically considered, V shall be > Vo (Thomson and 
Tait, p. 189) ; or, in other words, the zero position of the 
system is such that the work done by the acting forces in 
moving it to any other position considered in our investiga- 
tions shall be positive. 

186. Inclusion of Internal Forces. — When any of the 
bodies of a system, acted on by given forces, are connected 
by elastic rods or strings, or when they mutually attract or 
repel each other, as has been already explained (Art. 84), 
these forces may or may not be brought into the equation of 
virtual work, according to the nature of the virtual displace- 
ment chosen. 

In finding the figure of equilibrium of such a system we 
bave hitherto supposed it known, and determined the requi- 
site conditions accordingly. 

We may, however, mclude in the potential energy of the 

system not only the potential energy of the external (or ap- 

jpJied) ioTceSy but also that of the internal forces. Thus the 
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total potential energy of the system will be the sum of the 
energies of the applied and internal forces ; and equation (o) 
of Art. 178 shows that in the position of equilibrium the varta- 
tion of the total potential energy of the system is zero. This 
principle will serve to determine the figure of equilibrium of 
the system without presupposing it. 

187. Energy Criterion of Stability and Instability. — Since 
in a position of absolutely stable equilibrium F is a real 
maximum, and in a position of absolutely unstable equilibrium 
F is a real minimum (Art. 1 78), it follows that in the former 
case the applied and internal forces would do negative work 
on the system if its position were slightly altered ; and in 
the latter they would do positive work. 

A configuration of absolutely stable equilibrium is, then, 
such that the applied and internal forces cannot do positive 
work in any small displacement of the system ; and a con- 
figuration of absolutely unstable equilibriimi is one in which 
every change of position involves the doing of positive work. 

And in general (see Art. 178) in a position of equilibrium 
these forces will do positive work for some displacements and 
negative for others. 

Examples. 

1. Find the work done in drawing up a Venetian blind. 

Ans. Let n be the number of bars, a the interval between them, and W 

«+ 1 
the weight of the blind ; then the work is . Wa. 

2. A and B are two fixed points which are connected by any cuito, APB ; 
at each point, P, of this curve there acts a force, F, directed towards a fixed 
point, 0, the force being a function of the distance OP. If B is the angle be- 
tween OP and the tangent to the curve at P, and ds an element of the curve 
at P, prove that JP cos dda taken from ^ to jB is independent of the curve. 

3. Prove that the work done in dragging a heavy body up a rough inclined 
plane, without acceleration, by a force parallel to the plane, is equal to the 
work done in dragging the body along the base of the plane (supposed equaUy 
rough), together with the work done in lifting it vertically through the height 
of the plane. 

4. A heavy body is dragged, without acceleration, up a rough inclined plane 
by a force whose direction idways passes through a fixed point; prove that the 
work done in dragging the body through a given height, A, is 

F^ (i + /li cot i) - /A^ cos t (fi + tan t) log -, — —^ 
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where i is the inclination of plane, p the perpendicular from the fixed point on 
the plane, s the initial, and s' the final distance of the hody from the foot of this 
perpendicular. 



MlSCELLAlTBOirS EXAMPLES. 

1. Two equal heavy spheres rest inside a hollow right cone, and against 
each other; me cone (which has no base) rests on a horizontal plane, the 
vertex being uppermost; only one sphere rests in contact with the ground* 
Find the least weight of the cone consistent with equilibrium. 

Ans, Let a vertical plane through the centres of the spheres cut the cone 
in a triangle ABC, in which C is the vertex of the cone ; let 
L CAB = L CBA = /3 ; let ^ be the angle between the line join> 
ing the centres of the spheres and the side BC\ let r and e be the 
radii of the spheres and of the base of the cone, respectively, and 
]R^the weight of each sphere ; then the least weight of the cone is 

•^ cos (fl + a) ( r / B \ \ 

W ^ ^ 5 2 - ( cos /8 cot - - cos A ) - 3 cos 3 J. 

cos^ ( <; \ 2 ^y J '-j 

3. A heavy triangular lamina, ABC^ of uniform thickness and density, is 
suspended successively from the vertices A and B ; show that if any side in tho 
second position is at right angles to its first position 

5^2 = «« + i2. 

(The bisectors of the sides OA and CB drawn from B and A must be at right 
angles to each other). 

2. A heavy rod hangs from a fixed smooth pulley by means of a string- 
attached to its extremities ; find the tension of tiie string. (See Example 28^ 

p. 143) 

Ans. If ]R^ is the weight of the rod, the tension =W. — J -= -, with 

the notation of the example referred to. 

4. A heavy rectangular block is laid on the less steep of two smooth inclined 
planes which slope in the same direction and intersect in a horizontal line, an 
edge of the block coinciding with the line of intersection of the planes. To 
the middle point of the upper edge is attached a string which passes over a 
smooth piilley and sustains a weight; determine the condition of equilibrium, 
and supposing that in any case eqiulibrium is about to be broken, find how this 
will happen. 

5. A uniform board in the shape of an isosceles trianp^le rests on two smooth 
planes equally inclined to the horizon, the base of the triangle being horizontal,, 
and the vertex upwards ; the board is cut into two equal portions by a plane 
passing through its vertex ; find the inclination of the planes if equilibriank 
oontinneB to exist. 



JExamples. . 321 

Am, If a is the length of the perpendicular from the vertex on the hase, 
and e the length of the hase, 

tan t = — -. 
Zh 

6. A solid right cone rests with its hase in contact with two smooth planes 
equally inclined to the horizon, the base being horizontal and the vertex up- 
wards ; find the inclination of the planes such that if the cone is cut into two 
equal portions by a plane through the vertex, the equilibrium of the pieces 
will not be troubled. 

Am. If A is the height and r the radius of the base of the cone, 
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CHAPTER Xn. 

EQUILIBRIUM OF FLEXIBLE STRINGS. 

1 88. Perfectly Flexible String. — ^A string is said to be per^ 
fectlj/ flexible when at ev^ry point in its length it can be bent 
round all lines passing through the point perpendicularly to 
the tangent line without the expenditure of work. 

From this definition it follows that the internal force, or 
mutual action between the particles at each side of any nor- 
mal section of such a string, has no component in the plane 
of the section ; this force must, therefore, be entirely normal 
to the section ; or, in other words, the internal force in a per-^ 
fectlf/ flexible string is at every point directed along the tangent 
line to the string. 

This internal force we have called the tension of the string, 
and, like all internal forces in a system, it is a mutual action 
between parts of the system. This has been sufficiently ex- 
plained already (p. 2 1 j. In the sequel we shall use the term 
flexible string as equivalent to perfectly flexible string. 

189. Imperfectly Flexible String. — ^No effort is required 
to bend a perfectly^ flexible string at aay point ; but if we 
attempt to bend an imperfectly flexible string, or a wire, we 
encounter a certain amount of resistance according to the 
degree of inflexibility or rigidity of the string or wire. If we 
consider the nature of the mutual forces existing between the 
particles on each side of a normal section of such a body, we 
shall find that these forces are not necessarily reducible to a 
single resultant at all. In the general case of a wire bent 
and twisted by the action of any external forces, these inter- 
nal actions on the particles at one side of a section may, of 
course, be reduced to a single resultant force and a single 
couple ; and the resultant force may be applied at any point 
in the section, the couple varying according to the point 
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chosen. All this is evident from the general reduction of a 
system of forces in Chapter IX. 

190. Three Methods of Investigation. — There are three 
methods by which the equilibrium of a string or wire maybe 
treated — ^namely, 

1°. We may isolate an infinitesimal element of the body, 
supplying to it at each extremity the action exercised by the 
neighbouring portions which are imagined to be removed 
(see p. 146). 

2^, We may apply the general condition that the varia- 
tion of the whole potential energy of the system is zero (see 

p. 319)- 

3"^. We may consider the equihbrium of a,nj finite por- 
tion of the body, treating it, when the figure of equilibrium has 
been assumed (see p. 102), as a rigid body, 

(See Thomson and Tait, p. 428.) 

We begin by considering the equilibrium of a perfectly 
flexible string which suffers no elongation under the action of 
the forces which keep it in equilibrium. Such a body is 
called Sifiexibk inextensible string ^ and it is scarcely necessary 
to add that it exists only in the abstractions of Bational 
Statics. 



Section I. 
Flexible Inextensible Strings. 



191. Tangential and Normal Besolutions. — ^Let AB (fig. 
218) represent a flexible inexten- 
Bible string in eqinUbrinm tinder 
the action of any system of forces 
applied continuously throughout 

the string. Then the force acting \ ^ .^^^'^^'^ 

on a unit mass of matter placed 
at any point of the string will, in A 
the general case, be expressed as ^ 
a, function of the co-ordinates of 
this point and their differential Fig. 218. 

coefficients with respect to the arc. Thus, if the co-ordinates 

Y 2 
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of P are x, y, s, the force acting on a unit mass placed at P 

will be 

/ dx 

On an element containing dm units of mass the force will be 

We shall denote by jPthe coefficient of dfn in this expres- 
sion. 

Suppose, then, that we consider an element PQ of the 
string, whose length is ds, apart from the rest of the string ; 
let the mean density of the element be A, and let a be the 
area of its mean section ; then the mass of PQ is kadsy and the 
external force acting on it is 

krrFds. 

Now, the element PQ is kept in equilibrium by three 
forces — namely, the tension (T) at P, the tension {T+ dT) 
at Q, and the external force (kaFds), which acts at the middle 
point of PQ. 

These three forces must be coplanar and meet in a point. 
Now, the two tensions act along two consecutive tangents to 
the string, and as the plane of two consecutive tangents to 
any curve in space is the osculating plane, we see that—- 

The resultant applied force at any point of a flexible string 
acts in the osculating plane of the string at the point. 

If the string is stretched over any smooth surface by 
means of two forces applied at its extremities, the only ap- 
plied force which is continuously distributed throughout the 
string is the reaction of the surface ; and as this reaction is 
everywhere normal to the surface, we see that — 

A string which is stretched along any smooth surface, and 
acted on by no external forces, except the reaction of the surface 
and two terminal tensions, has its osculating plane at every point 
normal to the surface. 

The string in this case assumes the form of a shortest line» 
or geodesic, on the surface. 

Let Pt be the tangent and Pn the normal at P ; let d% be 
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the angle between the tangents at P and Q ; and let be 
the angle between Fdm and Pt, 

Then, resolving along Pt the forces acting on the element, 
we have 

(T+ dT) cosrffl + koFco^t^ds - T=o; 

but cos dO = ly neglecting (dO)^; therefore this equation gives 

dT 

— + kaF cos = o, (i) 

as 

which asserts that the rate of variation of the tension per 
unit of length along the string is equal to the tangential com- 
ponent of the applied force per imit of length. 

Again, resolving the forces along Pw, the normal, we have 

{T + dT) sin dO - kaFmn^ds = o, 

or since p, the radius of curvature at P, is equal to -35, 

au 

T 

kaF sin = o, (2) 

P 

which asserts that the curvature of the string at any point is 
equal to the normal force per unit of length divided by the 
tension. 

From (i) we have 

T= C - 1 kaF COS fjids, 

where (7 is an arbitrary constant. Now, cos 06fe is the pro- 
jection of ds on the direction of F. Denoting this projection 
'bjdf, 

T^C-fkaFdf. (3) 

But jkaFdfia evidently the potential of the applied forces if 
they axe a conservative system * Hence, if V and Vo denote 
the potentials at two points in the string at which the ten- 
sions are T and Toy we have 

T=To-(F-ro), (4) 



* A simple case in which the external forces are not a oonservatiye system, 
will be presently given. (See Art. 196]. 
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or the difference of the tensions at any two points is equal to the 
difference of the potentials — a result which we shall find to be 
true also in the case in which the string rests on a smooth 
surface. 

192. Cartesian Equations of Equilibrium. — ^Let the force 
F acting on the unit mass at any point P whose co-ordinates 
are x^ y, 2 be resolved into three components, X, Y^ Z pa- 
rallel to three fixed rectaugular axes. Then the components 
acting on the element PQ are kaXdSy kaYds, kaZds. Also 
the components of the tension acting on the extremity P are 

^T— -T^ ^T-' 
ds^ ds^ ds^ 

the components of this tension are affected with negative 
signs, since, when the element PQ is considered apart, the 
tension at P will be directed towards the left-hand side of 
fig. 218, where the origin of co-ordinates is supposed to be. 

These components of the tension will at any point be 
functions of the length of the arc measured &om some fixed 
point, -4, of the string up to the point considered. Thus, if 
AP = «, we shall have 

and the component of the tension at Q is therefore / (« + dis) , or 






or, agaiU] 



T^ + ^(T-].ds+ — (T-].— + 
ds (fe \ dsj ' d^ \ dsj * I . 2 

Hence, for the equilibrium of PQ, resolving forces parallel 
to the axis of Xy we have 

T± + ±(T^\.ds + — (T-].— -^ 
ds ds\ dsj ds^ \ dsj 1.2 

+ kaXds - T -7- = o, 

ds 
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or, rejecting the terms which cancel, dividing out by efe, and 
dimimahing efo indefinitely, 



Similarly, 



Ut%).UX.o. (.) 



iiTty^Y.o, w 



Ferfonuing the diSerentiations, we obtain 

Multiplying these by —, ~, and—, respectively, add- 
ing, and remembering that 

dx d^x dy d^y dz d^z _ 

da d^ da da^ dada^ ' 
we obtain 



^*'(^S^^I*4)- ") 



dT 

da 
or 

r= (7- JA(7 (Xdx + Frfy + Zrfs), (8) 



which is precisely the same as (3) of last Ajct\a\a. 
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dT 
Eliminatiiig Tand — from (4), (5), and (6), we have 



d*x 


dx 
da' 


X 


d'y 
ds" 


dy 
ds 


T 


dHi 


dz 
ds' 


Z 



= 0, 



the geometrical meaning of which is, that the applied force at 
any point is in the osculating plane of the curve at that point. 
From (1)9 (2), and (3) can be deduced another expression 
for the tension. Integrating each of them, squaring, and 
adding the results, we nave 

T* = (^ - \kfiXdif + (J5 - J hfiYd%Y + (C - \kfiZdi)\ 

Ay By and C being constants which must be determined after 

dtC 
each integration by knowing the values of T — , . . . at the 

point from which s is measured. 

iM^fH^ n^ll tM^9 

If (4), (5), and (6) be multipUed by ^, ^, — „ respec- 
tively, and added, we have 












• 

p being the radius of absolute curvature at the point P. 

The direction cosines of the radius of absolute curvature 
being 

d^x d^y d^z 



da' 



' "^5i^' '^ 



ds 



2» 



this equation expresses the result (2) of Art. 191. 

The equations of the curve of equilibrium are found by- 
eliminating Tfrom equations (i), (2), and (3) in pairs. The 
curve is evidently given by the equations 
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A - \k(TXd8 B - jktrYds C-j ktrZds 
dx ^ dy ~ dz ' 

ds ds ds 

If at every point of the string 

^dx dy ydz ^ 
ds ds ds ^ 

or if the applied force is at every point at right angles to the tan- 
gent to the string^ the tension mil be constant throughout^ as 
appears from (7). This is the case, for example, when a 
string is stretched over any smooth surface, and acted on by 
no force except the reaction of the surface. Thus we prove 
the truth of our assumption in p. 22. 

193. Forces in One Plane. Gravity. — When the applied 
forces are in one plane, the general equations of equilibrium 
become 

i (t- 

ds\ ds 



3:(7'^) + A:(tX = o, 



the plane of the forces being that of xy. 

Let gravity be the only force acting on the string, except 
the terminal forces, or forces applied at the ex&emities. 
Then, taking the axis of y vertically upwards, and denoting 
the weight of the xmit mass by ^, we have X = o, Y=- g^ 
and the equations become 

The first equation shows that the horizontal component of the 
tension is the same at all points of the string (see p. 27). 
Denoting this component by r, we have 

ds dx ' 
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Hence, from (2) 



or 



1(^1) = *^-^' 

g ^ 
dx 



(3> 



It is to be observed that ka is the mass of a unit length 
of the string at the point a?, y. This last equation, therefore^ 
determines the mass of the unit of length at any point when 
the form of the curve in which the string hangs is given ; 
and, conversely, it determines the curve in which any string 
will hang when the laws of variation of its section and den- 
sity are given. 

dv 
If -J- be denoted by p^ and the independent variable 

changed from x to y, equation (3) becomes 



P 



1<T = 



d/p 
dy 



V 



1 + P' 



194. The Common Catenary. — When the mass of a unit 
length of the string is everywhere constant, the form of the 
string is that of a curve csdled 
the Catenary. The name Cate- 
nary is sometimes employed to 
denote the form of a string in 
general, whatever be the law of 
variation of its density. 

In the present case k<r is con- 
stant— equal to w, suppose. Let 
r = mgc, where c is a constant 
length. Since at the lowest 
point, A (fig. 219), the tension 
IS horizontal, r is the tension at 
Af and c is the length of a portion of the string whose 
weight 18 the tension at the lowest ijoint. 




Fig. 219. 



The Common Catenary, 331 

From (3) of last Art. we have 

da^ I 



J 



ax. 



or 



^'i; ., 



Integrating, 



\ 



ax, 



^-^[t^H 



dx. 



= - + c 
c 



where c' is an arbitrary constant. Now, taking the axis of // 
passing through -4, we have a? = o, and ;/ = o> simultaneously^ 
Hence d = o, and the last equation becomes 

dy 



dx 



Hi}-'- 



where e is the Napierian base. Solving this equation for -^^ 

we obtain a- x 

dy / c ~ T 



and by integration 



^ = ^(^-^ 



Z X 

C f "o ~o 

y = -ie -^ e l + c 



where c'' is an arbitrary constant. Now, taking the origin,. 
O, at a distance equal to c below A, we have y = c when a? = o. 
This gives cJ" = o, and the equation of the catenary referred 
to axes chosen as above is 



X X 



y=~(/ + e ''). C>S - 
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The point of intersection of these particular axes we shall 
in the sequel call the origin of the catenary. 

We shall next find the length of the arc, -4P, measured 
from A to any point, P, on the curve. If da is the element 
of arc, 

ds = ^/dx^ + dy^ 



j X * 

= \ I + i(^-^ "^y .dxy from (i). 



X — X 



« X 

.-. 6' = -(e"^-/"^), 2) 

no constant being added because 5 = when a? = o. 
From (i) and (2) we have 

f = s^ + c\ (3) 

and from (3) 

«=y|. (4) 

Let PJf and PPbe the ordinate and tangent at P, and 
let fall a perpendicular MT on PP. Then 

PP=y cos J!fPP= 2^^; 
hence % = PP; (5) 

and since y^ ^T'P + JfP*, we have from (3) and (5) 

c = MT. (6) 

Hence, given the catenary to construct its origin and 
horizontal axis — 

On the tangent at any pointy P, mea;mre off a lengthy PT, 
equal to the arc AP ; at T erect a perpendicular TM to the 
tangent meeting the ordinate ofP in M; then the horizontal line 
through M is the axis of the curve. 

In making a proper figure this rule will be found of great 
use. 
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The involute of the catenary which starts from the lowest 
point is the Tractory. 

To get a point on this involute we measure on the tan- 
gent, PTy at any point, P, a length equal to the arc AP. 
From (6) we see, therefore, that T is a point on the involute ; 
and since PT is a normal to the involute, its tangent at T 
must be TM. But from (6) TM is constant ; hence the in- 
volute is a curve such that the length of the tangent between 
its point of contact and a fixed right line, Oxy is constant* 
The involute isy therefore, a tractory (see p. 180). 

The tension at any point of the catenary is equal to the weight 
of a portion of the string whose length is equal to the ordinate of 
the point. 

Consider the equilibrium of the pori^ion AP of the string 
apart from the rest. This portion is kept in equilibrium by 
three forces — ^namely, the tension at P in the direction TP, 
the hori[zontal tension at -4 in the direction QA^ and its 
weight acting through its centre of gravity, O. Hence the 
vertical through Q must pass through Q. Eesolving verti- 
cally, we have 

T cos TPM = mgs 
.'. T ^mg 



cos TPM 
= mgy, from (5). (7) 

CoR. It follows from this that if a uniform inextensible 
string hangs freely over any two smooth pegs, the vertical 
portions which hang over the pegs must each terminate on 
the horizontal axis of the catenary. 

In the catenary the length of the radius of curvature at any 
point is equal to the length of the normal between that point and 
the horizontal axis. 

By equation (2) of Art. 191, we have 

T 

- =mg sin TPM, 

P 

which by means of (7) gives p = . ypji^ ; tut this is evi- 
dently the length of the normal between P and tlv.<^ ^si& ^1 x« 
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It will be readily seen Hhak the differential equation of the 
^aXeoBij can be written in the f onn ^ ^ = jf , and that the 

area OAPM= twice the area of the triangle PjTJT. 

It is well to obfierve that if a weight is sniqiended from a 
^ven point of a catenary, the continiiity of the curve ceaaeB 
at that point, and the portions of the string at opposite sides 
of the point mnst be treated as branches of two distinct cate- 
naries. 

195. The Catenaiy of XTnifomi Strength. — If the area of 
the normal section of the string at any point is made propor- 
tional to the tension at that point, the tendency to brmk will 
be the same at all points, and the curve is therefore called the 
Catenary of Uniform Strength. 

To find its equation, we have a = X7, X being a constant; 

and since T = r -r-, we have 

ax 

^ ds 

a = Ar -7-. 

ax 

Hence (3) of Art. 193 becomes 

or, denoting g\k by -, we have 

a 

d^ 

dx^ I 



Integrating, 



ax. 



tan ( -^ ) = - + 5, 
\axj a 



where J is an arbitrary constant. Let the axis of p pass 
through the lowest point of curve, i,e,, the point at which the 
tangent is horizontal. Then b = o, and we have 

du , X 
-7- = tan-- 
ax a 
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Integrating this again, 

•- = - loff COS - + b\ 
a ^ a 

Xiet the lowest point be taken as origin. Then J' = o, and we 
have, finally, 

y ^ a loff sec - 
^ a 

for the equation of the catenary of nnifonn strength. 

It is easily seen that this curve has two vertical asymp- 

totes, each at a distance — from the lowest point. 

The equation of this curve can be put into a remarkable 
form. If p is the radius of curvature at any point, and s the 
length of the arc between this and the lowest point, 

B S 

p = - (e« + e "), 

an equation which can be deduced with no difficulty. 

Given the whole weight {W) of the chain* and the^an (26), 
determine the section at any point so that there shall be a constant 
tension (p) per unit of section at all points. 

If A and B are the two points of support (supposed in a 
horizontal line), b is their common distance from the vertical 
axis of the curve. We have, then, 



W= 2 j kagds 

= 2 Xkgr sec ^ - do! 
J a 



= 2 T tan ~. 
a 

Now evidently y is the tension per unit of section, =p ; and 



* A string hanging from two fixed points under the action of gravity is fre- 
quently called a chain. 
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since g is the weight of a unit volume of th» standard suh- 
stance, kg is the weight of a unit volume of the material of 
the chain. Denote this last by w. Then 



a = 



kgX 



P 



T W ^b ds W ^b X 
Also, or = — = — cot - . -r- = — cot - sec - - 
p p a ax 2p a a 



But it is easy to prove that sec - = ^ (e" + <? ''), 
Hence 



a 



o = — \e^ ^ e ^ ) . cot — , 
t^p^ p' 

which is the expression for the area of a section at a distance 
s along the chain from the middle point. 

The student will verify the homogeneity of this equation. 

196. The Parabola of Suspension Bridges. — Suppose a 
string to be attached to two fixed points, and let each ele- 
ment of its length be acted on by a force in a constant direc- 
tion, the magnitude of 
the force being propor- 
tional to the projection 
of the element on a line 
perpendicular to the di- 
rection of the force. 
Then it can be shown 
geometrically that the 
figure of the string is 
that of a parabola. 

Let Oy (fig. 220) be the direction opposite to that of the 
force on each element ; Ox a tangent to the curve, perpendi- 
cular to this direction ; P and Q any two points on the string, 
the tanffents at them being PT and QT; FM and QiT per- 
pendiculars on Ox. Consider the separate equilibrium 01 the 
portion TQ. The forces acting on it are the tensions in the 
directions TF and TQ, and the resultant of the parallel forces 
on the elements of FQ. This resultant must pass through 7, 




Fig. 220. 
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and it also passes through the middle point of MNy since its 
constituent forces are all proportional to the elements of the 
line MN. Hence drawing TF parallel to Oy, and meeting 
PQ in F, the point V must bisect the right line PQ. 

The curve of equilibrium of the string is therefore such 
that a right line drarcnfrom the point of intersection of any two 
tangents parallel to a fixed direction bisects the chord joining 
their points of contact. 

This well known property identifies the curve with a 
parabola. 

If we make use of the equations of equilibrium in Ari;. 1 93, 

dx __«_ 

we shall have X = o, Y ^ 11 —^ fi being a constant. There is 

no difficulty in arriving at the result just foimd. 

It is to be observed that the acting forces in this case are 
not a conservative system. Hence the function V (see Art. 
191) does not exist. 

The connexion of this parabola with Suspension Bridges 
has been already explained in Chap. II. 

197. String acted on by a Central Force. — ^When the 
directions of the femes applied to the various elements of the 
string pass all through the same point, the force acting on 
the string is said to be central, and this point is called the 
centre of force. It is easy to prove that in this case the string 
must lie in a plane passing through the centre of force. For 
(Art. 191) the osculating plane at every point contains the 
centre of force ; and since two consecutive osculating planes 
have a tangent line to the string common, these two planes, 
having in addition a point (the centre of force) common, must 
be identical. Hence the osculating plane is the same at all 
points ; or the string must lie 
wholly in one plane. 

To find the form assumed by 
a string acted on by a given central 
force. 

Let (fig. 221) be the centre 
of force (supposed repulsive), PQ 
an element of the string whose 
equilibrium is considered apart, r 
the radius vector OP, the angle ^^^* **'• 

POA between OP and a fixed initial line, 8 the length of tb^ 
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arc AP, and p the perpendicular from on the tangent at P. 
Then, for the equiKbrium of the element PQ, taking moments 
about 0, we have 

moment of tension at P = moment of tension at Q ; 
or Tp = Tp + d[Tp\ 

.'.Tp^h, (,) 

where A is a constant. 

Denote the tensions at P and Q by jT and T + dTy re- 
spectively. 

Resolve the forces acting on PQ along the tangent at P, 

denote ka by m, and let the central force be mFds. Then this 

force passes through the point of intersection of tangents at 

P and Q, and the cosine of the angle between its (firection 

dr 
and the tangent at P is - — + c, where e is indefinitely small* 

In the equation of resolution the component of mFds is 

mFdsi- — +£ 

so that £ may be neglected, and we have 

dT=- mFdr. (2) 

Equations (i) and (2) determine the form of the curve. 

If the central force is attractive, the sign of Pmust bo 
changed in (2), and the curve of equilibrium will be convex 
towards 0. 

It is usual in problems concerning central forces to de- 
note r by -. Making this substitution, and eliminating T 
u 

from the above equations, we have 

mF 



du = ?id 



G) « 



But (Williamson's Diferential Calculus, Chapter XII.), 



I 2 



fduV 
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mF 
Hence, denoting —^ by (w), and J (w) «?«/ by ^1 (w), an 

aiWtrary constant being implied in ^i (m), we have from (3) 

Jflj -^ «' = ^ !«. W j . (4) 

It is often mor^e convenient to retain a differential equa- 
tion of the second order for w.* Differentiating (4) we have, 

du 
dividing out by -^, and remembering that ^1' (w) = (w), 

du 

^ + «* = ^*iW-*w- (5) 

Now, since the integration of (4) gives u in terms of d, and 
introduces an arbitrary constant in addition to that already 
involved in ^i(w), we see that the solution of the problem 
involves only two arbitrary constants. But (5) will require 
two integrations to express w, and each integration will in- 
troduce an arbitrary constant. Hence it appears that in this 
way we get three arbitrary constants, instead of two. These 
three are, however, easily connected, since the values of u and 

'du\ 

-jT. j given by the complete integral of (5) must satisfy (4) 

for all values of w. 

As an example, let it be required to discuss the form of 
a string of uniform section and density when the central re- 
pulsive force varies inversely as the square of the distance. 
In this ca^e m is constant, and F = ju V, pi being a constant 
which obviously denotes the magnitude of the force on a unit 
mass of matter placed at the unit distance from the centre of 
force. 

Hence we have, putting mix = /x, 

T = (7 + /iw, 
C being a constant. If To denote the tension at a point A of 



* This method of treating the equilihrium of a string anted on by a central 
force is taken from a paper by Professor Townsend in the Quat-t^rh^ Jouvwol f>5 
Fare and Applied MathematicSf 1874. 

Z 2 
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the string whose distance from the centre is -, we have^ 

evidently, 

T= To-fia + fAU 

* - fi{u -^ c)j suppose. 

Hence, 

5T + «' = S(« + «')% . (6) 



(: 



^dOJ K 

which gives, by differentiation, 

d^u 



dO" 



+ I 



-g)«-go = o. (7) 



First suppose that ^ < i> wid denote i -u ^7^'- Then this 
equation becomes 



d'u .J i-X'- 



j = o. 



the integral of which is 



I _ \2 

« = — TT" <J + -4 cos X (fl - a), 

^ and a being the constants of int egratio n. Substituting^ 
this value of « in (6), we have A = — r^ — c, and theorefora 

A 

The value of a is found by putting u = a and = the angl& 
belonging to the point A. 

du 
When = A' 3g "= ^9 ^^^ there is an apse. If the ini- 
tial line be taken through the apse, and To and a belong to- 
this point, we have (? = — -a = f--ija, and (8) assumes the 
simple form 
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u = — ( ^ + cos A6 I, , , 

,.M\^ ) (9) 

h 

which differs from the focal polar equation of a conic in 
having the angle multiplied by a number, X, less than unity. 

If ^ > I, we must put ^ - i = X-, and putting fia - T<^ 

= fic^ equation (6) becomes 

which gives 

u = c + Ae^ + Be~^^ (10) 

the constants A and B being connected by the equation 
^B = '-^^ e by (4). 

Equation (10) can obviously be written 



or 



U = — TT— c \I + 



X^T 2V/ 



i=-rtA(»-«) + e-M»-.)lj, 



I +X» ( 

When d = a, there is an apse, and if the initial line be 

taken through the apse, we have, in the same maimer as 

before, 

a U &^\ e^\ 
u = <V + 



ur j 



J«^,(A 2 j (ll) 

If ^ = I, both (9) and (i i) give u = («, a constant ; and 

the figure of equilibrium is a circle. 

For the remarkable analogy between the curve of equili- 
brium of a flexible string and thft oxTait oi ^^"as^^^NssiS^^^ ^ 



342 Eqtiilibrium of Flexible Strings, 

given foroe, see Professor Townsend's paper and Thomson 
and Tait's Nat. Phily p. 433. 

198. Problem. — To find the angle between the apsides, 
in a string which, under the action of a central force, assumes 
a form nearly circular. 

Def. An apse is a point on a curve at which the radius 
vector is at right angles to the tangent. 

Since the form of the string is nearly circular, u will differ 
from a constant value, «, by a small variable quantity, x. 

Let, then, w = « + a?. In this case ^1 («) = 0i {a) + xt^ {a)y. 
neglecting higher powers oix\ and ip{u) = 0(a) + x<p\a). For 
shortness, denote 0i(«), ^(a), and0'(a) by ^i, ^, and 0', respec- 
tively. Then (5) of last Art. becomes 






cPx 
But if the string were exactly circular, x and -^^ would 

always = o ; therefore a = ^ ^^ > ^^ 



I a 



Hence (i) becomes 



(2> 






{'-^r^)]'-"- <^> 



The constant a may be chosen as the reciprocal of the 
radius of any circle which nearly coincides with the figure of 
the string ; but simplicity is gained by taking it equal to the 
reciprocal of the radius of that circle in which the tension at 
each point is equal to the mean tension in the string. 

Now in a circle of radius - the tension (see (2), Art. igi) 

a \ \ / 

is a(p ; and (2) of last Art. gives T in the curve equal to 
01 (w), and .'. the mean tension = 0i. Hence 

a0 = 01, 
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and (3) finally becomes 



dG' 



x = o. (4) 



If — be positive, the value of a? in terms of will be ex- 

ponential, and the nearly circular form becomes impossible, 
since the value of u increases indefinitely with 0. 

For the possibility of a nearly circular form — must be 

negative, and we have 



a? = -4 cos ( / — ^ - a ). 

VV * J 



Hence, since at an apse 3g = o> ^^ 7^ = ^> ^® ^bSI arrive at 
an apse whenever 



and the difference between two successive values of which 
satisfy this equation is 

TT 






which is, therefore, the angle between the apsides.* 

199. String on Smooth Plane Curve. — Consider the case 
of an inextensible string resting on a smooth plane curve 
under the action of any forces in the plane of the curve, and 
let fig. 218 represent this case. Then into the equations of 
Art. 191 we have merely to introduce the normal reaction, 
iJflfe,t acting on the element PQ in the direction nP. 



♦ This investigation is taken from the paper by Professor Townsend pre- 
viously referred to. 

t The student will observe that in considering the equilibrium, ^si^a.^^-va^s^ 
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Resolving tangentially, we obtain 

dT 



+ k<rF cos i> = o. (i) 

Besolving nonnallj, 

T 

kaFan 6 - It = o. (2) 

P 

These are the most useful resolutions in the case of a 
string resting on a curve. Equations of resolution along 
arbitrary axes may, of course, be obtained by introducing 
the components of JR into the general equations of Art. 192. 

From (i) we obtain T = C - j kaF cos fds, C being a con- 
stant. 

But F cos ipds is obviously the virtual work of the force 
F. Hence if the acting forces are conservative, and F is their 
potential at P, we have, as in Art. 191, 

r=ro-(F-Fo). 

200. string on Bough Plane Curve. — If the curve in the 
preceding Article is rough, and the string in limiting equili- 
brium, slipping being about to take place in the direction 
QP, we have merely to include among the forces acting on 
the element PQ a tangential force fiEds, the coefficient of 
friction being fi and the normal reaction Itds, as before. 

Equations (i) and (2) of last Article now become 

— + kaF 00s ^ + fiR = o, 

T 

kaF sin - P = o. 

P 



of length da we represent the reaction of a curve on it hy Eds, and the applied 
force by ktrFda, while we represent the tension by T, and not by Tds, The 
reason of this is that the tension depends merely on the cross section of the ele- 
ment and not on its length, while the magnitude of the reaction depends eyidently 
om the length of the element in contact with the curye. 
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201. String on a Smooth Surface. — ^When a string acted 
on bj two terminal forces only is stretched over a smooth 
surface, we have seen that it assumes the form of a geodesic 
on the surface and that the tension is constant throughout its 
length. 

The general Cartesian equations of equilibrium are readily 
obtained by adding to the components of the given applied 
forces the components of the reaction of the surface. 

Let R be the magnitude of the normal reaction on a unit 
of length of the string. Then, the direction angles of the 
normal to the surface at the element ds being A, jlc, v, the 
components of the reaction on this element parallel to the 
axes are R cos \ds^ R cos /itfe, R cos vds ; and (i), (2), (3) of 
Art. 192 become 

-I (t^ + A:(TX + iJ cosX = o, 

as \ dsj 

-7- f T-z- ) + k(rZ + -B COS V = o. 
as \ as J 

If we multiply these by cos A, cos /i, and cos v, respec- 
tively, and add, we have 

N denoting the normal component of the applied forces 
measured in the same direction as R, 

Now if cu is the angle between the normal to the surface 
and the radius of absolute curvature of the string at the point 
■considered, 

(Px ^ (Py (JPz I 

3-r cos A + -TT cos iLc + -7-^ cos V = — cos G», 

as aSi as* p 

where p is the length of the radius of curvature of the string. 
Hence we have 

T 

-B = — cos w - mN, (2) 

P 
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m being put for kc, the mass of a unit length of the string at 
the point considered. 

If we multiply the above equations by — , —-, cuad — , re- 
spectively, and add, we obtain 



dT 
els 



+ mS = o, 



(3) 



ffff ^fi //ej 

where S = X ~ + ^ -/■ -^ Z— = the component of the ap- 

O^ UrS CIS 

plied force along the tangent to the string. 

The integral of this equation, when the applied forces 
are conservative, gives, as in Art. 199, 

T^To-{r-r,). 

In the particular case in which a uniform inextensible string 
rests on any smooth surface under the influence of gravity, 
this equation gives 

mtj being the weight of a unit length of the string, and the 
axis of y a vertical line. From this it follows that at all 
points of the string which are in the same horizontal plane 
the tension of the string is the same ; hence the free exiremi- 
ties lie in the same horizontal plane. 

The curve of equilibriimi of the string on the surface is 
obtained by eliminating T and R from equations (i). If the 
equation of the surface is w = o, the result of eliminating 

-7- and R is 
as 

rr^^x -XT dx du 

r TT- + mX, — , — 



ds 



..2 



ds dx 



ds^ ' ds' dy 



T-A + ^Z, 



dz du 
da^ ' '""' ds' dz 

in which the value of Tmust be substituted from (3). 



= o, 
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The general results arrived at in Art. 191 can be easily 
verified here. 

202. String on a Bough Surface. — If a string, acted on 
hy no forces, is stretched over a rough surface it need not, as 
in the case of a smooth surface, assume the form of a geodefeio 
or shortest line. One simple case in which it will be a geo-^ 
desic is that in which it is about to slip on the surface at every 
point in the direction of the tangent to the string at thia 
point. 

Consider the equilibrium of an element, PQ^ of the strings 
whose length is ds, and suppose that is it about to slip in the^ 
direction QP, The ele- 
ment is acted upon by _^ Z^**' 
three forces — ^namely, a 
tension T, at P, a tension 
T+ dT, at Q, and the total 
resistance of the rough 
surface, which must pass 
through the intersection 
of the tangents at P and Q. 

It is evident that w© Fig. 222. 

may consider this total re- 
sistance as acting at P, ultimately, since it is of the form 
RidSj El being a finite quantity, and if it be assumed to act 
at any point between P and Q, its components in any direc- 
tions will differ from those of the total resistance supposed ta 
act at P by infinitesimals of the order of {dsf. Eesolve the 
total resistance at P into a normal force, Eds, and a force in 
the tangent plane, fiRds, fi being the coefficient of friction 
between the string and the surface. 

Now the component ^Rds must act along the tangent at 
P, since (see p. 54) slipping is about to take place along this 
tangent. Hence the three forces P, P + dT, and ^iRds being 
all in the osculating plane of the curve at P, the remaining 
force, Pflfe, must also lie in this plane ; that is, the osculating^ 
plane at every point of the curve contains the normal to the 
surface. Hence the string assumes the form of a geodesic. 

Denoting the angle between the tangents at P and Q by 
dOy we have, by resolving along the tangent at P, 

dT+iiRds = o, (i) 




I 
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Again, resolving along the normal at P, 

TdQ - jBcfe = o. (2) 

From (i) and (2) we have 

/. r= Ce-^\ 

C being the constant of integration, and the sum of the 
'angles of contingence^ or angles- between successive tangents to 
the string from any chosen point, -4, to the point P. Let 
To be the tension at A. Then T = To when 9 = o ; therefore 

r = To r '*'. (3) 

Hence, as the angle through which the string turns increases 
in arithmetical, the tension diminishes in geometrical, pro- 
gression. 

The general investigation of the equilibrium of a string 
on a rough surface under the action of given forces is a prob- 
lem of much difficulty, and in the sequel we shall confine our 
attention to the case in which the string assumes the form of 
a plane curve on the surface. 

When the string lies in one plane, 0, the sum of the angles 
of contingence is simply the angle between the tangents at 
A and P. 

Suppose that (the weight of the string being neglected) 
two weights, P and Q, are suspended from the extremitieB 
of a string which passes over a fixed rough cylinder whose 
axis is horizontal, the string lying in a plane perpendicular 
to this axis ; it is required to find the relation between P and 
Q when the equilibrium is limiting. 

Let A (fig. 222) be the point at which the portion of the 
string next P leaves the cylinder, and B the point at which 
the portion next Q leaves it. 
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Then from (3) by putting To = P and = ir, we have 

Q = Pe-^^, (4} 

T^hen P 18 about to overcome Q. If P is on the point of as- 
cending, the sign of jjl in this equation is to be changed. 

If the string makes a complete revolution and a half round 
the cylinder, the value of corresponding to Q is 37r, and we 

liave in this case Q = Pe"'^^'', The factor e"^^ diminishes 
very rapidly as the angle increases, and thus we see how it is 
that a small force applied at one extremity of a rope coiled 
several times round a fixed rough cylinder can overcome a 
large force applied at the other extremity — a practical ex- 
ample of which occurs when the small motion of a ship in 
harbour is stopped by a small force applied at the extremity 
of a rope coiled round a fixed post. For example, if ju = I,. 

15^' = 4.8, andQ = -^. 

4 • o 

203. Work done against Friction for a g^lven Arc of Slip- 
ping. — If the string slips through a space 8s in the direction 
3Ay the work done against the friction, fiRds, acting on any 
element is Z% . ^Rds^ and the work done against the friction 
acting all over the string is 

Ss./fciJflfe. 

But from (i) of last Article, ifiRds = -jdT=T^- T,. 
Hence the work done against the friction is 

T,{ef^ - i) . 8s, 

O being the sum of the angles of contingence between A and 
Bj or the angle between the tangents at these points if the 
curve of the string is a plane curve. 
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Examples. 



I. A uniform chain of length / hangs over two fixed points, which are in a 
liorizontal line ; from its middle point is suspended hy one end another chain of 
equal thickness and length V. Supposing each of the two tangents of the former 
chain at its middle point to make an angle 9 with the vertical, to find the dis- 
tance hetween the two fixed points, and to show that d can never exceed a cer- 
tain value. (Walton's Mechanieal Problems, p. 123.) 

Let the fixed points be P and Q (fig. 223), J^QCPJf the string hanging over 
them, CL the string of length /' suspended from C, the middle point of the first 
string, and 2^ the distance PQ. 

Then (Art. 194) the arcs PC and QCbelongto distinct catenaries. Suppose 

the semi- catenary to which PC belongs to be completed, and let A be its lowest 

point. Then if the portion A were supplied to the string CPM^ and the point 

A fixed, the string CD and the portion CQ,P. might both be removed, and we 

should have the string ^Pif hanging in equilibrium. Hence (Cor., Art. 194J 

Pif terminates on the horizontal axis of this catenaiy. The same remarks apply 

to the portion CQP, and since the two portions CPM and CQR are exactly 

fiimilar, it follows RM is the horizontal axis of the catenary AP. 

V 
We shall next prove that -4 C = J CD = - . 

Let T be the common tension of the por- 
tions CP and CQ at C, Then resolving verti- 
cally for the equilibrium of the point C, 

2TcoB$-mffl', 

But T=mg . CJV(Art. 1 94), ^Tbeing the point in 
which CD meets the axis. Hence a CN cos B^V', 
but it is evident from fig. 219 that CN cos B 
= AC\ therefore AC^ \l\ 

Again, e being the parameter of the catenary, 
we have c—AC tan B ; therefore 



c = ^l' tan B, 



(0 




Also, denoting ON by x, being the origin 
of the catenary, we have 



^C = 



Fig. 223. 




or 




— cot^ cot^ 

e — t i» 



2 cot tf = « 



-cotfl 



- 9 



2' 

- J- cottf 
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Squaring both sides of this equation, adding 4 to each side, and taking the 
square root, we have 

_ cot 9 ootO 

2 cosec d = tf + tf 

which, by addition to the last equation, gives easily 

r , e 

X — - tan d log cot -. (2) 

2 Z 

Again, 
and 

therefore by addition we have, since CP + ^^ —\h 

— e e 

2 

Substituting in this equation the values of e and x given by (i) and (2); and 
taking logarithms, we have 

^ ,.x -1 // + ^' tan}d\ 
2.?= r tan a log (--.^j. (3) 

which is the required distance betweon P and Q. 

Since d cannot be negative, the expression whose logarithm is taken in (3) 
must > I. Hence (/ + V) tan \ d>V tan p ; and substituting for tan Q in terms 
of tan i $f we find the limiting value of d given by the equation 

Ian 2 - = - — -. 

2 /+ r 

2. A uniform chain hangs over two smooth pegs in the same horizontal line, 
iind at a given distance apart ; find the length of the chain when the pressure 
on each peg is a minimum. 

Let Pand Q be the pegs, 2a the distance between them, 2/ the length of the 
•chain, B the angle which fiie tangent to the chain at P makes with tl)e vertical, 
2*M the portion which hangs over the peg P, and C the lowest point of the 
chain. 

a 

Then CP + TM = e^ (by adding the values of CP and FM)y or 

a 
- = C^, (I) 

4in equation which determines I in terms of c. 
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Again, CP = e cot tf, and FM = e cosec B, .*. by addition 



a 

tan - — e . (2) 



Now, the pressure on the peg P is the resultant of two equal tensions, one 
along Pif and the otli?r along the tangent to the chain at P. Hence, if iS de- 
note the pressure, and T the tension at P, 



$ 
i2 = 2Tcos-. 

2 






Substituting for T the value imge (e + « ), and for cos - its yalue ob- 
tained from (2), we have 

S = mge\e +1). (j) 

Now, e must be determined so that R is least ; hence j- = o, and we obtain 
eaailyj ^ 

for the determination of c in terms of a ; /is then known from (i). 

3. A uniform inextensible string, acted on by gravity and by two terminal 
tensions, resfe* in contact with a smooth curve in a vertical plane ; find the form 
of this curve so that the pressure which it exerts on the string may at every 
point be inversely proportional to the radius of curvature. 

Let vertical and horizontal lines in the plane of the curve be taken as axes 
of y and x, respectively, and let the conca-^ity of the curve be upwards. 

Then R being the pressure on a unit of length at any point, and T the ten» 
sion at this point, we have, by resolving along the tangent, 

dT m mgdy, 
mg being the weight of a unit of length of the string. Hence 

T=To + »i^(y-yo). ' (i) 

To and vo belonging to one end of the string. 
Again, resolving normally, 

TdQ - mgdx » Rd*, 

{do being the angle between two consecutive tangents), or 

T dx ^ 
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k 
Let R = -y k being a constant. Then from (i) and (2) 

P 

To - k ^■ mg {y ^ yo) dx 
mg-, 

or 

y-X dx 

denoting the numerator of the left-hand side of the previous equation bj 
fng (y - x), for simplicity. To integrate (3), put 

^ = — I_,andp=ii±£!2! 

^* ^/TT? p^J. ,whereii-^. 

^ dy ~ dx 

The equation then becomes 

pdp _ dy 
i+p^~ y-K' 

tt being the constant introduced bj integration. 
From this equation we have 

dy . 

- = /idXf 






which gives by integration y - A + ^(y - A.)^ — 5 = *^ 1 where ^ is an arbi- 
trary constant. This equation can easily be put into the form 

b fix I -fix 

IIX 'IIX 

Now, any expression of the form^^ + Be can be put into the form 

C\e +e J ; 

/ — <** Ia 

for, identifying the two expressions, we have C= j^AJB, and e = J ^. Hence 
we have 

I ( ftX I -fix) 

y ~\=i ~ Ibfie +7-« } 



where 9 =■ bfi. 
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This is, of course, the equation of a common catenary whose parameter is 
-, and whose origin is the point (A, — a). 

4. A uniform inextensihle string, acted on hy two terminal tensions, and 
any system of conserrative forces in one plane, rests in contact with a smooth 
curve in this plane ; if at every point the pressure against the curve is inyersely 
proportional to the radius of curvature, then, without any change in the forces, 
the tension at one extremity can he so varied that the constraining curve may 
he removed, and the string will rest in free equilihrium. 

For, if V denote the potential of the applied forces at any point, we have 
(Art. 199), 

r=ro-(r-ro), (,) 

Again, if N denote the normal component of the applied forces at any point 
measured towards the convex side of the curve, and R the pressure on a unit of 
length at this point, 

'^^R-^N, (2) 

k 
Suppose that R — -. Then, from (i) and (2) we have 

J ^=°- (3) 

Let us now change the terminal tension To into To — k, and investigate the 
pressure of the curve at the point considered ahove. Denoting the new pres- 
sure hy R^f and the new tension hy 2", there heing no change in any of the 
applied forces, we have 

T' = ro-Ar-(r-ro), 

T 

— = i2' + JV, 

. P 
from which 

j^_ To-k-{V^ro) ^,. 

p 

hut the right-hand side of this equation is zero hy (3). Hence there is no pres- 
sure at any point, and the curve is one of free equilibrium. 

It is obvious that the last example is a particular case of this. 

5. Find the law of variation of the mass of a unit of length at each point of a 
string acted on by gravity in order that it may hang in the form of a semicircle 
whose diameter is horizontal. 

Let AB (= la) be the horizontal diameter, the centre of the semicircle, 
P any point on the curve, and the I AOF = Q. Then, taking horizontal and 
vertical lines through as axes of x and y, respectively, we have 

. ^ dy ^^ dB I dx . y 

x=: a COB By y = a sm 0, -^ = - cot d, -j- = — , 3- = - sm d = — -. 

ax ax y as a 

Hence 

rfV 1^ dB_ a^ 

d^'^ BUi^' dx~ y*' 
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Also, denoting kc in equation (3) of Art. 193 by m, we have 

T a 

which proYBS that the mass of a nnit length at any point varies inversely as the 
square of the depth of the point below the horizontal diameter. 

6. A heavy chain of variable density, suspended from two fixed points, 
hangs in the form of a curve whose intrinsic equation is » =/(tf), the lowest 
])oint being origin ; prove that the density at any point will vary inversely as 
iio&'^B . /' (d). (Wolstenholme's Book of Mathematical Froblems, p. 267.) 

We have here 

-^ = tan d, — = cos 9y and — =/' (B), 
dx ds ' dQ -^ ^ ' 

Hence 

d^y __ I de _ 1 de ds __ i 

d^" coB^e * die ~ 'coa^didz" cos^ef {0) ' 
and equation (3) of Art- 193 gives 

T 

7. A string is kept in equilibrium in the form of a closed curve by the action 
of a repulsive force tending from a fixed point, and the density at each point is 
proportional to the tension ; prove that the repulsive force at any point is 
inversely proportionsd to the chord of curvature through the centre of force. 
(Wolstenholme, ibid.) The equations are (Art. 197), 

Tp = h, (i) 

dT=-mFdr, (2) 

Now, m E= ^<r, and by hypothesis k cc Ty and <r is constant j therefore we 
have m = fiTj fi being a constant Hence from (2) 

dT 

— - - fjiFdr, (3) 

But from (i), dT= — -dp, .-.-—- = , and we have from (3) 

fiF=-, — =* -, 
p dr 7 

where 7 is the chord of curvature passing through the pole (see Williamson's 
DtJ". CaL, p. 29;, third ed.) 

As a particular case, we may notice that the vertical chord of curvature at 
any point of the catenary of uniform strength (imder gravity) is constant, as 
the student can easily prove otherwise. 

8. A heavy inextensible string rests, in limiting equilibrium, on a rough 
curve in a vertical plane ; find the tension at any point. 

2 A 2 
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Let fig. 221 represent the string lying on the curve ; let a horizontal line 
above the curve AB be the axis of x, and let the axis of y be drawn yertically 
downwards. 

Then, if be the angle made by the tangent at any point, P, with the axis 
of Xy tng the weight of a unit length of the string at P, and x^ y the co-ordinates 
of P, we get by a tangential resolution (slipping being on the point of taking 
place from P to Q), 

dT— fiRds + mgdtf = o ; 

and by a normal resolution 

TdQ - Rd9 + mgdx = o. 

Eliminating R, we obtain 






-Mr=.«.(Mg-|) 



— tngijkCOBd — sin d) p, (i) 

where p is the radius of curvature at P. 

This is a linear differential equation of the first order, the solution of which 
in (Boole's Differential Equations ^ p. 39), 

T=e J C+ J«i^p(fi cosd-sind)tf rfd!, (2) 

C being a constant. 

When the curve of constraint is given, p is known in terms of e, and the in- 
tegration may then be performed. 

For example, let the string rest on a circle of radius a, one extremity being 
at the highest point, and free from tension. 

It wiU be easily found that 

/(/i cos tf - sin d) c de= ^ {2/1 sin tf + (i - ^j?) cos tf } , 

therefore 

r=c/ +-^-2 {*Ai8ind + (i -/i2)co8d}. 

At the highest point ^ = o and T = o ; therefore C = - mga . 

Hence 

2» = _^??L fi/isind f (i-/i2)cos«- (i -/i2)<j'**|. 

If the length of the string is that of a quadrant, we have P s o when 
9 = -, and then fi is determined from the equation 

PIT 

2/i 



r = 



I — /i- 



9. AjB,C are three unequally rough pegs in a vertical plane ; P is the great- 
est weight that can be supported by a weM^ht W when both are connected by a 
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veigbtless string passing over A, By and C\ Q is the greatest weight that TP* 
can support when the string passes over A and B ; and R is the greatest that W 
can support when the string passes over B and C, Find the coefficients of fric- 
tion for the pegs. 

Let the inclinations of AB and ^C7to the vertical (measured in the same 
direction) be a and i3, respectively ; fif /I'f n'* the coefficients of friction of 
Aj By C. Then, if the string passes over all the pulleys, and TF bangs from j4, 
it follows from equation (3) of Art. 202, that the tension, T, in the portion AB 

is >Fe'**; and, by the same equation, the tension, T', in BCia Te**" ^ "*' ; and, 

finally, P=rd'*"^'"-^>. Hence 

and the equations are obviously 

P 

fia + / (i3 - o) + fi" (^ - i3) = log — , 

Q 

fia + fi (ir-a) = log ^, 

/i'iS + At" (^ - i3) = log ^y 

I OJt 

from which /ti, //, ^i" can be found. The value of /i' is - log p= 

10. A heavy uniform chain rests in limiting equilibrium on a rough cydoidal 
arc, whose axis is vertical and vertex upwards, one extremity being at the vertex 
and the other at the cusp ; prove that 

<Wolstenholme's Booh of Math. Frob.j p. 267.) 

1 1. A uniform inextensible string whose length is / hangs in limiting equi- 
librium over a fixed rough cylinder of radius a whose axis is horizontal ; find 
the lengths of the portions which hang vertically. 

Ans. 1- -, and a value obtained by changing the sign of ft 

in this expression. 

1 2. Two equal weights are attached each to the extremity of a string which 
hangs over a rough cylinder whose axis is horizontal ; find how much either 
weight must be increased in order that it may begin to descend, the weight of 
the string being neglected. 

Ans. The increase of weight = P\e - i/i where Pis the common value 
of the suspended weights. 
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13, A ftzing^ wiuMe weigiLt is negketed, pmiifi 999r amy wamAer at eqatSij 
no^ ftxed exreakr pvllefa in « TcxtiesI plane ; show tbat ti&e ratio ot tvo 
we^ti, nupeBded froB the extremities of the string, wkieh jast imirtsin each 
€Cber, ia the Hune as if only one pollej were used. 



14. A htKwj vBiforB bessn is moresUe in s Tcrticml pisooe loaiid n sBsooth 
kinge st one sxtremity, tend bas the other extrevitjr attached to a string which 
pflHses orer a small roa^ peg placed Tcrtxcallj over the hinge, and snstaiiiB a 
giyen wei|^; find the postioQ of limitTng eqailibciam, and Hbe feenaioa of the 
string. 

Ans, If W— weight of heam^ P — suspended wei^t, T the tensioii^ 
2m s length of beanie 2t = distance of peg from lunge, B = incli- 
nation of beam to rertiealY and ^ = indniation of string to rer- 
tical, the position in which the beam is about to descend is giren 
bj the equations 

e sin ^ = s sin (• ~ f}f 

Wa sin $ = 27V sin f. 

15. Prore that the area of the normal section at any point in the, catenarj 
of iimform strength is proportional to the radius of cuirature. 

16. Find the law of yariation of the mass of a unit of length in order that a 
string may hang, under the action of graTity, in a parabola. 

Ant. The mass at any point is proportional to the horizontal projection 
of the unit length at the point. (Compare Art. 196.) 

17. If a string hangs, under the action of gravity, in the form of an ellipse 
whose axis major is horizontal, proye that the mass of a unit of length at any 

)>oint is - . -7>-2* ^ 1>€U^ the distance of the point from the axis major, and b* 
the length of the semi-conjugate diameter corresponding to the point. 

1 8. One extremity of a uniform string is attached to a fixed point, and the 
firing rests partly on a smooth inclined plane ; prove that the horizontal axis of 
the catenary determined by the portion which is not in contact with the plane is 
the horizontal line drawn through the extremity which rests on the plane. 

19. If, in the last example, t is the inclination of the plane, a the inclination 
of toe tangent at the fixed extremity, and I the whole length of the string, prove 
that the length of the portion on the plane is 

/ cos a 



cos i cos (o - i) 
(WaltoOi p. 119.) 

30. Given two smooth pegs in a horizontal line, find the least length of a 
uniform heavy string which will rest over them. 

Ant, If 2a is the distance between the pegs, and e the Napierian base, the 
least length is ae. 
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31. A uniform inextensible string assumes the form of a circle under the in- 
fluence of a repulsive force emanating from a point on its circumference ; find 
the law of force. 

Ans. It varies inversely as the cube of the distance. 

22. A uniform inextensible string is in equilibrium under the action of a 

central repulsive force ; prove that at each point of the string this force « — , 

where p is the perpendicular from the centre of force on the tangent, and y the 
chord of curvature passing through the centre of force. 

33. If the curve of equilibrium is an ellipse whose focus is the centre of 

force, the force at any point « — , where b' is the semi-conjugate diameter cor- 

TO 

responding to the point, and r the focal distance of the point. 

24. If the string assume the form of an ellipse under the influence of a re- 
pulsive force emanating from the centre, find the law of force. 

Ans. The force is directly proportional to the distance, and inversely pro- 
portional to the conjugate diameter. 

25. If an inextensible string can assume the same plane figure of equilibrium 
under the separate action of any number of forces, it can assume this figure 
under their combined action. 

(To prove this, suppose the string under the combined action of the forces 
to be constrained to a smooth curve of the given figure, and it will follow that 
the pressure at every point of this curve varies as the radius of curvature. The 
theorem follows, then, from example 4.) 

26. A uniform inextensible string rests against the inner side of a smooth 

elliptic wire, and is repelled from the foci and the centre by the following 

u u' a"a' 

forces : ~ and -77-, emanating from the foci, and ^-rr ^ni the centre, the dis- 
ro r 

tances of a point on the string from the foci being r and r\ respectively, its dis- 
tance from the centre being a', and the semi-conjugate diameter corresponding 
to the point being b'. Find the pressure on the wire at any point. 

Ans. If To is the tension of the string at the extremity of the minor axis, 

Q Tq — LL — LL — IJL u 

S = presaure on a unit length = . 

(The student will easily see from examples 4 and 24, that if the curve of 
constraint of a string is a possible curve of free equilibrium under the action of 

Q 

the given forces, the pressure will, at every point, be — , where C is a constant. 

P 
The result, in this example might, therefore, be at once obtained by this prin- 
ciple. 

By direct calculation, however, the result is obtained with little trouble. 
The equations of equilibrium are 






7— (;•';) ^. 



u."ai 
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and the first giyes, by integration, 

r - ^ ^/- - ^ . /- - /'y = const.) 

The student will do well to apply the principle explained here to the kine- 
tical examples in Walton, pp. 295 and 259, seoind edition. 
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Flexible Extensible Strings. 



204. Experimental Law of Extension. — The strings which 
we now proceed to consider are extensible^ i. e.y such as have 
their lengths increased when they are in a state of tension. 
For such strings we shall still assume the property of com- 
plete flexibility as defined in Art. 188. 

The law of extension which we proceed to enunciate 
applies not only to flexible strings but also to straight bars of 
iron, steel, &c. 

Let lo denote the length of any string or straight bar of 
imiform section when it is not subject to the action of any 
external force. This is called the natural length of the string 
or bar. Let o- be the area of the normal section, F the mag- 
nitude of the force applied at one extremity in the direction 
AB, of the string or bar. Then supposing the extremity 
A to be fixed, the force i^ will produce an extension, £0, 
of the body. Denote this extension by x. Then ex- 



X 



B 



perience proves that /or small values of the ratio j in the 

to 

case of solid bars there is for the same bar a constant 

F 

proportion between this ratio and the quantity — ; and 

there is the same proportion in the case of strings, but j 

X 

for some of these latter bodies the value of - may be 

lo 

very much greater than for bars. 

Pig. 234. 
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We have, then, 

-.-^'f (■) 

E being a constant quantity which is called the coefficient of 
eladicity of the matter <rf which the string or bar is formed. 

X 

Since y- is a number, it follows that E \% a force per unit of 

section. 

If the law expressed by equation (i) be supposed to hold 

for an extension x equal to 4, and if the force applied to the 

p 
body to produce this extension be called P, we have E = — ; 

and if o- is a section of unit area, E = P. The coefficient of 
elasticity of any substance might then be defined as that force 
which, if applied at the extremity of a bar of the material 
of unit section, would double its length — ^this force being 
fictitious in the case of bars or strings for which (i) holds 
only within extremely narrow limits. 

For bars of iron and steel this equation is true only 
within narrow limits — called the limits of elasticity — while for 
flexible strings of such substances as India-rubber its range is 
much wider. If the limiting amount of extension has not 
been surpassed, the body will, q-fter a time varying with the 
substance, return to its original state when the stretching 
force F is removed. The law expressed by equation (i) is 
also true within narrow limits in the case of a straight bar 
which is compressed without bending. 

An idea of the magnitude of the coefficient of elasticity of 
a solid body may be formed from the fact that in the case of 
iron, the unit of force being a kilogram and the unit of area 
a square meter, E is about 20,000,000,000. For what are 
commonly called elastic strings, E is much smaller than for 
bars of iron or steel ; and generally, the less def ormable the 
body, the greater its coefficient of elasticity (Collignon, 
Statique, p. 561). 

In the case of an elastic string it is usual to put equa- 
tion ( I ) into another form. If / is the length which the string 
assumes under a tension T, we have x= I - ky and 

a Iks 
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or 

1= IJi + 



^o-r 



or, as it is usually written, 



the quantity X being called the modulus of elasticity of the 
strir^. 

This quantity is obviously the force which must be applied 
to the string to double its length. 

The law expressed by (i) or (2) is known as Hookers LatCy 
from the name of its discoverer, and is sometimes expressed 
in the form — the tension of any elastic string is proportional to 
its extension beyond its natural length. 

205. Work done in slowly extending a String or Bar. — 
If at each instant during the extension of a string or bar the 
stretching force applied at the extremity is exactly equal to 
that which would keep the body in its state of deformation 
at this instant, there is continuous equilibrium between the 
(gradually increasing) applied force and the elastic force of 
the body, and therefore the total amount of work done by the 
applied force is equal to the work done against the internal 
force. 

[The more advanced student will see that this would not 
be true if the extension were suddenly produced, so that oscil- 
lations would take place in the body.] 

Now if X is the entension of the body at any instant, 

JSo- 
the corresponding force is -y- a*, and the work done against 

this force in a further extension eate is — - xdx. Let a be the 
final extension ; then the total work done is 



1 



-J xdxy or — -, 
^0 2/0 



the extension being, of course, confined within the limits of 
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elasticity. Now the applied force which is required to keep 
the body in its final state of extension is, by (i) of last 

Article, — — . Hence if the force applied in the final state 

to 

be denoted by P, the whole amount of work done is 

iPa, 

or half the work which would be done by the final force of 
extension in moving its point of appUcation through a space 
equal to the final extension. 

206. Equations of Equilibrium of an Extensible String. — 
Suppose the string to have assumed its figure of equilibrium 
under the action of given forces. At any point in the string 
let ds be the stretched length of an element whose length 
before the action of the forces was dso ; let m be the mass of 
a unit length of density equal to that at the point, the masa 
of a unit length at the same point in the natural state of 
the string being mo. 

Then since the quantity of matter in the element is un- 
altered by stretching, 

mds = mofitso. (i) 

Also by Hooke's law 

ds = (i + ^] dso. (2) 



But, the string having assumed its form of equilibrium, we 
have, as in the inextensible string, 

ds\ ds 
Also 



ds = ^dx^ + di/^ + dz' ; (4,\ 
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and since the nature of the string in its original state is given, 
we may assume m© to be a given function of the position of 
the element ds^m the string ; or 

mo=f{so), . (5) 

where «o is the length of the arc of the original string measured 
from some fixed point up to the element dso. 

Now the general problem of extensible strings may be 
«tated as follows : — an extensible string, the lute of variation of 
^chose density in its natural state is given, is, under given circum- 
stances, submitted to the action of given forces ; find the form 
which it u^ll assume. 

To solve this problem it is necessary to find two equations 
between x, y, z, the co-ordinates of any point in the stretched 
string ; and as the equations just given contain, in addition 
to these co-ordinates, the quantities m, w^, s, So, and T, these 
latter must be eliminated. But from the seven equations 
above, these five quantities may theoretically be eliminated, 
by dijBPerentiation or otherwise, and there will result two inde- 
pendent equations, which are the equations necessary for the 
determination of the curve of equilibrium. 

The problem in its general form is one of great diflBculty, 
and one which it would be practically impossible to solve. We 
shall, therefore, in the sequel confine our attention to the ease 
in which the string in its natural state is such that m©, the 
mass of a unit length, is constant at all points, and to the case 
in which the acting forces are constant. 

Let us first consider mo constant. 

By multiplying the equations (3) by — , --, and -- 

as as us 

respectively, and adding, we have 

dT (x^^ V^^'^ 7^^\ - . (f,\ 

ds \ ds lis dsj ' ' 

and from (i) and (2) we have m = ^. Hence (6) becomes 

]dT+mo {Xdx + Ydy + Zdz) = o. (7) 
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Hence by integration, 



X 

-1 I + 



Y ) + w^o {Xdx + Ydy + Zdz) = const. 



Denote the integral in this equation by F, the potential 
of the acting forces, and let the constant of integration be -4. 
Then we have 



2\ X 

or, by (2), 

ds 



^A-r 



= J|.fl?So, (9) 



from which the relation between s and Sq is found, and hence 
the extension of the string. 

Equation (8) is the analogue of (3) of Art. 191. li V^ 
is the potential at a point of the string at which the tension 
is Tj this equation gives 

(r-r)(i + ^^') = F'-r. (io> 

The equations of the curve of equilibrium are obtained by 
substituting the value of T given by (8) in any two of the 
equations 

/ T\ d (^dx\ ^ 



I + ^ 



iWiy-'"" 



X J ds\ ds) 



I + T )T-^3-) + ^^?nZ=0, 



which are deduced from the equations (3) by substituting for 
m in terms of w^o. 
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Secondly, suppose that the applied forces, JT, Yy Z, are 
<5on8taiit. Then the first of equation (3) gives 

T — = A - Xjinodsoy (11) 

A being the constant of integration. The remaining two of 
these equations give 

T^=B-Yjmod8o, T^^ = C-Zimod8o. (12) 

Hence, by squaring and adding, 
r = {A- Xjm,dsoy + (5- YjmodsoY + {C-Zjmodsoy (13) 

This equation gives T, the tension at any point in the 
stretched string, in terms of the length of the arc of the un- 
fitretched string corresponding to this point ; or, in other words, 

T=i>{so). (14) 

Hence, from (f) we have 



8 



■fl"*^'K 



which gives the relation between the stretched and unstretched 
lengths of any arc. 

The equations of the curve are obtained from (11) and 
{12) by substituting for ds in terms of dso. Thus we have 

dx = {A - X j modso) Ir- + -7-^} dso, 

(A <p(Sn)) 

di/= {B-Yj modso) K- + -^| c&o, 

dz = (C - Z j modso) }r- + -7-^} dso. 

(A 0(«o)) 

Integrating these equations and eliminating Sq between them 
in pairSy we obtain the two eqimtions of the curve. 
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As an example, let it be proposed to investigate the form 
of an elastic string suspended from two fixed points and acted 
on by gravity, the string being uniform in its natural state. 
TaJkmg axes as in Art. 194, we have 

Hence T — ^ T ^ nt^gcy suppose ; and T -z- = B -\- nio gso, 
U/S as 

But if «o be measured from the lowest point, -f- = o and «o = o 

as 

at the same time. Hence -B = o, and we have 
from which T = ntog ^c" + V ; therefore 

Hence, putting X = nnga, we have 



a: = — + clog ^ , (15) 

J' = 1^ + a/c' + «<>'• (16) 

The relation between x and y is obtained by eliminating «» 
from these equations. 
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An approximate relation between them may be obtained 
when the string is only slightly extensible, i.^., when X (or 
a) is very great. In this case (lo) gives 

to the second order of the small quantity -. 
Now, writing (9) and (10) in the forms 

.r = — + ?, y = -- + ,,, 
a 2a 



we know that 



2 



Hence 



■H 



y ^-U'' . e ** + e ^ . e^) 

^ la 2^ ^ 



2rSo t/Sn* 

= «* + — ^, 

a 2(r 



by expanding e* and ^ * as far as — and denoting by u and 

^ X X ^ X X 

V the quantities -{e^ + e ^) and - (e^ - e *'). 

Substituting in this equation the value of «o given by (i i) — 
in which it is evident that the term of the second order may 
be rejected if we wish to obtain y to this order only in terms 
of X — ^we obtain an equation of the form 

-P Q 

in which P and Q are both functions of x and y. 

Now assume y = w + - + -,, where A and fi are functicaui 
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of X alone, and substitute this value of y in every term of ( 1 2)» 
This wiU give us, with a Httle trouble, 



X = — «?*, and LL = - ut^ 
2 2 



Hence, finally 



t?^ vu^ 



y = u + 



2a 2a 



a» 



I 

a 



to the second order of the small quantity 

207. Extensible String on Smooth Surface. — It is clear 
that the equations (i) of Art. 201 are applicable to an exten- 
sible string, as are also the results arrived at in that Article 
without integration. The result arrived at by integration, 
which expresses the tension in terms of the potential, is to be 
replaced by equation (10) of Art. 206; and from this equation 
it follows that if an extensible string, uniform in its natural 
state, rest on any smooth surface under the action of gravity, 
the free extremities are in the same horizontal plane. 
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z. An elastic string, uniform in its natural state, is suspended from one ex- 
tremity, which is fixed, and hns a given weiuht attached to the other; find the 
extension of the string, taking its own weight into account. 

Let Whe the weight of the string, P&e suspended weight, A the modulus 
of elasticity, and mo the mass of a unit length of the uustretchcd string. Then 
the equation of equilibrium is 

dT-\' moffdso = o. 

If /b is the natural length of the string, mogio= ^; therefore this equation 
gives by integration 

T + -7- «o = const. 
"When 80 = 0, T is evidently ^ + P; therefore 

T= jr+P--;-«o. 
•0 

2 B 






- (- ^- 5«) 



..'.-■!^^-^^Y 



W^F 



If «, s J^ jBdi / X :att ma£a; jm^af sitt sasiB&ai 



=^'*^^) 



Lit irii»^*v«%9t4r^en^»«iasHttiaal]eBftik. 
< dtmkjtf^ |r tibcr ^artaouK cf tbe yiaojt <f tibe db^ ifrin like 'wsitex of 



/ « i«|r Un c; ii«ac« V « 2v tea « . ^, 



But, bj HoDlce'f Lav, 



.'. |f s « eoi « 



(I + — eot« V 
2»x 7 



)« jbi diftie tttin^ iinifbnn in its origmal state, is placed on any "M yw^i* 
#;ttiT« fta4 seted on by giren forces; find its extension. 
Tbn tesfion «t aaj point is detennined hj the eqnatian 

f I -f- -j il* + IRQ (^dlr •!• r<^+ iUls) = o^ 

A f I +--j +2mp/(JW{C+ r<iy + 2ax) = const (,) 

I>et m« / (Xdz + F<?y + ^«) be denoted by V. Now, take any i>oint, O, in 
the string as the point from which t and so are measured, and let A be the yahie 
of r at a free extremity of the string. If one extremity is fixed, it will be well 

to meature $ and so from it Patting Too, V^ A, and also i -k- r. m ' 

X Jsi 
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<i) gives 



( 



£)-.,»!pM_r). ,. 



Suppose the curye of constraint to be giTen by the three equations 

«=/iW» y«/2(0» «=/3W. 
da 



Then (2) gives 



^. 



= <i'ro, 



+ !p (^ _ r) 



or, by integration. 



4»(», ^)=«o + 4»(^^)i (3) 



« and «o being both measured from 0. Let / and ^o be the stretched and original 
lengths of the portion between and the free extremity considered. Then we 
have 

4»(/, ^)=/o+4»K^)- (4) 

But A is evidently a function of the co-ordinates of the extremity, and these 
<;o-ordinates are, by supposition, /i(Oi /« W> /sCO > hence A is a known func- 
tion of ly and by substituting its value in (4) we deduce the value of /. 

4. One extremity of an elastic string, originally uniform, is fixed at the 
liighest point of a smooth cycloid in a vertical plane, the string lying along the 
convex side of the curve ; find the extension produced by gravity. 

If the tangent at the highest point is taken as axis of dr, and if is denoted 

by <?, we find easily, for any curve of constraint, 

d8 ds(\ 



*s/ c + h — p V ^ 

h being the ordinate of the free extremity. 

In the cycloid «' = Say. Substituting this value of y in the equation, and 
integrating, we have 



8 =» •i\/ia (e + h) sin [ z=i ) . 



If / be the length from the fixed to the free extremity, and ^ the natural 
length of the string. 



I = avia (c -f h) sin [ — 7=) • 



Also P m %ah, 

2 B 2 
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Theie eqnationi combing give 

5. A beaV7 particle is attached to one end of an olostic atring whoM nt 
I'lntcbed IrDgth u indefinitely smaU; the particle reals nc a smooth curre in 1 
Ti^rticol plane, and the fixed end of the string is attaihed to « point in tliii 
lime; fiiid the nature of the uurve so that the paiticU msjr rect in mil posilJUM 

^nt. A cycloid. 

6. A heavy elastic strinf ia laid upon a smooth double inclined plane in •wl 
a manner as to remain at rest ; findbowmochtheitring is stretched. (Walton. 

r- '40) ■ 

Atii. If ^ia the weight, a the modulus of elastititr, nnd e the naCnni 
length of the string, and a, a' the inclinations of the pUnes to tk 
honzon, the extension ia 



[For the portion on the plane « let < and sd he measured from the free ei 
Iremity. Then 

T.^.i ..a*. (, + J) A. (, * 5:sp«)^ 

Hence if i is the length of the portion on the plane a, we hsTe 



l = h I 



A similar equation hulda fgt the portion on the plane a'. Now the eitn 
sion = t*V~lo-fo; and ^equating the tenaioae at the commoD saitinut of th 

.-. l^ = -.— ^.i—„ ki:.} 

7- An elasiic string, uniform in its original state, rests on a wmgh incline 
plane with its upper extremity hied ; prove that tti extension will He hntwon 
the limiu woiwrn 

where 1 = inclination of plane, t " angle of friction, f=> natural lenirth of strini 
and e = length of a portion of the atring in its natural state whoao weifht ^2 
modulus of elasticity. (Wolsien holme's JfaM. iVoi., p. 164.)- ^ 

8. A weight P just supports another weiuht Q by means of s fine r,]M6i 
strinj paaeing over a rough circular cylinder whose axis is horizontal ' a ia tti 
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modulus of elasticity^ and a the radius of the cylinder; prove that the ezteiuion 
of the part of the string in contact with the cyunder is 

(Wolstenholme, ibid,) 

9. Two uniform ladders, freely jointed at a 'common extremity, rest in a ver- 
tical plane with their other extremities on a rough horizontal plane, these ex- 
tremities being connected by an elastic string ; find the greatest angle between 
them consistent with equilibrium. 

Ans, If a is the length of each ladder, 2a sin a the natural length of the 
string, 20 the greatest angle between the ladders, and A. uie modu- 
lus 01 elasticity of the string, 

A. (sio 9 - sin a) = W%ma{fi-\-]i tan 0). 



Section IJI. 
The Method of Energy, 

208. Distinction between the Symbols d and S. — ^In the 
sequel we shall use the symbol d to denote the incremeiit 
which any function receives when we pass from a given point 
P in a body, which occupies a given position, to any indefi- 
nitely near point Q in the body, the position of the body 
being invariable ; while by the symbol we shall denote the 
increment which the function receives as we pass iErom the 
point P when the body occupies a given position to the same 
point P in the body when it is displaced, or imagined to be 
displaced, from this position to any one indefinitely close to 
it. This use of the symbol 8 has been already exemplified 
in the Chapters on Virtual Work. 

209. Commutative Property of d and S. — If F denote any 
function of the co-ordinates of a point P in a body, we pro- 
pose to show that 

^{dV)^d[Zr). 

This will be rendered plain by a very simple illustration. 
Let P and Q (fig. 225) be two very close points in a body 
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oooupying a given position, and let P' and Q' be the positions 

of these points when the body 

receives any slight displacement. 

Let Ox be the axis of x^ and let 

the co-ordinates of P and Q be 

Or and 0», those of P'* and Qf 

being 0/ and On\ measured along 

Ox. 

Then if a; is the co-ordinate of 
Pf dx = rriy and Sx= r/. 




Fig. 225. 

Also 8 {dx) = value of da in the new position - value of 



<& in old position = rV - rn; and d{ix) = value of Sa? for 
Q - value of ix for P = nn' - rr\ But obviously r'n' - r» 
^nv! -rr'; therefore ^(dx) = c?(8ir). From this it foUows 
that if ris any function of x, l[dV) = d (SV). For, by the 
elementary principles of the Differential Calculus 8 {uv) = t/Sr 
+ vSu. Now, 

dV^^dx, 
dx 

and, 



The two expressions are, therefore, identical; and the 
same proof may be applied to show their identity when Vis> 
any function of the co-ordinates. 

Again, since by the Differential Calculus 8 (««+ 1? + «? + .. .) 
= du -^ Sv + dw + . . .J it follows that 

S!Vdx = SS{Vdx). 

Suppose that any integration in which the element of arc 
PQ (fig. 225) is taken as the constant infinitesimal, dsj i» 
performed over a curve, and let the integral be J Vds. Then 
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the change in the value of this integral when it is found for 
the same curve in a displaced position is 8 J Vds. Now the 
infinitesimal in the new position of the curve is P'Q', which 
is equal to PQ ; therefore 

S {ds) = o, 
and 

8j F&=J8(Frf5)=J(Sr)efe, 

that is, the change in the value of the integral of a function = the 
integral of the change in thefunction^ both integrations being 
performed over the same curve, the arc of wmch is taken as 
mdependent variable. / 

The same remains true if the integration J Vds is performed 
over a surface or through a solid, and ds denotes the element 
of superficial area or of volume. Again, since by Differential 

Calculus, 8 - = , it follows that if (fo is constant, 

da Sdx dSx 



and 



ds ds ds* 



^cPx ^ ds ds d*?x 

O -rrr = O 



rfs* ds ds ids'' 

and generally 

d*»a?_ d^Sx 



Example. 

Every element of a solid body is multiplied by the product of its two co« 
ordinates x and t/j and the sum of all such products is taken. If the body 
receives a small displacement of rotation round the axis of 2, find the variation 
of this sum. 

The element of mass at any point rr, y, z being dtrif the sum in question is 
/ xydm. Now 9 jxydm = J 8 (xi/) . dm = j {xhy + yZx) dm. Bat 8.« = - yW, 
8y = a;89, if the angular rotation of the body is 80. Hence the variation 
= aa J (a;* - y«) dm. 
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2IO. Xethod of Energy applied to a String. — Firti 9up^ 
pose the tiring to be perfectly inextetmble. Now if the partioleB 
of a system are dnii^ dmt^ . . . and if they have to falfil oon- 
ditioDB denoted by Xi = o, 2^ = o, ... the equation of 
Jilt. 174 becomes 

(Xi&Ti + Fjoyi +ZiBzi) dnii + . . . + XiSZi . . . = o. (i) 

In the present case the particles are portions dsi^ dst . . . 
of a string at points (;riy,2i), {x^jZz)^ . . . and each has to 
satisfy the condition of having its length unaltered in any 
displacement of the system. Hence the geometrical equations 
are 

dsi = const., &c. ; 

and equation (i) becomes 

(Xi&Ti + YiSpi + ZiSzi) dmi + . . . + X1&&1 + . . . « o, 

or 

/ (X&r + r8i^ + ZSz)dm + j Xdds = o, (2) 

the number of particles being indefinitely great. 

Now, as in Art. 1 74 we express all the variations in terms 
of the variations of the co-ordinates ar, y, 2. For this pur- 
pose, put 

flfe* = rfa?* + dy^ + dz\ 
.'. dsSds = dxSdx + dySdy + dzSdZy 

or 8* - ^ dSx -^^dSy-^ ^ dlz. 

da da ds 

Hence (2) becomes 

[Uxix^Tiy+Zlz)dm^\{^dix + '^^^^ 
Now 
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by integration by parts, the term [ X -7- Sa* ) being the value 

dx 
oiX —Sx at one of the limits of integration, i. e., at one ex- 

f dx \ , 
tremity of the string ; and f X -7- So? ) being its value at the 

other extremity. 

Performing similar integrations for the other terms, (3) 
becomes 

\d8 ds ds Ji \ds ds ^ ds ^ 

Now, as in the equation of Art. 1 74 we equated to zero 
the co-efiicients of ^iTi, Syi, ^Zi, . . ., so here we have to put 
the co-efficients of So?, hy^ and §s equal to zero for each particle 
of the string ; that is, we put the co-efficients of these quan- 
tities under the sign of integration equal to zero. Hence we 
have at all points 






which equations are precisely the same as those of Art. 192, 

since -j- is the mass of a unit length at the corresponding 
as 
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point of the string. It appears that X in these equations is 
minns the tension of the string. 

The conditions of equilibrium, then, as expressed in (4), 
consist of two parts — namely, terms which relate to the ex- 
tremities of the string (which are the terms outside the sign 
of integration), and terms which relate to every intermediate 
point in the string (which give the general equations of 
equilibrium above). 

Equating to zero the terms outside the integral sign, we 
have 

Now, if the extremities of the string are fixed, they will be 
fixed in the displaced string, and every term of (5) vanishes 
since 

Sxi = Syi = Szi = Sxo = St/o = Szo = o. 

But if each end is perfectly free, since Sti, St/i, . . . are quite 
arbitrary and independent, we must have 

Ai = o and Xo = o, 

i. e.y each terminal tension must be zero. 

If the extremity (a?i j/i Si) is constrained to lie on a fixed 
surface, whose equation is u = o, we have the displacements of 
this extremity connected by the equations 

Ih- (t ^^- (^), ^=- - 

I), *" * (S), *■ * (S), ^' ■ "• 

which give by the method of undetermined multipliers 



'dx\ r %\ 

,dsji ^ Xdsji 

'du\ " /du\ ■" /du\ 
^dxji \dy), \dzji 



'dz\ 
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the geometrical meaning of wliich is that the direction of the- 
string at this extremity is normal to the surface of con- 
straint. 

If the extremity is ponstrained to a curve whose equation* 
are w = o, t? = o, we find in the same way that at this ex- 
tremity the direction of the string must be at right angles to 
the curve. 

The method which we have just employed is the second 
method of Art. 190, and expresses that the variation of the 
whole potential energy of the external forces is zero, consistently 
with the geometrical condition that the distance between every 
two indefinitely close points in the string reinains absolutely un- 
changed in the displaced position. For if Fis the potential, or 
V -Vo (Art. 1 85) the potential energy, of these forces acting 
on a unit mass at the point a?, y, 2, the potential for the 
element dm is Vdm, and the whole potential energy is 

J(r-Fo)rfm, 

whose variation is 8 J Vdmy or / 8 F" . rfw, or / {Xlx + Y^y 
-\-ZSz) dm. 

Let us, in the second place, suppose the stnng to be exten- 
sible. In this case there are no geometrical conditions to be 
satisfied in the displacement (or deformation) of the strings 
Then the equation of equilibrium will simply express the 
condition that in the position of equilibrium the variation of 
the whole potential energy of applied and internal forces is 
zero. 

Now if we consider any elementary mass, dm, whose 
length is ds, and whose internal force (the tension) is T, the 
work done by this force for a variation Bds of the elementary 
length is (see p. 74) 

- TSds. 

Adding together the similar terms for all the elementary 
masses, the variation of the potential energy of the applied 
and internal forces is 

J {XSx + YSy + ZSz) dm - J TSds, 

which differs from (2) only in having - T instead of A. 
Hence the whole discussion -is exactly the same as before, and 
the results are those arrived at iu Section II. 
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• 211. Equipotential Surfaces. — When the applied forces 
are a conservalive system, whose potential at any point in 
space is denoted by Fi we have from equation (4) of Art. 191, 
or equation (8) of Art. 192, 

T-K-r, (i) 

where ^ is a constant. 

Now, since F = ^ (^> y> ^)> * function of the co-ordinates 
of a point, the equation 

r = c, (2) 

where C is any constant, will denote a surface at every point 
of which the potential of the forces has a constant value. 
Moreover (i) shows that at all points on this surface Thas 
the constant value K - C, Although it may happen that 
there is no portion of the string on the surface denoted by 
(2), still we shall say that the tension has a constant value on 
this surface, since T has an analytical value given by (i); 
and, in the same sense, we shall speak of tJie tension at any 
point whatever in space, although no part of the string exists 
at this point. 

By attributing different values to C in (2), we get a series 
of surfaces called Equipotential Surfaces, These surfaces are 
called by French writers Surfaces deNiveaUy ov Level Surfaces^ 
from the part which they play in hydrostatics. Some of the 
principal properties of these remarkable surfaces will be given 
in a subsequent Chapter. 

212. Property of Minimum. — If a uniform inextensible 
string^ in equilibrium under the action of a given conservative 
system of forces^ joins two fixed points^ A and By the variation 
of the integral 

! Tds 

mil be zero when we pass from the curve of the string to any 
indefinitely close curve tchich passes through A and B. 
Let us calculate the variation of this integral. 

Aids = U^T.ds^Tids) 
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Now, from (i) of last Art., 



Sr = - SF = - {Xh; + YBt/ + ZBz). 
Hence by integration by parts (as in Art. 210), we have 

J yds ds ds /i \d8 ds ds Ji 



ds\ ds. 



8a? + 



ds\ ds. 



+ 



ds\ ds 



Sy 



S,'^-' 



J ) 



as. 



Now the right-hand side of this equation is zero, since, 
the extreme points of the curve being fixed, the coefficients 
of To and Ti both vanish, and the coefficients of Sx, 8y, Ss 
under the sign of integration vanish by the general equations 
of Art. 192, the mass of a imit length of the string being here 
taken as unity. Hence the proposition. 

This theorem leads to a remarkable property of the 
common catenary. Of all curves of the same length joining 
two given points in a vertical plane ^ the common catenary is that 
whose centre of gravity is lowest. For if y be the depth of the 
centre of gravity of this curve, whose length is i, we have 



therefore, by the 



{yds 

But (Art. 194), T= mgy \ .\ y = ^—^ ; 
theorem of this Article, we have 

Sy = o. 

That y is in this case a minimum in the true sense of the 
word does not, of course, appear from this ; the proof that 
it is so depends on the criterion for maxima and minima 
furnished by the Calculus of Variations, for which see 
Jellett's Calculus of Variations^ p. 80. It ia l\i<st^ ^<5i^'^'^ 
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that when the variation of any integral of the form ^ Udx 

vanishes (the limits being fixed) the value will be, in general, 

an algebraic maximmn or minimnm according as -j—r is 

continually - or continually + between the limits of Integra- 

tion, -j-~ being denoted byj5n> and U being any function of 

;r, yyPi.p2y .. 'Pn* In the present case U E yds = y*/TTp^dx^ 
a change of the independent variable &om « to a; being 
necessary since it is the limits of x that are assigned. The 
application of the criterion is then obvious. 
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CHAPTER XIII. 

SIMPLE MACHINES. 

213. Functions of a Maclxine. — ^A machine maybe defined 
either from a statical or from a kinematical point of view. 
Regarded statically, it is any instrument by means of which we 
tnay change the direction^ magnitude j and point of application of 
<i given force ; and regarded kinematically, it is any instrument 
hy means of which we may change the direction and velocity of a 
given motion. 

In Statics it is usual to consider the points or machines to 
which forces equilibrating each other are applied as abso- 
lutely motionless ; nevertheless, it appears from our definition 
of force (Art. i), that a system of forces acting at a point 
will be in equilibrium when the point has a uniform motion 
in a right line. If the point describes any curve whatever 
with uniform velocity, a little reflection will show that at no 
point of its path can there be any force in the direction of 
the tangent — or, in other words, the force acting on it must 
everywhere be normal to the path. It follows (see Art. 183), 
that there is no work done by this force in the passage of its 
point of application from any one position to any other. Ex- 
tending this a little, we shall so far anticipate the results of 
Kinetics as to assume that when the parts of any machine are 
each in a state of uniform motion^ the forces applied to the 
machine are in equilibrium amcnj themselves. 

By the extension of the equilibrium of forces to this case, 
we comprise both the statical and kinematical definitions of a 
machine in the following : — a machine is any assemblage of 
different pieces whose displacements, resulting from their mode of 
connexion f depend on each other by geometrical laws, and whose 
object is to transform into mechanical tcork the result of tJie ac- 
tion of given applied forces. (See Resal, M^cahique Oin^raky 
vol. 3, p. 3.) 
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It has been already pointed out that in applying the 
equation of virtual work to a system of connected bodies, ad- 
vantage is gained by choosing such displacements as do not 
violate any of the geometrical connexions of the system. This 
principle we shall use largely in the discussion of machines, 
and the displacements which we shall choose will be those 
which the different parts of a machine actually undergo when 
it is employed in doing work. Thus, instead of equations 
of virtual work, we shall have equations of actual work ; and 
in future we shall speak of the principle referred to as the 
Principle of Work, 

Since in the motion of a machine the work done by a 
force applied to any part of it depends on the magnitude and 
direction of the displacement of the point of application of 
this force, we see at once the importance of the discussion of 
the motions produced in the several parts of a machine by a 
definite motion given to some one part. This discussion, 
which is a problem of pure geometry, constitutes the Kinema- 
tics of Machinery^ for which the student may consult Hesal's 
Micaniqiie G^n^rale, Willis's Principles of Mechanisfn, or the 
treatise of Reuleaux. 

214. Moving Forces and Resistances. — Every machine is 
designed for the purpose of overcoming certain forces which 
are called resistances ; and the forces which are applied to the 
machine to produce this effect are called moving foives. The 
distinction between these forces is easily drawn by the Prin- 
ciple of Work. For, when the machine is in motion, every 
moving force displaces its point of application in its own 
direction, while the point of applicatioi;i of a resistance is dis- 
placed in a direction opposite to that of the resistance. A 
moving force is, therefore, one whose elementary work is po- 
sitive, and a resistance one whose elementary work is nega- 
tive. 

A moving force applied to a machine is often (but impro- 
perly) called a power. The resistances against which a ma- 
chine works are divided into two classes, viz., useful resistances 
and wasteful resistances. The former constitute those which 
the machine is specially designed to overcome, while the 
overcoming of the latter is foreign to its purpose. For 
example, if a pulley is employed for the purpose of lifting 
a weight by means of a rope, a part of the effort employed 
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is spent in overcoming the friction between the pulley and its 
spindle, and another part is spent in overcoming the rigidity 
of the rope. Friction and rigidity in this case are tlie 
wasteful resistances, and the weight of the body lifted is 
the useful resistance. 

The distinction between the resistances overcome gives 
also the distinction between useful work and lost work. 

Useful work is that which is performed in overcoming 
useful resistance, while lost work is that which is spent in 
overcoming wasteful resistances. 

215. Eflaciency of a Madxine. — ^The ratio of the useful work 
yielded by a machine to the whole amount of workperforpied 
by it is called its effix^iency. 

Let W be the work done by the moving forces, Wu the 
useful and Wi the lost work, when the machine is moving 
uniformly. Then 

and if ij denote the efficiency of the machine. 

Since some of the work expended in moving the machine 
must be expended in overcoming wasteful resistances, the 
efficiency is always less than unity, and the object of all im- 
provements in the machine is to bring its efficiency as near 
unity as possible. 

The counter-efficiency is the reciprocal of the efficiency. If 
the useful work to be performed is given, the amount of work 
to be expended on the machine is obtained by multiplying 
the former by the counter-efficiency. 

Let P be the moving force applied at any point of a 
machine to perform a given amount, Wuy of useful work ; let 
Wi be the work lost, and let s be the space through which P 
drives its point of application in its own direction. Then 
we have 

Let Po be the force which would perform the same amount 
of useful work if the wasteful resistances were removed. Then 

X oS — yy u* 
2 c 
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W P 
But 1) = -=;^ = -p ; hence the efficiency is the ratio of the 

force which would drive the machine against a given useful 
resistance, if the wasteful resistances were removed, to the 
force which is actually required to do so. In many cases 
this definition is useful in practice. 

As regards the wasteful resistances in machines, the most 
noticeable are friction, the rigidity (or rather imperfect flexi- 
bility) of ropes, and the vibrations which are produced in the 
various pieces. Of these the first is that with which alone we 
shall be concerned. The student who desires information on 
the expeniQental laws of the rigidity of ropes may consult 
Coxe's translation of Weisbach's Mechanics of Engineering and 
of the Construction ofMachineSy voL i., p. 363 (New York, 
1872.) 

216. Simple Maclxines. — By simple machines are meant 
the Lever, the Inclined Plane, the Pulley, the. Wheel and 
Axle, the Screw, and the Wedge. Of these, the Lever, the 
Inclined Plane, and the Pulley may be considered as distinct 
in principle, while the others are only combinations of pairs 
of these three. 

217. The Lever. — A lever is a solid bar, straight or curved, 
which is constrained to turn round 
a fixed axis. This fixed axis is 
called ^Q fulcrum of the lever. It 
is usual to define three kinds of 
levers. If the fulcrum is between 
the moving force and the resist- 
ance the lever is said to be of the 
first kind; if the resistance acts 
between the moving force and the ^ ** y^g ^ ,5 
fulcrum (as in a wheelbarrow, an 

oar, or a pair of nutcrackers), the lever is of the second kind ; 
and if the moving force acts between the fulcrum and the 
resistance (as in tne construction of the limbs of animals), 
the lever is of the third kind. In the last kind the moving^ 
force is always greater than the resistance to be overcome, 
and levers of the third kind are therefore seldom employed. 

To find the efficiency of a lever ^ the wasteful resistance being 
friction — 

Let the moving force, P, be applied at the point A (fig. 
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226) in the direction OA perpendicular to the axis, and the 
useful resistance at B in the direction OjB, also perpendicular 
to the axis ; let EDF be a section of the axis on which the 
lever turns, made by the plane of P and Q, the contact be- 
tween the beam and its axis, although it may be very close, 
being still such that they can be considered as touching along 
a single line when the machine works. In this case (see Art. 
102) the reaction of the axis consists of a single force touch- 
ing the circle of radius r sin A concentric with EDF^ X being 
the angle of friction for the lever and its axis ; and since this 
reaction must also pass through 0, its direction is obtained 
by drawing from this point a tangent to the circle. 

Let j5 and q be the perpendiculars from C, the centre of 
the axis, on OA and OjB, respectively, and let oi = Z. AOB. 

Then by moments about (7, we have 

Pp = Qq -^ Br sin X ; 
also B ^ yP" + 2PQ cos oj + Q' ; 



.-. Pp=Qq + r sin X \/P^ + 2PQ cos w + (?. (i) 
If Po is the value of P yvhen friction is removed, 

Pop = Qq 

Po Qq 



"^'P ~ Pp' 



Q. 



Substituting - ij for -= in (i) we have 



^3' (i - ij) = r sin X ^p^rf + zpq cos w . i? + fy 
which gives for the efficiency 



»»="• 



q pq-\-r^ cos oi sin-X - r sin X v^+ ^P^ ^^s m + (f - r- sin*w sin*X 



If the coefficient of friction is small, we shall have, ap- 
proximately. 



IkT 



n = I - — aJd^ + 2pq COS Hi + (?-. 
pq ^ ^ 



2 C 2 
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If P and Q are parallel, «u = o, and »= i -iir (- + -). 

\$' Pj 
If the lever is of the second kind, and P and Q parallel, 

w = jT, and ij = I - ur { ) ; and for a lever of the third 

. \(7 Pj 
kind, we find easily in the same circumstances 



?j = I - )Lir 



\P QJ 



218. The Inclined Plane. — ^Let a moving force, JPy whose 
direction makes an angle d with a rough inclined plane, be 
employed to drag a weight Q up the plane. Then if X is the 
angle of friction and i the inclination of the plane. 



Po=Q 



cos(tf-A)' 
sin i 



1/ = 



costf' 

I + ^ tan 
I + jM cot r 



219. Fixed and Moveable Pulley. — Let a flexible strinff 
pass over a smooth fxed pulley (that is, a pulley whose axis 
is fixed in space), and let a weight ^be suspended from one 
extremity of the string, while a vertical downward force P is 
applied at the other extremity. Then to raise JF we must 
have P = JF, and in the imif orm working of the machine JF 
is raised exactly as much as the point of application of P is 
lowered. 

Suppose, on the contrary, that one extremity of the string 
is fixed, that the string passes under a moveable pulley from 
which Wis suspended, and thatP acts vertically upward at 
the other extremity of the string. Then evidently P=:^JF* 
hence in the moveable pulley there is a gain in power. But 
in this case W is raised only half as much as the point of 
application of P ascends. There is, therefore, a loss in the 
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expedition with whioli the work of raising the weight is per- 
formed. 

220. BystemBof BmootliPulleya. — We shall oouBider thr^e 
different arrangements of pulleys. 

I. In the first system there are two blocks, A and S (fig. 
227), the upper of which is fixed and the lower moveable. 

Each block contains a number of separate 
pulleys, of the same diameter usually, each pulley 
being moveable rotmd the axis of the block in 
whi(2i it is. (The figure represents a section of 
the blocks made by a plane perpendicular to their 
axes, and the circumferences of the pulleys are 
projected on this plane). A single rope {whose 
weight is neglected) is attached to the lower block 
and passes alternately round the pulleys in the i v 
upper and under blocks. The portion of rope V. : 
proceeding from one pulley to the next is called _i 
a ply. In this arrangement the tension of the 133 
rope is throughout constant and equal to P, the ^'B- ''T- 
force applied at the free extremity. The portion of the rope 
at which the moving force, P, is applied, is called the tackk- 
fall. 

Let W be the weight to be lifted, and assume all the 
plies to be parallel. 

Then if n is the number of plies at the lower block, we 
shall obviously have, neglecting the weight of the block, 

nP= W. 

This result follows also by the principle of work. For if 
p denote the length of the tackle-fall, and x the common 
length of the plies, we have 

J) + «« = constant, 

.'. dp -y ndx = o. 

But Pdp + Wdx = o, 
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II. Suppose each pulley to hang from 
a fixed blocK by a separate rope. 

Let A (fig. 228) be the fixed pulley, n 
the number of moveable pulleys, and a?i, X2, 
, . . Xn the distances of the centres of these 
latter £roni a horizontal plane through the 
centre oi A, 

Then, p being the length {AP) of the 
tackle-fall. 



;k 



Pf 









Pig. 228. 



2fl?i + j9 = const., 2T2 - a?i = const., 2Xz - a?2 = const. . . . 

2a!n - Xn-i = OOUst. 

Hence 2*^Xn +i? = const., therefore 



and 



2 Va?n + ^ = o, 
JF&n + Pdp = o. 



.-. P 



^ 



• n 



III. Let a separate rope pass over each pulley, and let all 
the ropes be attached to the weight. 

Neglecting the weights of the pulleys and ropes, we shall 
have, by resolving vertically for the equilibrium 

of Wy ^ ^ 

jr = P(i + 2 + 2' + . . . + 2'»-i), 

the whole number of pulleys being w ; or 

W 



s 



P = 



2" _ I 



The same result follows by the principle of 
work. For if the distance of W from a hori- 
zontal plane through the centre of the fixed 
pulley is denoted by y, and if the distances of 



O 



HE 



tp 



J 



Fig. 229. 
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the centres of the pulleys, counting from the fixed one, are 
^1, ^2, . . , ^«-i, we have evidently 

!/ + Xi = const., y + a?2 + 2;ri = const. ... y + Xn-i - 2Xn-2 = 

const., y -^ p - Xn-i = const. 



Hence, multiplying the second equation by -, the third 

hy ~, &c., and adding, we have 2**"^^ +jo = constant. Now 
the equation of work is 

Wdy -vTdijp-^Xn-^ = o. 



or 



^nd 



{W ^ T)dAf -^ iFdp = o; 
i^'^dy +^ = o. 



.-. P = 



W 



2« - I 



221. The Wheel and Axle. — This consists of a horizontal 
cylinder, &, (fig. 230) moveable round two journals (or small 
cylinders projecting from the centres of its 
faces), one of which is represented in section 
at c; a wheel, a, is rigidly connected with 
the cylinder, and the journals rotate in fixed 
bearings. The machine is, in reality, a 
rigid combination of two pulleys, a and ft, 
moveable about a common axis, c\ and its 
theory is precisely the same as that of the 
lever. The moving force, P, is applied at 
the circumference of the wheel, and the useftd resistance, Q, 
at the free extremity of a rope coiled round the axle. 

All wasteful resistances being neglected, the relation 
between P and Q is 

Pa = Qft, 




Fig. 230. 



where a = radius of wheel, and h = radius of axle. 
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The friction of the journal (whose radius is c) against ite 
bearing being taken into abooimt, the relation between P and 
Q is 

Pp = Qq-^ e sin Xv/P^ + 2P(^ cos u> + Q-, 

u) being the angle between the directions of P and Q, exactly 
as in Art. 217; and the efficiency is the same as that inves- 
tigated in the Article on the lever. 

Economy of power is attained in the wheel and axle by 
diminishing h, the radius of the axle ; but in this way 
the strength of the machine is diminished. To avoid this 
disadvantage a Differential Wheel and Axle is sometimes 
employed. In this instrument the axle consists of two 
cylinders of radii b and V (fig. 231), and the 
rope, wound round the former in a direction 
opposite to that of watch-hand rotation (sup- 
pose), leaves it (at the point b in fig. 230), 
and, after passing under a moveable pulley 
to which the weight to be raised is attached, 
is wound in the opposite direction round the 
remaining portion (that of radius V) of the 
axle. The power P is applied, as before, 
tangentially to the wheel. For the equili- 
brium (or uniform motion) of the machine, 
the tensions of the rope in bm and Vn are 
each equal to ^Q ; and taking moments roimd the centre of 
the journal, c, for the equilibrium (or uniform motion) of 
the rigid system consisting of the wheel and axle alone, we 
have 

Pa = iQ{b-b'), 

Thus, by making the difference b-b' small, the requisite 
moving force can be made as small as we please ; but since 
the amount of work to be done is constant, this economy of 
power is accompanied by a loss in the time of performing the 
work. For it is easily seen that if the wheel turns through 
an angle 80, the point of application of P will describe a 
space aW, and the weight will be raised through a space 
i(b- V) SO, which latter will be very small if 6 - J' is very 
small. 
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22 2, The Screw. — The screw consists of a right circular 
cylinder on the convex circumference of 
which there is a uniform projecting thread, 
GH (fig. 233), of a helical form. 

The helix is a curve traced on 
the circumference of a cylindei' 
in the following manner. Take 
a sheet of paper on which are 
drawn two indefinite right lines, 
AB and ACy and let the paper 
be wound round the cylinder ^ ^. 
in such a way that the line AB ^^' ^^^' 
coincides with the circumference of the base ; then the other 
line, ACy vdll appear on the cylinder in the shape of a spiral 
curve which is called the helix. (Fig. 232 represents a projec- 
tion of the helix on a plane through the axis of the cylinder) . 

A screw with a rectangular thread (which is that repre- 
sented in fig. 233) is obtained by making a small rectangular 
area, ahcd, move so that one side, a, i, always coincides with 
a generating line of the cylinder, the middle point of ah 
describing the helix, and the plane of the rectangle always 
passing through the axis of the cylinder. 

If a small triangle is used instead of the rectangle, we 
should have a screw with a triangular thread. 

Let p and q be two points on the indefinite line AC^ and 
draw pn perpendicular to AB and qn parallel to it. Then 
jyq becomes a portion of the arc of the helix, and qn a portion 
of a section of the cylinder perpendicular to its axis, pn 
remaining a straight line coinciding with a generator of 
the cylinder. 

Hence the relation holding between the sides of the 
triangle pqn before the paper was wound round the cylinder 
will hold also after the winding. But if the angle between 
AB and AC i% «, we have evidently 

pn - qn . tan i 



pq = qn . sece. 

The thread GH works in a block on the inner surface of 
which is cut a groove which is the exact counterpart of tho 
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thread. The block in which the groove is cut is often called 
the nut. It is clear, then, that if the screw moves in the nut 
until the point p of the thread occupies the position q^ the 
axis must move in its own direction mrough a space prij and 

the angular rotation of the screw about its axis is — , r being 

the radius of the cylinder. 

•m~m- Oft 

Hence, if the angle — through which the screw turns is 
denoted by oi, we have 

pn = oirtanf, pq = wrsec*. 

If a> = 27r, or if the screw make a complete revolution, 
any point on the surface of the screw describes a space 
27r r tan i parallel to the axis. This is obviously the distance 
between two portions of the thread measured on a generator, 
and is called the pitch of the screw. 

We shall consider the screw as driving a resistance Q 
applied in the direction of the axis, and the moving force, P, 
as applied in a plane perpendicular to the axis, at the ex- 
tremity of an arm whose length measiured from the axis is a. 

Suppose that the screw rotates through an angle w. 
Then the work done by P is Paw, and the work done 
against Q is Qri») tan i. 

If no work is lost against wasteful resistance, we must 
Jiave 

Pa = Qr tan/. 

If there is friction between the threeid and the groove, 
let R be the normal pressure at any point p of the thread 
(acting towards the under side oi pq in the figure), and fiR 
the friction at this point. Then, in a small angular motion, 
5(ti, of the screw the work done against the friction is fiR .pq 
(taking pq as an elementary portion of the thread), or 
liR r Su) sec i. Hence, 

Pa £ci> = Qr S(o tan i + /ur Sw sec i 2 JS, 

2>R denoting the sum of the normal reactions at all points of 
the thread. 
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But, for the equilibrium of the cylinder, resolving along 
its axis, we have 



or 



Q = ^{R cos '/ - fxR sin t), 
Q = (cos i - fjL sin i) SiJ. 



(-) 



Hence, substituting this value of Si2 in the previous 
equation, 

Pa = Qrtan(i + A), 

A being the angle of friction. 

This result could have been obtained without the prin- 
ciple of work by combining with (a) the equation of moments 
round the axis of the screw. By taking moments round the 
axis, we have 



or, 



Pa = S (iZ sin i + iiR cos /) r 
Pa = r (sin f + /i cos J) SiJ. 



O) 



Dividing (j3) by (a) we obtain the relation between P and Q. 
The efficiency of the screw is evidently 

tan* 



tan {i + A)' 

TT A 

which will be a maximum when i . 

4 2 

223. Prony's Differential Screw. — If h denote the pitch 
of a screw, the relation between P and Q when friction is 
neglected is 

iPira = Qh\ 




Fig. 234. 



therefore economy of force in 
overcoming a given resistance 
is gained by making h y&ry 
small. Bnt it is impossible to 
do this in practice, and to attain the result desired a differ- 
ential method is resorted to. Let the screw work in two 
blocks, A and B, (fig. 234), the first of which is fixed and 
the second moveable along a fixed groove, n. Let h be the 
pitch of the thread which works in the block -4, and // the 
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pitch of that which works in the block B. Then one oom- 
plete revolution of the screw impresses two opposite motions 
on the block B — one equal to A in the direction in which the 
screw advances, and the other equal to A' in the opposite 
direction. If, then, the resistance, Q, is driven by this 
block, we have by the principle of work 

iPwa = Q{h- hT), 

and the requisite moving force will be diminished by dimi- 
nishing A-A'. 

224. The Wedge. — The wedge is a triangular prism, 
usually isosceles, which is used (as represented in the figure), 
for the purpose of separating two bodies, A and -B, or parts 
of the same body which are kept 
together by some considerable force, 
molecular or other. 

The figure represents a section of 
the wedge made through the line of 
action of the moving force, P,' per- 
pendicular to the axis of the wedge. 
Suppose that the line of action of P 
passes through the vertex of the 
wedge, and that slipping is about to 

take place ; then the total resistances of the surfaces A and 
B against the wedge will make the angle, A, of friction 
with the normals at the points, m and w, where they act ; 
but these points are indeterminate themselves. 

To find the efficiency of the wedge. Let the wedge be 
driven through a vertical space equal to dpy and let 2 a be its 
vertical angle. Then the useful work performed is the 
separation of A and B in directions normal to the faces of 
the wedge in contact with them ; in other words, the useful 
work is that done by the normal components of the total 
resistances, i?. Now the point m moves vertically down 
through a space dpy and the projection of this displacement 
along the normal at m is evidently 

sin a . dp. 

Hence the work done by the normal components is 

2i?cosA sin a dpy 




Fig- 235. 
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and the whole work expended \a Pdp. Hence 

2R cos A sin a 



n = 



But by resolving vertically for the equilibrium of the wedge, 
we have 

P = 2 JS sin (a + X) ; 



sin a cos X tan a 




sin (a 4 A) fi + tan a 

Having given the theory of the simplest machines, we 
proceed to discuss a few of their most useful forms. 

225. The Balance. — The common balance is a lever of 
the first kind with two equal arms, from the extremity of 
each of which is suspended a scale 
pan, the fulcrum being vertically 
above the centre of gravity of the 
beam when the latter is horizontal. 
Let (fig. 236) be the fulcrum, AB ^ p 
the line joining the points of attach- 
ment of the scale pans to the beam, ^s- ^z • 

G the centre of gravity of the beam, and let AB be at right 
angles to 00, the line joining the fulcrum to the centre of 
gravity of the beam. Then, ii AO = OB = a, 00 = /*, 
OG = k, JF= weight of the beam, and 6 = the incKnation of 
AB to the horizon when two weights, P and Q, are placed 
in the pans, we have for the position of equilibrium (by 
moments about 0), 

, . {P-Q)a 

^^^ ~ {pTqjTTW/^ 

Now, the most important requisites for a good balance 
are Sensibility and Stahility. The first requires that the 
beam should be sensibly deflected from the horizontal posi- 
tion by the smallest difference between the weights P and Q ; 
hence the sensibility may be measured by the angle of 
deflection from the horizontal position caused by a given 
difference, P - Q, The stability of the balance is measured 
by the rapidity of the oscillation of the beam when it ia 
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slightly disturbed, and will be greater the smaller the time 
of oscillatioii. Hence the investigation of the stability of 
the balance is a kinetical problem. 

For sensibility, tan must be as great as possible for a 
given value of P - Q. Hence (i) a must be large, (2) h 
must be small, (3) TFmust be small, and (4) A: must be small, 
i.e., the distance of the fulcrum from the centre of gravity of 
the beam must be small. The last condition is obtained in 
balances in which great sensibility is desired by maMog 00 
an axis along which a heavy nut moves with a screw 
motion ; by moving the nut towards 0, the centre of gravity 
of the machine can be made to approach the fulcrum. 

The time of a small oscillation can be shown (see Thomson 
and Tait, p. 423) to be proportional to the square root of 

zPh + }Fk~' 

where JT is the radius of gyration of the beam about O. For 
stability this must be small ; it is evident that, with the ex- 
ception of the third condition above, the conditions for 
stability are the very reverse of those for sensibility. 

226. Roberval'B Balance. — Roberval's Balance is an ex« 
cellent illustration of the principle of work. 

Two equal bars, AB and CD, 
(fig. 237) revolve round axes through 
their middle points, IT and JE, which 
are fixed in a vertical support, JTiV; 
these bars are connected by smooth 
joints to two equal bars, AC and Q" 
£1), and to these latter bars are 
rigidly attached two plates or scale 
pans, P and Q, the points of at- 
tachment being any whatever, and 
one or both of the plates may lie 
towards the vertical support, or away from it (as in fig. 237). 

Suppose P and Q to be the magnitudes of two weighta 
placed in the pans P and Q, respectively. Then if for any 
displacement of the bars round the points H and JE^ the pans 
describe vertical spaces p and q, respectively, we shall have 
for equilibrium 

Pp-Qq:= o. 



-..y 




Fig. 237. 
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Now, the bars AC and BD, being always parallel to the 
fixed line HJE, will be always vertical, and the vertical space 
through which one moves up is pbviously equal to that 
through which the other moves down. Hence p - q^ and 
we have for equilibrium 

P=Q, 

whatever be the lengths of the pans (provided their weights are 
neglected), whatever be their points of attachment to BD and AC, 
and whatever the points in the pans at which P and Q are 
placed. 

If the weights of the pans are taken into account, the 
same results follow if they are of equal weight. 

If the pan P were replaced by the pan P', and the weight 
P placed at P', the other pan, Q, remaining unchanged, and 
the weights of the pans being either equal or neglected, 
equilibrium would still subsist — a result which seems at first 
sight very strange. 

If the lengths AH and HB, CE sjiiJED are not equal, it 

« TfB 
is easy to prove that - = -=-2, and the condition of equi- 
librium is 

P.HA^Q.SB. 

227. Balance of Quintenz. — This is a compound balance 
formed of a combination of several levers, and is used for 
weighing very heavy loads. This machine also furnishes an 
admirable example of the principle of work. 

AB (fig. 238) is a lever moveable about its fixed ex- 
tremity, A; MN is another 



-Hi 



Za\ 



lever moveable about a ful- ^J s 

crum, P, fixed at its middle 
point ; CD is a moveable plat- 
form, which receives the load d 
Q, whose weight is to be found; b ha 
this platform is connected with 
the lever MN by a rigid verti- ^^" *^ * 
oal bar, DI, articulated at D and 7; and the platform 
further rests against the lever, ABy by an edge of contact ^i 
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a fixed point, -ff, on the latter; finally, the two levers are 
oonnected by a rigid vertical bar, BM^ articulated to both. 

The weight, P, employed to measure Q is attached to the 
upper lever at N. Let the system receive any slight dis- 
placement, then the lever, ABy will turn round A through 
an angle ^0, suppose, and the lever MN will turn round F 
through an angle S^. 

We shall arrange the dimensions of the macliine in such a 
manner that the platform, CD, may remain horizontal in the 
displacement. The vertical descent of the point S is evi- 
dently AH . SO, and this is also the vertical descent of the 
point in the platform above H. 

The vertical descent of the point D is the same as that of 
/, and this latter is obviously FI. S^ ; hence if the platform 
remains horizontal, 

FI,^^An,id. 

Again, the vertical descent of -3/" is the same as that of B\ 
or 

FM. S(l> = AB. Se. 

Hence from these equations we have 

MF^ BA 

FI 'Air 

which is the condition for the horizontality of the platform. 
Denote -j^ by n. The equation of work is obviously 

P X descent of iV = Q x descent of 2), 
.-. P . NFStp = Q . FIS<I>, 

.-. P = - Q, 

n 

or the result is the same as if Q were suspended from the point 
/ of the upper lever. 

Loads placed on the platform may all be weighed by 
means of a constant weight, P, by merely moving the point 
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of suspension of this latter along the arm NF] thus, if P is 
suspended from the point JT between N and Fj we shall have 

P FI 
Q^ FK' 

228. Toothed Wheels. — ^Motion maybe transferred from 
one point to another and work done by means of a combina- 
tion of toothed wheels, each one of which drives the next one 
in the series. The discussion of this kind of machinery 
possesses great geometrical elegance ; but the space at our 
disposal renders it impossible to do more than give a slight 
sketch of the simplest case — ^that in which the axes of the 
wheels are all parallel. 

For the investigation of the proper forms of teeth, the 
student is referred to Willis's Pnnciples of Mechanism^ Collig- 
non's Statiquey and Eiesal's M^canique Oi&nirale, 

Fig. 239 represents a toothed wheel, -4i, moveable round 
a horizontal axis, ab\ the moving 

force, P, is applied by means of 

a handle, cd, which, when turned, HEP" 
causes the axis ab to rotate in its 
bearings at a and b and to turn 
the wheel Ai ; this wheel causes 
another, B^ in contact with it, to 
rotate roimd a horizontal axis _. 

which also moves in fixed be'ar- ^^' ^^^' 

ings at its extremities ; on this latter axis is fixed another 
wheel -42, whose rotation in like manner turns JBa on its axis, 
which in the figure is the axis of a cylinder to which the re- 
sistance, Q, is attached. 

Suppose that there are n wheels, ^„ ^2, . . . -4„, whose 
radii are ai, 02, . . . Uny and n wheels, -Bi, -B2, . . . Bn whose 
radii are &i, 62, . . . Jn ; aiid let be = p, and the radius of the 
cylinder (or wheel) to which Q is attached = q. Then if wi 
is the angle through which the radius be revolves, the moving 
force being always applied tangentially to the circle described 
by its point of application, the work expended is 

and if wn is the angle through which, in the same time, the 

2 D 
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cylinder rotates, the weight Q will be raised through a space 
qtony and the work done against the resistanoe is 

Supposing then that no work is lost either by the friction 
of the axes in their bearings or by the friction of the teeth 
against each other, we must have 

-Ppwi = Q?ai„, (i) 

when the machine is moving uniformly. 

To determine the kinematical relation between wx and Mn^ 
let the angle through which Bi turns be i»}%. Then since the 
spaces described by the points of Ai and^i which are in con- 
tact are the same, Oi^ = hn»}2* Also if 0)3 is the angle through 
which B2 turns, we have 020)2 = 62^8. Proceeding in thig way, 
we have by multiplying the corresponding sides of these equa- 
tions together 

Hence from (i) and (2), 

Q phbj . , .bn 
P qoia^ . . . «n* 

For the calculation of the work lost by the friction of the 
teeth among themselves see Collignon's 8tatiqu€y p. 468. 
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CHAPTEE XIV. 

ATTRACTIONS. THEORY OF THE POTENTIAL. 

Section I. 
Solid Distributions of Matter in General. 

229. Universal Law of Attraction. — Every particle of matter 
in the universe attracts every other particle with a force whose 
direction is that of the line joining the two particles, and whose 
magnitude is directly proportional to the product of their masses 
and inversely proportional to the square of the distance between 
them. 

This law of universal attraction is a generalization from 
experience, verified in its consequences as to the motions of 
all bodies in the imiverse which come within the reach of our 
observation. 

That two particles of matter universally exercise upon 
each other an attractive action defined as above we observe by 
experiment ; and this action is called Gravitation. Over and 
above this particular force, they may exert other forces, at- 
tractive or repulsive, upon each other, depending on particu- 
lar states, transitory or permanent, in which they may exist 
in presence of each other. Among forces of the latter class 
are magnetic and electric attractions and repulsions, and the 
molecular forces of natural solids. 

At present we are concerned with the bare fact that such 
an action as that of gravitation is exercised between two par- 
ticles, without attempting to account either for its cause or 
for its precise mode of operation — ^that is, without any specu- 
lation as to whether it is really an action at a distance, or an 
affection of some medium intervening between them. 

We shall, it is true, investigate in certain oases the conae- 

2 D 2 
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quences which would result if the particles of matter exercised 
on each other a force whose magnitude did not follow the 
natural law of the inverse square of distance ; but these 
cases must be regarded as mere examples of an analytical 
method, and not as the expressions of any observed natural 
phenomena. 

230. Action between two Particles. — Let there be two 
particles whose masses are dm and dm\ and let r be the dis- 
tance between them. Then the attraction of gravitation 
between them is 

dm . dm' 

where /w is a constant quantity depending on the unit of force 
adopted. Suppose that we take as a unit force that exerted 
by two elementary imits of mass placed at a unit distance 
apart. Then the above expression must be unity when dniy 
dm'y and r are units. Denote the imit of mass by [m], the 
unit of distance by [rf], and the unit of force by [/] { then 
the force, /, between the particles at the distance r is given 
by the equation 



[mj ' r 



It would be tedious to introduce the unit factor 



[/JW 



12 



into our equations, and we shall for the future omit it, re- 
membering, at the same time, that it is implied in our results. 
231. [Potential due to an Attracting Solid. — ^Let P be 
any point at which a unit mass is placed; M any point 
in the solid at which the element of 
mass is dm; and r the distance PM. y^ ^X^^---"^^ 
Then the force between the particles at 

P and M is -^, and the virtual work of 

IT 

this force is r- dr^ since the force ^- *4o- 




r^ 



^J^dfl to diminish r, and since dr signifies an increment 
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Hence (Art. 176), if F is the potential at P, 



F=- ^dm 



[ dr 
J r^' 



the sign S denoting a summation of the integral for all 
elements of mass of the solid. This evidently gives 



F = S — ; 
r 



hut as the solid consists of an infinite numher of elements, 
the summation here is an integration, and we have finally 



Cdm 



If in Art. 1 83 Vo is the value at infinity of the gravita- 
tion potential of a given mass, Fo is of course zero, and from 
that article we have 

JF= r. 

Hence we may define the gravitation potential of a given 
mass at any point to be the quantity of work required to move 
u unit mass of matter from that point to an infinite distance. 

If the law of attraction is other than that of nature, let it 
he a function of the distance denoted by ^'(r). Then the 
force between P and M is <ft (r) . dmy and the virtual work 
of this force being -- ^'(r) . dm , dr (supposing the force 
attractive) y 

F= - ^dm j ^' (r) dr = -^(^{r) . dm = -j <l>{r)dmy 

i> (r) being the integral of ^'{r)dr. For example, if the at- 
traction is proportional to the n** power of the distance. 



^*+ ij 



For a repulsive force given by the law 0' (r) the virtual 
work is <p' {r) . dm . rfr, and the sign of F is simply changed.. 
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In general, then, to get the potential of anj system of 
forces, write down the expression for their elementary virtual 
work, and integrate it (see Micanique Celeste). 

2^2. Calculation of the Potential in Special Cases. — The 
law of attraction considered is that of nature. 

(i). Let the attracting solid consist of two particles of 
masses mi and nh placed at two points, N and 8 (fig. 49^ 
p. 47). Then if the distances NP and SP are denoted by n 
and r2, 

r=^ + ^, (I) 

and if the action of nii is repuLdve, 

ri ro ^ ' 

(2). Let the attracting solid be a bar of uniform density 
and small imif orm section. From P p 

(fig. 241) let fall PO perpendicular yf^ 

to the bar, AB ; let s denote the 
distance of any point M of the bar 
from ; let 6 be the angle PMOy 
and let p and k be density and sec- a ^ 



tion of the bar. Then the element ^ ^ 

of mass at jif is kpdsy and ^^^' *-*'• 



-B 



F=*pl^ 



But 

« =P0 cot Oy .-. ds^-PO cosec ^OdOy and Pif = POoosece; 

^ J » . ^ Sin e 

the angles PAB and PBA being denoted by A and ^. 
Hence 

r=kp log cot - cot -. (3) 
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This may be put into another form. If PA = r, PB = r, 
and AB = 2<?, we have from trigonometry, 



V=^kp log 



r -\- r' -\- 2c 
r + / - 2c* 



F=*plog^^. (4) 

/i bein^ the semi-axis major of the ellipse described through 
P, with A and B for foci. 

(3) . Let the attracting solid be a spherical shell of uniform 
density and small uniform thickness. 

First suppose the point 
P, at which the value of the 
potential is required, to be 
outside the shell. 

Let r and p be the thick- 
ness and density of the shell, 
its centre, and M any ^ 

point on it. Then if L MOP ^^' ^*'- 

= By OM = fl, and is the angle made by the plane MOPy 
with a fixed plane through OPy the element of mass at M is 
pra^ sin QdOdf^ ; and if PM = r. 




v-^^W 



^mOdOd^ 



l« 



r 
sin Odd 



= iirpra^ 



by performing the integration in at once. 
Now, if OP = c, we have 

r^ ^ c? - lac cos 6 + c*, 

.'. rdr = ac sin 0(/0, 
and 

'''^ 47r/or<7> 



_^ mass of shell 

V 



(s) 
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Secondly, let P he inside the sphere at JP'. Then we 
have exactly as before 

F= — - — dr = ^irpra. (6) 

C J P'A 

Since F^B - I^A = a -\- c - [a - c) = 2c. 

It is to be carefully noted that in this case V has the 
same value at all points inside the shell. 

{4). Let the attracting solid be a sphere of uniform 
density. 

First suppose P to be outside the sphere. Let the sphere 
be broken up into an indefinitely great number of spherical 
shells, and since the potential due to each of these is given 
by (5), we have for the sphere (whose radius is a), 

,.- 47rpfl' mass of the sphere , . 

V = = . (7) 

Secondly, let P be inside the sphere. Then the potential 
of the sphere concentric with the given one, and passing 

through P, is — —^ or — — ; and the potential of the por- 
tion included between these spheres must be found by 
dividing it into shells. Let r and dr be the radius and 
thickness of one of these shells ; then the potential due to it 
at P is 

^TTprdry 

by (5), and the integral of this from r = c to r^ai& 
2irp (fl* - c*). Adding this to the first portion of Vy we have 

2 

' • V=2irpa'^ 7^/oc^ (8) 

(5). Let the attracting solid be that inclosed between 
two concentric spherical surfaces of given radii, a and a', the 
density being uniform. 

First, let P be completely outside the mass, and suppose 
a > a\ Then the potential is obviously the given mass di- 
vided by c ; or 

47rp {a' - a'') 
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Secondly, let P be inside the space between the bounding 
surfaces, i.e.y inside the mass. Then evidently 

Thirdly, let P be inside the surface of radius a\ Then 

233. Continuity of the Potential.— The gravitation po- 
tential of any attracting solid mass varies in a continuous 
manner from point to point in space, v^rhether the points 
chosen be inside any portion of the mass or outside it. 

For if r be the distance of any element of mass, dniy of 
the attracting body from P, the point at v^hich the potential 

C dwi 
is required, V = — . Let P be taken as origin, and let the 

position of the element dm be defined by the radius vector, 
r, and two angles, d and 0, as in p. 269, and let p be the 
density of the element. Then dm = pt^ em OdrdOdtjiy and 

Y=:jjjpr sin OdrdOd^. 

This form of V shows that even if r is zero, i. ^., if P is 
inside the mass, the value of the potential is finite, no infinite 
term being introduced by the indefinitely close proximity of 
P to some of the elements of mass. 

Hence the potential varies continuously throughout space, 
and diminishes from the vicinity of the attracting mass to- 
wards the space very remote from it in all directions. 

234. Continuity of the First Differential Coefficients of 
the Potential. — ^At each point in space the potential of a 
given mass has a definite value. Let the co-ordinates of P, a 
particular point considered, be a?, y, s. Then if a?', t/y 2' be 
the co-ordinates of the attracting element dm, we have 

r' = Or - xy + {1/- yj + (^ - zj. ix\ 
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And sinoe 

V- — , we have -r- = dm v!/ = - — - — dm. 
Hence 

The continuity of these expressions can be shown by 

putting X - of = r sm cos ^^y -y' =r sin 6 sin ^, s — 2' = 

r cos 0, e/m = pp sin OdrdOdijty where and ^ are the same as in 

last Article. 

dV f 
Then — = - K> sin* ooBi^drdOdi^; 

and thus, even when the point P is inside the mass no infinite 
term is introduced into any of the differential co-efficients of 
V. Each of these differential coefficients varies, therefore, in 
a continuous manner throughout space, whether the points at 
which their values are calculated are inside the mass or out- 
side it. 

It must be carefully observed that this result has been 
proved true only when the attracting element of mass is one 
of finite volume. It will be subsequently shown that if the 
attracting element is superficial, u e., if its volume is zero, the 
continuity of some of the differential coefficients of V ceases. 

235. Discontinuity of its Second Differential Coefficients. — 

Since V= — , we have -r-r = J } / dm^ the co-ordinates of 
J r oar dxr 

the point, P, at which the potential is F", being a?, y, 2. 

Now from (i) of last Art. we find 



d^r I {x" xj 



and since 



J ( r \dxj ir dixr ) 
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Similarly 



dy' 



= 11 

■W 



dm, 



g-fp-^'-^i- 



(2) 



(3) 



If in these expressions we substitute for x-Xyy-y'yZ- z\ 
and dm, as in last Article, we have 



dx" 



= [ (3 sin'e eos^^ - i) ^ smBdrdBdif^ ; 



hence, when r = o, i.e., when P is inside the attracting mass> 
the expression under tiie integral sign becomes infinite, and 

the value of --rj ceases to be continuous from points inside 

to points outside the mass. 

dV <Pr 

Fig. 243 represents tlie values of V, -z-y <^^-3-«t when the attracting 

dx dx* 

solid is that contained between two concentric spherical surfaces whose radii 

are Oa' and Oa, and the point P occupies . ^ 

positions along a fixed diameter, Oxy varying ■ -i-v n 

from to infinity. The distance of P from ^ 

is here deuoted by x^ which is therefore 

the same as c in case (5) of Art. 232. s ^ '* D 

The values of F are given by the ordi- "'N. \ "*-.. 

nates (distances from Ox) of the continuous ^\ <f 

curve ABCDy of which the portion AB is 

a right line corresponding to the constant 

potential within the inner surface. 

dV 
The values of 3— are given by the ordi- 
dx 

nates of the continuous curve Oa'bcy of which 

Oa' corresponds to the constant zero value 

within the inner surface. 

d^V 
The values of -—-r are given by the ordinates of the discontinuous curve 
dx* 

Oa^nmpg. 

From case (5), Art. 232, when P is completely outside the mass we have 

d^V 8irp(a3- O 

__. C3 — i-i — :, and when P is inside the shell between the two surfaces 

d(r 2^ 



7-/ 



n 



Fig. 243. 



d^F 
dc* 



4irp 
3 



(-?-) 
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By putting c — am the first of these values we have the value, ap^ of -j^ whm 
jp comes to the outer surface from the outside ; and putting <; = a in the second, 
we have the (negative) value, am^ of -r-^ when P comes to this surface from the 
inside.* 

236. Equations of Laplace and Poisson. — We have seen 

that so long as P is not within any of the attracting mass, the 

d^V (PV (PV 
values of — , — , — - in (i), (2), and (3), of Art. 235 are 

definitely given by the integral expressions. Adding these 
expressions together we have 



-I 



da? dy^ dz^ J ( r* i'* 

or ^ vF=o, (i) 

where v is put for 

^ fi ^ 
do? dv^ dz^' 

This is Laplace's equation. 

Suppose P to be inside the attracting mass, so that a small 
sphere, every part of which contains matter, can be described 
round P, the density of this sphere being assumed uniform 
and equal to that of the attracting mass at P, 

Let Vhe the potential of the whole attracting mass atP; 
let Vi be the potential at P due to the small sphere just men- 
tionad, and let V be the potential due to the remaining 
mass. Then 

Now by Laplace's equation, since P is not inside any of the 
mass whose potential is Fi, we have 

V Fi = o, 

Now, to calculate v Fi, we have by equation (8), Art. 232 

Vi = 2irpa^ - f Trpc*, 
where a is the radius of the small sphere in which. P is in- 



♦ Fig. 14.1 \atTom.T\iom%OTi«a!iT^v\!% N«<. Phil, 
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eluded, p its density, and c the distance of P from the centre 
of this sphere. Denoting the co-ordinates of the centre of the 
sphere by Xy y\ z\ those of P being 2, y, 2, 

F. = 27rpa' -^np[{x-xy+{y- yj + [z - z'f] ; 
therefore 

cPV, 4 ^f'F, 4 d:'V, 4 

"^^T''' ■^^T''' "i^^'^T''' 

and therefore V ^1 = - 4^p ; hence 

V r = - 47rf>, (2> 

which is Poisson's extension of Laplace's equation. 

Foisson's equation has been deduced on the supposition that the point P, ta 

to which F belongs, is so placed inside the attracting mass that a small sphere, 

every part of which contains matter, can be described round it. Hence it is 

not true for a point assumed rigorously on the bounding surface of any portion 

of the mass. Neither is Laplace's equation true for such a point. Poisson 

attempted to show that in this case vV — atrp, which is the mean between the 

yalues for a point in, and completely surrounded by, matter and a point in 

space completely devoid of matter ; but his demonstration has been rejected by 

mathematicians. (See the paper on Forces varying inversely as the square of 

the distance, by Gauss, in Taylor's Scimtific Memoirs, Vol. III., part X). 

d^V d^V d^V 
In fact we have seen that each of the quantities —r-ry — r-T-» —ttt has two 

dx* dip" dv- 

distinct values, according as the point considered is supposed to belong to th& 

attracting mass or to empty space, and for a point on the surface of the mass it 

is easily seen that v V has therefore eight admissible values. 

237. Components of Attraction. — The attraction between 

a unit mass at P and the element dm at M (fig. 239) is — ^ 

in the line PM\ and since PJf makes with the axis of x an 

/p ^ 

angle whose cosine is (the co-ordinates of P and JT 

being ar, y, z and x\ y\ s', respectively), the component of 

/J. _ /*• 
this attraction parallel to the axis a? is — dm. Hence if 

X be the attraction of the whole mass parallel to the axia 
of ;p, 



fa? -a?' 



dm. 



^"l*'^^)^^^^"^!*^^'^^ 






and similarly for all other components. 

Direction of the Besultant Attraction. — If R be the 
of the resultant attraction, its direction cosines 
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Similarly, if T and Z denote the components of attrac- 
tion parallel to the axes of y and 2, 

Comparing these with the differential coefficients of V 
(Art. 234), we see that 

x^— r=— z=— . 

dx ^ dy * dz ' 

dV 
Now --z— is the rate of variation of potential at the 
(tx 

attracted point in a direction parallel to the axis of a? ; and, ! 

this direction being, of course, arbitrary, we see that — the I 

rate of variation of the potential at any point in any direction is 

the attraction in this direction on a unit mass at the point. 

If, then, generally, ds is the element of the aro of any ■ 

curve at the point P, j 

dV^ 
ds 

is the attraction along the tangent to this curve at P, V 

being expressed as a function of s and quantities which do 

not vary with s. 

If the attraction follows any other law than that of 

the inverse square, these results remain true. For if the 

attraction between P and M is ^'(r) dm (Art. 231), the 

*r "~ Su 
component parallel to the axis of a; is - 0'(r) dm, or 

dr ^ 

- ^'(r) — dmy and we have 
ax 
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X Y Z dV dV dV ,,..,,, 
"^ R R' R' ""' -^' li' -^' "^^ ^"^^"^ ^y 



fdvy fdvy fdvv 



Let the value of V at the point P be denoted by C; 
then, V being a function of a?, y, s, the equation 

r ^ C 

denotes a surface passing through P, and at each point of 
this surface the potential has the constant value C. Now 
the direction cosines of the normal to this surface ai'e exactly 
the same as those obtained above for It, Hence — 

At each point in space the resultant attraction on a particle 
is normal to the surface of constant potential passing through 
the point. 

Let APB (fig. 244) be the surface of imiform potential 
described through P for a given 
attracting mass ; let PQ be an 
element of the normal to this surface 
at P ; and let CQD be the surface of 
imiform potential described through 
Q, Then if V is the potential at 
P and r' that at Q, the resultant ^'^' ^^^' 

attraction at P in the direction PQ is the limit of the ratio 

r-r 

PQ ' 

or if the element of normal is denoted by dn, the resultant 
attraction is 

dV 

dn 

in the direction in which the increments dV and dn are 
taken along the normal at P. 

As has been already mentioned (Art. 211), surfaces of 
uniform potential are also called Level Surfaces, or Surfaces 
de Niveau, the appropriateness of this name depending om 




: 
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the fact that no work is done against the acting forces in 
displacing a particle in any manner whatever on such a 
surface. 

239. Cliange of Attraction in passing through, an attract- 
ing Shell of small thickness. — It will be proved (see Ex- 
ample 4), that the attraction of a circular plate of uniform 
density (p) and thickness (k) on a unit mass placed on the 
perpendicular to the plate through its centre is 2irkp{i — cosa), 
where a is the semivertical angle of the cone whose vertex is 
the attracted particle and whose base is the plate. Hence, 
if the particle is very close to the plate, the attraction will be 

2Trkpy 

since a is sensibly a right angle ; and this result is indepen- 
dent of the radius of the plate. 

Let P and Q (fig. 245), be two points on opposite sides 
of the normal to an attracting surface of 

small thickness, and consider the separate ^ ^ 

attractions of a small circular plate in 
the vicinity of P and the remainder of 
the surface. The attraction of the latter 
portion will be sensibly the same at P as at Q; and by 
what precedes, the attraction of the plate at P will be a force 
2ir kp in the direction PQ, and at Q an equal force in the 
opposite direction. :Hence it is evident that the whole 
attraction at P is the resultant of the whole attraction at Q 
and a force equal to 47r kp along the normal from P towards 
Q, where k and p are the thickness and density of the shell 
at P. 

240. Lines and Tubes of Force. — If the element PQ 
(fig. 244) be indefinitely prolonged in such a manner as to 
be at all its points normal to the level surfaces which it 
meets, it becomes what Faraday called a Line of Force, which 
may therefore be defined either as a curve intersecting per- 
pendicularly all the level surfaces, or as a curve at every 
point of which the resultant force is directed along the 
tangent to it. 

If a superficial element of the level surface at P is taken, 
and lines of force are described along the contour of this 
element, these lines form a tubular surface which is called a 
%be of Force. 
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As a simple example let us consider the level surfaces of a uniform bar 
(Art. 232). 

Since V = kp log , if F is constant, fi is constant, or the axis major of 

fl — c 

the ellipse whose foci are the extremities of the bar is constant. Hence the 
level surface at P is an ellipsoid of revolution round AB ; and since the curve 
drawn through P cutting at right angles a series of confocal ellipses in the 
plane of the figure is a hyperbola whose foci are A and B, the lines of force 
are hyperbolas confocal with the ellipses. Moreover, since the resultant 
attraction at P is normal to the ellipse through P, we see that the attraetum of 
the bar AB on a particle at P bisects the angle APB, 

Again (case i. Art. 232), the level suHaces of a magnet whose magnetism 
is supposed to be concentrated in equal and opposite quantities at its poles are 
given by the equation 

= const. 

n ri 

They are obviously surfaces of revolution round the magnet bar, generated 
by the plane curve whose eq[uation is the above. One of these surfaces i is a 
plane bisecting N8 perpendicularly, and the lines of force are the magnetic 
curves one of which is represented in p. 47. 

241. Suxf ace-integral of Normal Attraction. — Let any 
closed surface be described so as to contain an element, rf/w, 
of attracting matter completely inside it, at a point ; and 
let the attraction of this element on a imit mass at P, any 
point on the surface, be resolved along the normal to the 
surface at F and then multiplied by dS^ an element of the 
surface at P. The integral of this taken all over the closed 
surface is called the surface-integral of normal attraction. 

To find its value, let OP = r, and let d be the angle 
between OP and the normal at P measured towards the 
interior of the closed surface. Then the normal attraction 

on a imit mass at P is -j- cos ©. Hence the surface-integral 



IS 



fcosO 



dm —T- dS. 

If a sphere of unit radius is described roimd 0, and if 
lines drawn from to the contour of dS intercept a portion 
of the surface of this sphere equal to dm^ it is well baown 
that 

cosOrfS = r^dia. 

2 E 
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Hence the surface-integral becomes 

dm j duty 

the integration being performed over the whole sphere smoe 
O is completely surroimded by the closed surface. But 
f d(o = siinace of sphere of unit radius = 47r ; therefore, the 
surface-integral is 

47r dmy 

which is independent of the position of dm. 

But if dp denote an element of the normal to the surface 

dV 
at P, the normal attraction is —z— (Art. 237). Hence 

dp ' 

"7— dS = Air dm : 
J (^P 

and if the surface inclose any quantity of attracting matter 
whose mass is Mi, we have 



1 



or J NdS = ^wMi, (2) 

where N denotes the normal attraction of the mass on a unit 
of matter at each point on the surface. 

We shall now suppose that the element dm is completely 
outside the closed surface. 

From draw a right line OPQ 
meeting the surface in P and Q; 
let OP = r„ OQ = r^, z QPn = Oi, 
L PQm = 62, Pn and Qm being the V^^ / 

normals to the surface at P and Q. _,. ^ 

Then, if dS, is the element of ^ ^'^' ^'^^' 

surface at P, dw the element of surface intercepted on a 
sphere of unit radius described round as centre by Unes 
from to the contour of dSi, and dSz the corresponding 
element of surface at Q, we have 

cosOief/Si = ri^dtvy 

Qoa02d8i = r^dta'y 



0---^^/^ 
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hence — -^ dSz ^ dSi = o ; but the expression on the 

left-hand side of this equation, when multiplied by dm, is 
the sum of the normal attractions at P and Q, each multi- 
plied by the corresponding superficial element. Hence if 
any closed surface is described in such a manner as to include 
none of the attracting matter 

[^dS = o, or {mS ^ o, (3) 

the integration being performed over the whole of the closed 
surface. In the figure we have represented a line from O 
as meeting the surface in two points only ; but since the 
surface is closed, a right line must meet it in an even 
number of points, and it is evident that the elements of the 
integral considered destroy each other at the points where 
the Une meets the surface, as in the above figure. 

242. Surface -integral for a Tube of Force. — ^Let PAQB 
represent any portion of a tube of force, P and Q 
being elements of two level surfaces intercepted by 
the tube. Then the attraction on a unit mass at 
P is normal to the section P, and the attraction on 
a unit mass at Q is normal to the section Q, while 
at every point, A or By on every portion of the 
lateral surface of the tube the attraction is wholly 
tangential to the surface. 

Let F be the force at P, F that at Q, and oi 
and (i) the areas of the sections P and Q. Then, supposing 
that the tube contains none of the attracting matter, equa- 
tion (3) of last Article gives 

Ftjj - FJ = o, (i) 

since the only portions of the closed surface PAQB which 
contribute elements to the surface- integral of normal attrac- 
tion are the sections P and Q. 

Hence, at all points in empty space on a given line of force 
the resultant attraction is inversely proportional to the normal 
sections of the tube of force at these points. 

This simple theorem gives the law of attraction very 
readily in certain cases. For example, let the attraatis.^ 

2 Y. 2 
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body be a sphere whose density is the same at the same 
distance from its centre. Then the lines of force are ob- 
viously right lines drawn from its centre ; the tubes are 
therefore cones whose vertices are the centre, and since the 
normal sections of these cones are directly as the squares of 
their distances from the centre, the attraction of the sphere 
at any external point is inversely proportional to the square 
of its distance from the centre. 

Again, let the attracting body be an infinite cylinder 
whose density is the same at the same distance from its axis. 
'1 £ere the lines of force are right lines emanating from the 
axis perpendicularly, the tubes become wedges, and the areas 
of their normal sections are directly proportional to their 
distances from the axis ; hence the attraction of an infinite 
cvlinder at an external point is inversely proportional to its 
distance from the axis. 

Finally, for an infinite attracting plate, the tubes are 
cylinders and the attraction is constant at all points in 
empty space. 

These elegant applications of equation (i) are given by 
Thomson and Tait (Nat. Phil., p. 365). 

If the tube of force contain within it a quantity of the 
attracting matter whose mass is dq, we have by (2) of last 
Art. 

F(jj - F^w = 47r dq. (2) 

This equation can in like manner be employed to find the 
resultant force inside a sphere, a cylinder, or a plate. 

In the case of a sphere of uniform density, let the tube 
be contained between the spheres of radii r and r-\-dr. 
Then dq = po) dr, p being the density at the attracted pointy 
and (2) becomes 

d{Fijj) = ^wptjdr, 

or 

d{Fi^) = ^TFpi^dr, 

since ta is proportional to 7*^. Integrating this last equation^ 

Fr = ^7rpr»+C. 
4 '^ 
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Now F\a evidently zero at the centre, therefore (7 = o, and 

F^^-TTor. 
3 

For a point inside an infinite cylinder at a distance r 
from the axis we have, since a> is ultimately a rectangle of 
hreadth proportional to r, 

d{Fi*) = ^TTprdry 

.'. F = 2irpr. 

In general, if the tube is terminated by two level surfaces 
whose distance measured along the lines of force forming the 
tube is ds^ we have dq = ptodsy and (2) gives for the deter- 
mination of F 

d {Fd)) - 47r ptj ds. 

Examples. 

I. To find the attraction of a magnet on a magnetic particle whose distance 
from the centre of the magnet is very great compared with the length of the 
magnet. 

Let NS (fig. 49, p. 47) be the magnet, and suppose equal and opposite 
•quantities of magnetism, m and — m, to be be concentrated at its poles iVand S, 
respectively. Then, assuming a quantity /t at any point P, whose distances 
from JVand S are n and r2, respectively, 



F= mfi 



\n r2/ 



Let be the centre of the magnet, 0F= r, 0N= a, and TON= — X. 

Then 

ri^ = r' — 2 ar sin A. + a*, 

f 2? = r* + 2 ar sin A. + a' ; 
and rejecting f -J , we have 

11/ a , \ t 1 / a . \ 

— =-(i+-8inx), =-(i sin A.]. 

rirV r I r2 r \ r / 



Ilence 



r = -—sin A.. 
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If N is the attraction in the direction PO, we have i\r= ;- , or 

ar 

N as — ^ 8in A. 

If T is the attraction on F perpendicular to PO, we have T = — , since the 

rdK 
element of a circular arc at P whose centre is is rd\ ; 

_ imua 

.*. r= J--C08X. 

If the direction of the resultant attraction at P makes an angle - — i with 

2 

OP, we hare 

tan t = 2 tan A., 

the well-known equation which expresses the magnetic dip (i) in terms of the 
magnetic latitude (x), on Blot's hypothesis of terrestrial magnetism. 

a. To find the attraction of a uniform har on a particle. 
First, by the method of potentials. It has heen shown (case (2), Art. 232} 
that 

r^A'plog^', (I) 

and also that the resultant attraction acts in the hisector of the angle jtl'B 
(fig. 240). 

Let ds he an element of this hisector at P. Then the attraction is — — • and 

from (i) 

dV 2kpc dfjL 

da p?-^ ds 

dr 
Now if 2^ = Z APB, and AP = r, we hare — = cos ^. Also 2/a s r + r\ 

WW 

and since along the hisector, or, in other words, along a hyperbola through ? 
eonfocal with the ellipse whose axis major is 2/i, r — r' is constant, we hare 

dr am dr^, .*. , => -7- = cos 0. Hence 
ds ds ^ 

dV ihpe 






Again in the triangle APB, cos <p = ^ —, by an elementary formula in 

d V 7,kpe 
trigonometry. Therefore — = , — ; and if y is the perpendicular from P 

on ABf we have 2ey « rr' sin 2^ ; therefore finally 

dV __ 2kp sin ^ 

nrhich is the resultant attraction. 
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Secondly f by direct calculation. The attraction of the element kpde at if on a 

unit mass at P (fig. 240) is ^7-, or (if Z MFO = ^f) -^, where PO = y. Re- 

"M.^ y 

solye this along and perpendicular to PO, and denote the components of the 

resultant attraction in these directions hy Y and X, respectively. Then 

kp t <*• Jcp 

Y= — I cos ilfrfilf = ~ (sin a + sini3\ 

X- — I sin ilf rfilf ss — (cos iS — COS a), 
where a = ^ -4P0, iS = Z. ^P^^ From these values we have 









and 


X 
Y 


2kp . 

— ^ Sin 

y 

= tan - 


a 4 iS 
3 ' 


wherein 


isv^JE^ + 


1^, 


-iS 
2 ' 



which shows that the direction of JR hisects the angle APB. 

3. If a circular arc of uniform thickness and density (equal to those of the 
bar) is described with P as centre, touching the bar at and terminated by the 
lines FA and FB, the attraction of this arc at P is the same in magnitude and 
direction as the attraction of the bar at P. 

For, draw PiV to a point N on. AB very near Jf, and let PM and FN meet 
the circular arc in m and n respectively. Then the attraction of the element MK 

on P is kp pjjTj* ^ro°i ^ 1©* ^^^ ^Q perpendicular to FN. Then 

_ MQ _ MQ.FM __ mn . FM^ __ m>K PJP 
sin FMO " FO " Fm . FO ~ ~iW ~* 

%ffT Miff 

Therefore ^p -^-r = A;p -^-r- ; hence the attraction of the element MN of 
Fwr Frn^ 

the bar is equal to that of the element mn of the circtdar arc. Therefore, &c. 

4. To find the attraction of a circular plate of uniform density and small 
thickness on a unit mass placed anywhere on an axis through the centre of the 
plate perpendicular to its plane. 

Let z be the distance of the attracted particle, P, from the centre, 0, of the 
plate. Divide the plate into an infinitely great number of circular rings whose 
common centre is 0\ let r be inner radius of one of these rings, dr its breadth, 
a the radius of the plate, k its thickness, and p its density. Then the potential 
of the ring at P is 

2irkprdr 

since each particle of the ring is at a distance \/5* -t r- from P. 
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Hence 

!« ffif y 

y = 2irkp {*y «* -f a* — «) ; 

and the attraction 

Let a be the semi-vertical angle of the cone whose base is the plate and yer* 
tex P. Then 2 = a cot a, and the attraction is 

iichp (i - cos o). 

The same result follows easily by direct calculation. For if 9 is the angle made 

with FO by lines drawn from P to the circumference of the ring of radius r, the 

/. 1 • • 111 ▼»•> • iirkprdr , 

attraction of this ring resolved along FO is — ^ 5- cos $ ; but r = z tan $, .'. 

this expression = 2irkp sin $ dB^ the integral of which from = to $ = a a 

2irkp (I — cos o). 

5. To find the attraction of the frustum of a right cone on a particle placed 
at the vertex of the complete cone. 

Let the frustum be divided into an indefinitely great number of ciieular 
plates, each of the thickness dz. Then since a is the same for all the plates, and 
k in the above case is now dz, 

whole attraction = 2irp (i • cos a) I , ^2, 

where h and A' are the distances from P of the faces of the frustum. Hence the 
attraction is 

2Trp (A - A') (i — cos o), 

and the attraction depends merely on the thicknesif h — k\ of the frustum oni 
not its proximity to the attracted particle. 

This remarkable proposition is true also in the case of an oblique cone stand- 
ing on any plane base whatever, the attracted particle being at its vertex. To 
prove this we have merely to show that if two plates of the same thickness, each 
parallel to the base, be taken anywhere in the cone, these plates exert equal 
attractions at the vertex. 

Through the vertex, P, draw an infinite number of rays forming a very slender 
cone intersecting the two plates in two small similar elements of surface, dS and 

dS\ at the points M and Jf ', suppose. Then the attraction of dS onPls -^ — , 

JlJH 

k and p being the thickness and density of the plate ; and the attraction, of dS* 

kpdS' ^ 
on P is p „ . These attractions are in the same line, FMM' ; and since the 

dS FJkn 
contours of the elements dS and dS* are similar curves, -jr; s ; therefore 

do FJ£ 2 

the attractions of these elements on P are equal. Similarly for all other corre- 
sponding elements of the plates ; therefore the plates attract P equally. 

The attraction of any frustum on P depends, then, only on the number of 
plates of given small thickness in. the frustum, t. e., on the thickness of the 
frustum. 
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6. To find the attraction of a spherical shell of uniform density and small 

thickness on an external particle. 

mass of shell Afrtfra* 

The potential has been proved (Art. 232) to be , or F = — - — . 

Also the attraction measured in the direction in which e increases (Art. 237) is 

dV dV 

• — , therefore the attraction towards the centre is — -^-, or 
tic ac 



n 



It is the same, therefore, as if the mass of the shell were concentrated at its 
centre. 

Hence also the attraction of the solid contained between two concentric 
spherical surfaces is 

mass of solid 



7. To find the attraction of a spherical shell on an internal particle. 

Since the potential is constant inside the shell, the attraction is zero. This 
result is independent of the thickness of the shell. If the attracting solid is a 
sphere, and the attracted particle, of unit mass, is inside the sphere at a distance 
r from the centre, it follows that if a sphere is described concentric with the given 
one and passing through the particle, the portion of the solid included between 
this sphere and the surface of the given sphere exerts no attraction on the par- 
ticle ; and the attraction of the sphere of radius r is — ^«-, or 

4 

that is, the attraction of a sphere on an internal particle varies as the distance 
of the particle from the centre. 

8. To find the attraction of a circular plate of uniform thickness and density 
on a particle in its plane, the law of attraction being that of the inverse cube of 
the distance. 

From P, the attracted point, draw two very close radii vectores intercepting 
a narrow strip of the plate between them. 

Let be the centre of the plate, let $ be 
the angle OFA made by one of the radii 3 
vectores, and let $ + d9 be the angle made 
by the other, with OP. Let Q be a point on 
JPAf and FQ = r. Then the mass of the 
element at Q included between circles of 
radii r and r+dr described with F as cen- 
tre is 

kprdrdd, 

Fig. 248. 
k and p being the thickness and density of 
the plate. 

The attraction of this element on P resolved along FO is 

ka dr dd 
-^-^, — costf; 




426 AttraciioM. Theory of the PoteniiaL 

henee the retnltant attnetioii ii 



Ml 



drde 



the integratioiu in r being perfonned from r^ PA to r = PBj and those in • 

» it tt 

from 0a~sin-i -to^s sin-> -, whereff is the radius of the plate and e = OF, 

c c 



the extreme ralnet of 9 coResponding to the two tangents that can. be draim from 
i* to the circle. 

Now denoting PA by r\ and PB by r%j and integrating first with zespect to 
tf the attraction is 

The ralues of r\ and rt are giren by the equation 

r* - 2cr cos9 + «* — a' = o, 

I ' _ * V a* - c^ sin • tf 
Hence the attraction is 

where < is put for e sin 9, 

This is a case in which the potential is more difficult to find than the attrac- 
tion ; but it may be easily found from the latter, thus : 

dV wkpa* 



de e (c« - a»)* 

.-. r = xA-p log ^--^ f const. 



Now, since ^ ■» - l —y it is clear that at infinity T = o, or F = o when 
= 00 . This gives the const, s o, 



.-. V = xArp log 



c« 



c» - a' 



9. If Vn and Tn-a denote the potentials of an attracting mass when the law 
of attraction is the n** and Qn - 2)«* power of the distance, respectively, prove 
that 



(f. -!)(« + 2)' 



d^ t^ d^ 

where V = t:^ + :r7 "t* :r^» ^® co-ordinates of the attracted particle being jr, y, s. 
ax* ay* os^ 
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We hare 



therefore, as in Art. 234, 



Vn = ^f )•?»*» <fw; 

M + I 



—^ = - J (a; - ar') r»- 1 rf«t, 



and 

^l!t = - J {i-'»-i + (« - I) (a; - a;')2r»-» } dtn. 

Adding to this the similar values of -r— and -pr-, we have 

vr„ = («- i)(» + 2) rn.2. 

This equation enables us, generally, to find the potential fo^ the (n — 2)*^ 
power of the distance when that for the n*^ is known ; but it fails in two most 
important cases, namely, when » = i and when fi = - 2. 

In the last example we find the potential of a circular plate for the inverse 
third power ; hence we have at once the potentials, and therefore the attractions 
for the inverse fifth, seventh, &c., powers of the distance. 

10. Calculate the attraction of a uniform spherical shell of small thickness on 
an external particle when the attraction varies as the n*^ power of the distance. 
With the notation and figure of case (3), Art. 232, we have 

n + l 

r=- -^ [ [ (c2- 2ea cos« +a*) * 8ia$d$d<p 

= ^^^ I (c« - 2ea cos •{■ a^) * sin BdB. 

n + I J 



This integral is of the form \x * dx. Hence 



(» + i) (» +. 3) « 

If we wish to find the attraction of a full sphere of radius r, we observe that 

r is da^ and we integrate this expression from a to o to a = »*. 

dV 

In each case the attraction towards the centre is —, 

do 

1 1. Let there be two distributions of mass denoted by M and M' ; if at any 
point in M, where the element of mass is dM^ the potential due to M' is denoted 
by V\ and if at any point in M\ where the element of mass is dM'^ the potentitd 
due to Jf is denoted by F, we shall have 

iVdM^^VdM', 
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the iiiteg:ration (or summatioii) on the left-hand side being performed thzoag&Ofat 
the mass M, and that on the right-hand aide throughout M\ 

For the element V'dMot the first integral means that all the elements of M' 
are to be multiplied each by the element dM at a fixed point in JIf, and each 
of these products is to be divided by the distance between dM and the corre- 
Hponding element chosen in M* ; and J V'dM means, therefore, that the elements 
ot the massif are to be combined in pairs in all possible ways with the elements 
of M' and each product divided by the mutual distance of the two elements in 
it. But this is manifestly also the meaning of J VdM'. 

Of course this is also true if the elements are multiplied by any function of 
their mutual distance, and it is also true whatever elements may be denoted by 
dM and dM' — ^they, one or both, may be elements of space, for example. 

Hence — ths mean potential over a epherieal mirfaee due to matter entireiy out- 
side the tphere i$ equal to the potential of thia matter at the centre of the sphere. 
(Gauss, Papers on Forces varying inversely as the square of the distance, Taylor*d 
Heientifie Memoirs j vol. ill., part x.) 

For let mass of uniform density p and small uniform thickness, r, be supposed 
to be distributed on the sphere ; let dS be an element of its surface, V the poten- 
tial at this element of the attracting mass, and a the radius of the sphere. Then 
since the potential of a shell at an external point whose distance from the centre 
is r is 

4irpTa' 

~r » 
it follows that if dm is an element of the attracting matter 

pr I VdS = 4irpTS- f ~ = 4xpr«* To, 

if Vo is the potential at the centre of the sphere. Hence 

jVdS 



4ira2 



To, 



which proves the proposition, since J Vds divided by the whole surface of the 
sphere is the mean value of the potential over its surface. 

12. Given the whole mass of a solid, find its shape so that its attraction on 
a particle placed at a given point may be a maximum. It is clear that the sur- 
face of the solid must pass through the attracted point, and a little consideration 
shows that the component of the attraction of any element of the eolid along the 
direction of the resultant attraction must be constant. Hence the surface of the 
solid is one of revolution round the line of action of the resultant, and the equa- 
tion of the generating curve ib 



cos $ I 

*7r "=^ 



constant, 



the attracted point being pole, and the line of action of the resultant the initial 
line. Hence if it be the whole attraction, and/ the unit force (Art. 230), 

JJ = p//// sin e cos drded<p = 2»ap/| ' cos^ 9 toRBdB 



*^,faf. 
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But the mass of the solid is easily found to be — it/mi' ; 



M being the whole mass. The attraction of a sphere of mass Mona the particle 
(placed on its surface) would be 



( 



l6irVifU 



9 

and the former exceeds the latter attraction in the jratio 



■"(H) 



13. To express the amount of work done by the mutual attractive forces of 
the particles of a self-attracting solid when the body changes from one figure to 
another. 

Let mi, m2, . . . be any elements of the solid, and ri2, ris, &c., their mutual 
distances. Then in the alteration of the distances between mi and the other 
elements the work done on mi is 

-mi I — -- dr\2 + — - dri3 + . . . ) , 
\ri2* rw I 

or 



m 



, Imz fW3 \ 

\d \ — + — + . . . J , or mi «?ri, 
\ri2 ri3 / 



where Ti is the potential of the whole mass at the position of mi. Hence the 
work done on mi is mi (Fi" - Fi'), where f i" denotes the potential at mi in the 
final figure of tiie soUd, and V^ the potential in the initial figure. Similarly 

the work done on m2 is m2( JV - F2') ; and since the term — ^- dr\i is common 

to the expressions for the woik on mi and the work on m2 it is clear that whole 
work is expressed by 

\lVdm, 

this integral extending over the whole solid in its first and second figures, and 
the first result being subtracted from the second. This expression is the 
potential energy of the internal forces of the attracting solid. 

14. If i2» andi?n.3 denote the resultant attractions of a given solid at a 
given point when the law of attraction is that of the ft<* power, and that of the 
(n - 2)** power, of the distance, respectively, prove that 

Jin '2 = 



(»-l)(fl + 2) 



15. Find the attraction of a circular plate of uniform thickness and density 
on an external particle of unit mass in its plane, the law of attraction being that 
of the inverse mstance. 

Ans, The mass of the plate divided by the distance of the particle from it» 
centre. 
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1 6. Find the attraction of a nnifonn hemispherical shell of small thidoB 
on a unit particle placed at a distance, x, from its centre on the diameter |fr 
pendicular to the plane of the rim of tiie shelL 

Am, If r is the radius of the shell, p its density, and r its thicknesi, ^ 



attraction is ^ f i - / j , the miit of force bdngtk 

between two units of mass at a unit distance apart. j 

17. If a number of uniform bars of the same section and density form m 
closed polygon with no re-entrant angle, prove that they produce the siae 
potential $or the law of the inTerae square) at any point inside tlie polygon 
a polygon of bars formed by joining the feet of the perpendiculars from tk 
given point on the sides of tbe given polygon. 

Extend this proposition to any curve. 
(See Case (2), Art 232). 

18. If a self-attracting sphere of uniform density and radius a changes ts 
one of uniform density and radius a', find the amount of work done bj its 
mutual attractive forces. 

An%. The unit of work being that done when two particles, each of mot 
mass and placed at a unit distance apart, are drawn to an infinite 
distance apart, the work done will be 



?lfa 



e-i). 



5 

"where M. is the mass of the sphere. 

19. Two equal nniform bars of given sections and densities are placed parallel 
to each other and at right angles to the lines joining their extremities ; find tiie 
mount of work done against their mutual attraction in drawing them a giyeo 
distance asunder. 

Am* If y is the distance between the bars in any position, I the length of 
each, m and nC aro their masses, and the unit of work is the same 
as in last example, the work done in changing the distance from 
y\ to y^ will be the difference of the values of the expression 

'"''!' (y - V^rg^ - 'log ^^^' " ^\ . 

/* \ ^ y I 

when y\ and y2 are sixcessively put for y« 

20. The gravitation potential of an attracting mass cannot have a mazinmni 
or minimum value in empty space. 

[Let it have a maximum value at .4. Then rounds, and indefinitely near 
it. can be described a closed surface, at every point of which V is less than it is 

dV 
at -4. At all points of this surface — , measured inwards, is therefore positirc 

— which contradicts equation (3), Art. 241]. 

21. A particle in equilibrium under the attraction of any system of masses 
-(for the law of nature) is in unstable equilibrium. 

(This follows from last example. See Art. 187. See also Clerk Maxwell's 
EUciiicity and Ma(^netitm, vol. i., p. 139. The Theorem is known as 
Eamshaw's). 
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32. If a level surface contain none of the attracting mass, the potential is 
constant throughout its interior, and equal (of course) to that on the surface. 
(Gauss, in Taylor's Seientijie Memoirs), For if not, it must have either a 
maximum or minimum yalae at some point within. This very simple proof is 
given by Thomson and Tait, Nat, FhiL, p. 373. 

23. If all the attracting mass lies on or within a level surface on which the 
potential is zero, then in all space outside this surface thepotentialis constantly 
zero. (Gauss). 

[If possible, let the potential at any external point, P, be -4, which is > o. 
Then, since lines drawn from P to the given level surface meet it in points of 
zero potential, it is possible to find a series of points on these lines at which the 
potential has a constant value, < A and = By suppose. Also since the potential 
is zero at all points at infinity, it is evidently possible to describe round F a 
closed level surface on which the potential = B, and which includes none of the 
mass. This surface is subject to the result of last example, which contradicts 
our supposition. Therefore A cannot be > o; and by changing the sign of 
every mass in the system, the supposition that A is negative may be rejected ; 
.', ^ = o in all external space]. 

24. If all the attracting mass lies on or within a level surface, then in all 
space outside this surface the potential is less than on the surface, and has the 
same sign. 

25. If in any portion of empty space of finite volume the potential has a 
constant value, it will have this vedue throughout all space, which can be 
reached without passing through any of the mass. (Gauss). 



Section II. 

The Attraction of Ellipsoids. 

243. Shell bounded by Similar Surfaces. — ^Let vr'p' and 
rqp be two concentric, similar, and similarly situated surfaces 
whose normal distance ^ 

from each other is at S""'-"^--:::-.,.p 

all points very small. /^»x>. 

Suppose the space be- 
tween these surfaces ^^ ...-r::::"-^^^^^zr^.J^ 
to be filled by attract- 
ing matter of uniform 
density, and let be 
an attracted particle 
in the interior of the 
shell. With as 
vertex let ajiy slender cone be described, intercepting on tka 




Fig. 249. 
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shell two frustums whose thicknesses measured along the 
generator pr of the cone are pp' and rr\ Then, sinoe by 
the property of similar, similarly situated, and conoentrio 
surfaces, the intercepts pp' and r/ are equal, we see by 
example 3 of last Article that the attractions of these 
frustums on are equal and opposite. Hence the cor- 
responding frustums of all such cones exert equal and 
opposite attractions on ; and the resultant attraction of 
the shell on any internal particle is therefore zero. 

Hence, generally, if the law of attraction is that of 
nature, every shell of uniform density and small thickness, 
bounded by similar^ similarly situated^ and concentric surfaces 
produces a constant potential at all points in its interior, and 
exerts, therefore, at these points no attraction. 

The same is true for a solid of uniform density and any 
thickness bounded by two similar, similarly situated, and 
concentric surfaces, since the thicknesses of the frustums 
intercepted between its bounding surfaces will still be equal. 

244. Corresponding Points on Confocal Sllipsoids. — lA 
rqp and PQ (fig. 248) be two confocal ellipsoids, let the axes 
of the first be a, j3' y, and those of the second a, 6, 7, let 
the co-ordinates of a point p on the first be a?', y] z, and 
those of a point P on the second Xy y, z. Then, if 



X X 


y if 




a a 


/3 /3" 


7 7 



the points P and p are called corresponding points on the 
ellipsoids. Also, let Q and q be two other corresponding 
points. Then it is very easy to prove that the distance Pq 
is equal to the distance Qp. (Salmon's Geometry of Three 
Dimensions, Art. 181). 

245. External Potential of an Ellipsoidal Shell. — Liet it 
be required to find the potential at an external point, P, of a 
shell bounded by the similar, similarly situated, and conoen- 
trio ellipsoids v/p' and rqp. Through the point P describe 
an ellipsoid, PQ, confoc«d with rqp, and describe also an 
ellipsoid, msn, confocal with vr'p' and similar to PQ. This 
latter surface is completely determinate, since its axes must 
be fia, /u)3, /uy, and since /i'(a*-j3') must be equal to 
fi^ {a^ - 0''), where |iV> vl'0'> H are the (given) axes of the 



ExUrnal Potential of an Ellipsoidal Shell. 433 

ellipsoid vrjy' ; or /u = fi\ since o^ - /3^ = a"^ - jS'^. Now, let 
^', ri\ Z' be tte co-ordinates of any point q on the inner shell, 
and g, n, ^ those of the corresponding point, Q, on the outer. 
Then if p is the density of each shell, the element of mass at 
q is pd^dr}'dZ\ and the potential produced by this element at 
Pis 

pdK'dn'dC 
Pq ' 

But since — = -, &c., we have d^'d^dZ! = vl d%dr\d^ ; 

a a "Py 

therefore the potential of the element is 

fl'j3V pd^dndZ 

and the potential produced at p by an element of mass at Q 
is 

pd%dr\dt 

And since Qp = Pq (Art. 244), 

potential at P due to element of mass at q _ ali'y' 
potential at p due to element of mass at Q a(iy 

mass of shell 7*gp 
mass of shell PQ' 

Taking all the elements of the inner shell, and all the cor- 
responding elements of the outer, and thus exhausting both 
shells, we see that 

the potential of the inner shell at P _ mass of inner shell 
the potential of the outer shell aip mass of outer shell* 

Now since these shells are bounded each by similar surfaces, 
the potential of the outer shell is constant at all internal 
points, and (in virtue of the continuity of the potential) 
this potential is the same as the potential of the outer shell 
at P. 

Hence the potential of an ellipsoidal shell bounded by 
similar surfaces is constant at all points on the surface of 
any ellipsoid confocal with the surface of the shell — ^that 

2 b' 



Il 

1 1 

■a 



fl 



• 
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is, the level surfaces of an ellipsoidal shell are oonf< 
ellipsoids, and its attraction at any point is therefore nor 
to tne confocal ellipsoid through the point. 

Let V and V be the potentials of the shells PQ 
rg]) at P ; then 



and if ir, y, 2 be the co-ordinates of P, we have 

dx afiy dx ' 

hence the components of the attractions of the two shell 
the same direction are to each other in the ratio of 
masses of the shells. For this reason the calculation of 
attraction of an ellipsoidal shell on an external point 
reduced to that of a shell on its surf a.ce. 

246. Attraction of an Ellipsoid at an Bxtemal Point 
Let ABD (fig. 249) be a solid homogeneous ellipsoid, a 
let it be required to find its attraction on a unit mass pla< 
at P. Break the ellipsoid up into an infinite number 
thin shells bounded by ellipsoids similar to each other a 
to the surface ABD ; let one of these shells be that betwc 
the surfaces vrp' and rqp. Denote this shell by (5) ; a 
describe the ellipsoids PQ and msw, similar to each otl 
and confocal with the surfaces of (s), as in the precedi 
Articles. Denote this shell by {a). 

Let the axes of ABD be «, 6, c ; let those of rqp 
lay kbj kcj and let those of vrY be (k + dk) a, (k + dk] 
{k + dk) e. Also, let the axes of the ellipsoid PQ 

k^/a^ + \^y ^^/6' + X^ k^c ^ + X^; the n, by A rt. 245, those 

msn will be {k + dk)y/a^ + X% [k + dk)^b'^ + A*, {k + dk)^c' + 
Now (Art. 239), the attraction of the shejl (<r) on a u: 
mass at P is 

47r/o . Pn*y 

where Pn is the normal thickness of the shell at P, T! 



♦ The curious compensation of errors involved in the usual proof of Uii 
well noticed by Collignon {Dynamique, p. 403). This simple proof is h 
Thomson and Tait. 



Attraction of an Ellipsoid at an External Point, 435 

attraction acts in the direction of the normal P/?, whose 
direction cosines are 

px py pz 



k' {a^ + A'*)' F {b' + Xy F {c' + A')' 

p being the length of the perpendicular from C7, the centre 
of the ellipsoid ; on the tangent plane at P, and a?, t/y z the 
co-ordinates of P. Hence the attraction of (<t) on P 
parallel to the axis of Xj in the positive direction, is 



^wppx 



'Pn. (i) 



Draw the line CP meeting the inner surface of {<r) in 8. 

rm -P^ P T> ^^ T» i Cfe axis of msn 

Then -d" = 7fD» •• ^^^^P'T^- But 7^= — :; — ^-^^ 

Ps CP C/P CP axis of PQ 

k^-clk ,, p Ps dk , ^ pdk 

= — ; — ; therefore ^^r^r = - -^, and Fn = -"^-r-. 
A; CP k k 

Substituting this value in (i), we find the attraction of 

(*t) parallel to the axis of x to be 

/[irpp'^xdk 

Multiplying this by the ratio of the mass of (s) to that of 
((t), we have the component of the attraction of (s). 
Denoting this latter by dX^ we have 

^ ^irpahcp'^xdk , . 

" k^ (a^ + A^)^ ^W^^) (^' + ^') * 
Now, by the equation of the surface PQ,^ 



fl* + A^ i'^ + A' & + A* 

Differentiating this, regarding k and A as variables, we 
have 

-r Ac?A = - dky 
f 

by the well-known value of the perpendicular from the 
centre on the tangent plane of an ellipsoid. 

2 ¥ 2 
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Substituting this value of dk in (2), we have 

^ __ 47rpabcx\dX 

{a' + X^) - y (T»~X*) (c» + X'O ' 

To find the limits of X, we observe that when the shell 
(«) is taken at the centre, k = o; but the axes of {a) must be 

finite ; and as they are A;>v/«*-fX*, &o., the value of X corre- 
sponding to a vanishing shell at the centre is 00. Affain, 
if ^ = I, or (s) is a sneU at the surface -4^2>, we have 
«* + X'* = flTi*, where ai is the semi-axis of the ellipsoid confoeal 
with ABD, and passing through P. Denote this value of A 
by Xi. Then, if Jtf be the mass of the solid ellipsoid ABBy 
we have 

■ T^^Urt'— — ^^^ -, (3) 

J . y (a' + A')» (6» + A') (c* + A*) 
and in the same way for the other components, Y and Z, 



> (4) 



J X y («' + y) (6» + A»)» (c» + A») 

J , y(a* + A') (6» + A') (c» + yy 

It Jj = \ . :_ , we nave evidentlv 

J . v/(a^ + A') (i^ + A') {& + A') «>^i«iemy 






The expressions for X, F, Z may be put into other forms 
which are useful in practice, by putting 






ii 



Hxampks. 
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Then 



X = ■ 




F = 




Z = 


& 


ce - c' 


aintK i 



t — 



tr ^if 



y(i+^*v)=^(i+e'v)' 

yO +^V) (i +e'V)' 
6' - c" 



> (5) 



-, the least semi-axis being c. 



where (? = , , 

& ' & 

If the attracted particle is on the surface ABD of the 
attracting ellipsoid, the limits of u are o and i, since Ci = c. 

If the attracted poiat is inside the ellipsoid, let an 
ellipsoid be described through it concentric with and similar 
to the surface ABD^ and the portion between these two 
surfaces exerts no attraction at the poiat (Art. 243). 

Equations (5) show that the components along the 
principal axes of the attraction of a homogeneous elfipsoid 
on a particle placed anywhere on its surface are of the forms 

Ax, Bfjy Cz, (6) 

where A, JB, C are constant quantities. 

Examples. 

I. Find the attraction of a homogeneous ellipsoid of revolution round the 
minor axis (oblate spheroid) on a particle placed on its surface. 

Here a — b, and e = e' in equations (5) ; therefore 



X = - 



Jo {i^ehd'Y 



The integral is most easily found by putting eu = tan 0. We then find 






)• 



These expressions are of importance in the theory of the figure of the Kaxth.. 
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2. Find the condition that an oblate spheroid of unifonn density may hare 
its own surface for one of its level surfaces. 

Denoting the values of X, F, Z in the last example by Axy Ay, Czy and by 
V the potential at the point x^ y, z, we have 

rfF « Axdx + Aydy + Qsdz, 

Hence, if F is constant over the surface of the spheroid, and if dx, dy, d: 
denote displacements on this surface, we have 

A [xdx -k-ydy) + Czdz = o. (i) 

But the equation of the surface is -^ +«' = <?' j therefore we have also 

xdx^ydy , , , . 

Hence, fiom (i) and (2), 

^(i + <^) = ^, (3) 

which is the required condition. This becomes, by substituting the values 
of A and C from the last example, 

tan-ie=~^. (4) 

3 + «« 

The case here supposed is that of a self-attracting fluid spheroid, or a spheroid 
which was originally fluid, since over the free surface of a perfect fluid the 
resultant force is necessarily normal at all points. 

3. Prove that at any point on the surface of such a spheroid the resultant 
attraction is proportional to the length of the normal intercepted between the 
point and the axis of revolution. 

4. Prove that a prolate spheroid cannot have its own surface for one of its 
level surfaces. 

If <j > fl, e^ will be negative. Let e = l'\/- 1, and equation (4) of 
Example 2 becomes 

ilog' + * ^* 






or 



2 ^^i-k z-k^' 



^"^ +- + =0, 

3.5 5-7 

an impossible equation, since every term on the left-hand side is positive. 
Hence the spheroid cannot be a level surface. This question is discussed by 
Laplace, Mdeanique Celeste, premiere partie, livre iii., chap, iii., end of § 20. 
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Section III. 
Superficial Distributions. 

247. Quantity of Electricity.— The student is supposed to 
be familiar with the elementary phenomena of electric at- 
tractions and repulsions — ^that is, with certain forces which 
bodies are observed to exhibit when they have been rubbed 
with resin, catskin, and some other substances. The mode in 
which these forces are brought into existence is called the 
process of electrification, and the bodies which exhibit them 
are said to be electrified. In the older theories of electricity 
such bodies were assumed to have been charged by electrifi- 
cation with a certain quantity oifiuid, the process consisting 
either of directly communicating the fluid to the bodies, or 
of altering its arrangement within them (if they naturally 
possessed it themselves) in such a manner as to render pos- 
sible the play of electrical forces. Whether this fluid theory 
is true or false, there appear to be at present some strong 
objections to its adoption. Following the views of Clerk 
Maxwell, we shall regard electrification merely as a state of 
a body, without speculating more closely as to the nature of 
this state. 

Suppose that two small electrified bodies of equal surface, 
acting in exactly similar circumstances on the same third elec- 
trified body, produce exactly equal forces of attraction or of 
repulsion on this body ; then we say that the two bodies consi- 
dered have the same quantity of electricity ; and if one of them 
attracts, while the other repels the third body, we should say 
that they have equal quantities of electricity with opposite signs. 
The phenomenal effect (viz., force) of electrification being, 
then, a measurable quantity, this state of electrification itself 
becomes also a measurable quantity — ^if it is, as we assume it 
to be, fully represented by this effect. We have thus attained 
the notion of equal quantities of electricity, as equivalent to 
equal states of electnfication. 

A imit quantity of electricity, in electrostatics, will there- 
fore be that quantity which, when acting on an equal quan- 
tity placed at a unit distance from it, repels the latter with a 
unit force. 



\ 
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248. Electric Potential. — ^An electrified body exei^ ibroe 
on other electrified bodies in its neighbourhood ; and^ just as 
in distributions of matter, the potential at any point in space 
due to an electrified body is the amount of work wliich. must 
be done arainst the repulsive force of the body to bring" a uni^ 
of electricity firom an infinite distance to the point considered. 
(This supposes that the proximity of the unit does not modifj 
the state of electrification of the body — a supposition which 
will be allowable when the imit is small). 

An electrified body is foimd by experiment to be capable 
of impressing its state of electrification, with more or less 
success, on bodies which are put in contact with it, acooTdin^ 
to the nature of these bodies ; and bodies which very readily 
allow this transference of state are called good conductors, or 
simply condfictars, while those which best resist it are called 
non-conductors, or dielectrics. 

We may speak of Q,flow of electricity y instead of a trans- 
ference of state, if we are careful to avoid including* in the 
expression any hypothesis of the material nature of elec- 
tricity. 

Where this flow can take place it will take place. It 
follows, therefore, that when a conducter is in complete 
electrical equilibrium there must be a imif orm electric poten- 
tial throughout its substance. Also the external surface of 
the conductor itself must be a level surface of the electricity; 
for if not, a flow would take place from a point of high 
potential on it to one of low potential. In other words, no 
electrical force can be exerted anywhere in the conductor 
except at its surface of contact with a resisting (dielectric) 
mediimi. This is usually stated thus — in an electrified con- 
ductor the electricity resides wholly at the surface. 

It is to be noted that in all cases the potential of the Earth 
is assumed as zero, and that the potential of any body in 
communication with the Earth by means of a conducting wire 
is therefore zero. 

249. Surface Density. — The electric density at any point 
of a STuf ace is the limiting ratio of the quantity of electndty 
within a sphere whose centre is the point to the area of the 
surface contained within the sphere when the radius of the 
sphere is diminished indefinitely (Clerk Maxwell). 

We have already spoken of solid distributions of matter 
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over a surface, meaning that ♦the thickness of the material 
stratum is everywhere very small. If p denotes the density 
of the matter, and k its thickness, the quantity on a small 
unit surface is kp. If now we imagine p to be increased and 
k to be diminished indefinitely, we shall have a truly super- 
ficial distribution, in which the product 

kp 

becomes the surface density here considered. Although this 
mode of conception may assist us in understanding a true 
superficial distribution, it is not necessary to imagine that 
electrical distribution is really produced in this way. We 
shall denote the surface density by cr, 

250. Density at eacli point of a Charged Conductor. — 
Through the contour of any elementary area, d8, of the 
surface of a conductor (or of any level surface on which 
electricity is distributed) let a tube of force be described; and 
let P and Q (fig. 246) be two very close normal sections of 
this tube, the first made inside, and the second outside the 
surface of the conductor. Then if or is the surface density on 
dSj the quantity of electricity inside this tube is crd8; also if 
the area of the section Q is d8\ the surface integral for the 
tube becomes, since the mutual forces of quantities of electri- 
city of the same sign are repulsive,* 

dV 

y- dS' ='^wadS, 

dn 

dV 
the value of -7- for the section P being, of course, zero. 

dn 

Now, by taking Q sufficiently close to the surface, d8^ 

can be made equal to d8j and this equation becomes in the 

limit 

dV , . 

which determines the law of density at ea.oh point. 

251. Force on and Force just outside a Conductor. — ^At 

each point on the surface there is a certain force produced on 

.a unit quantity of electricity, which, it must be very carefully 

dV 
obserMod, is not equal to — r-. 

dn 
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In fact, the proof of Art. 239 shows that if -B is the force 
exercised on a unit quantity actually on the surf aoe, the force 
on a unit quantity yt«8^ outside it is £ -h 2Tr<r ; and since the 

force (repulsive) on this external unit is — 3^, we have 



dn 



therefore by (i) 



— = i? + 27r<y: 
(in 

It = 27r(T. 



(3) 



dV. 



The quantity —- is, then, the force on an imagined unit 

of electricity in the air just outside the electrified surface, 
while the quantity Bo- is what Sir W. Thomson calls the 
electric diminution of air pressure on the surface (^Papers on 
Electrostatics and Magnetism^ p. 254), for the following 
reason : — On an electrified soap-bubble a unit of electricity 
is repelled at every point by a force U, and therefore the 
quantity <t^ which is that at the point, is repelled by a force 
Ra ; the consequence is that the bubble expands, just as it 
would do if the air pressure diminished, and when discharged 
it contracts. Hence the electric diminution of air pressure at 
any point of a conductor is 



lira 



'' '' i ©'• 



252. Theorem. — The sections of a tube of force made by 
the surfaces of two conductors, which naturally act on each 
other, contain equal quantities of opposite 
electricities. 

Let -4 and 5 (fig. 250) be two portions 
of the conductors whose adjacent surfaces, P 
and Q, are electrified, and let the .tube of 
force contain the elements P and Q. Then 
in the substance of each conductor, no matter 
how thin it may be, F' is a constant (Art. 248). 
Let the tube be prolonged to any distance in the conductors, 
and let it be closed at its extremities. Apply the surface 
integral of normal force to this tube, and let the areas cut off 
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at P and Q be dS and dS% and the surface densities at these 

dV 
points <r and a. Now — (Art. 241) is zero all over the 

surface of the tube ; hence 

fjdS + dV/S' = o, 

which proves the theorem. 

If the surfaces are very close together we may take 
dS = d8\ and then we shall have cf ^ - a. 



Examples. 

1. To find the quantity of electricity on each of two very close parallel plates^ 
the potential of each plate being given. 

Let Fand V* be their potentials, and A the distance between them (or tho 

thickness of the dielectric). Then the surface density at any point on either is 

I dV 

r— , where dn is the element of normal measured from the point towards 

^Tc dn *^ 

dV . . V --V V-V 

the other plate. But ---- is sensibly equal to — ; — ; hence <r = ; — ; and if 

dn h 4irA 

S be the surface of the plate and Q the quantity of electricity on it, 

4irA 

If one plate communicates with the ground, its potential is zero, and Q will 

VS 
then be — -, where V is the potential of the other. 
4irA 

This case is approximately that of the Leyden Jar. 

2. To find the work done by the electric forces in Ihe discharge of a Leyden 
Jar. 

If one armature is connected with the ground (whose potential is zero) and 
the other with a source of electricity whose potential is F, the charge will be 

VS 

— -, Now on the armature whose potential is F, the potential energy of tho 

forces is (p. 429) 

\iVdq, or irSdj, orhVQ, 

where Q is the whole charge on the armature and dq the elementary charge at 
any point. Substitiiting for V its value in terms of Q, we have the potential 
energy equal to 

This is the work done in changing the potential from V to zero ; or, in other 
words, the work done in discharging the jar is proportional to the square of its 
charge. 
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3. To find the surface density at any point of an ellipsoidal condnctor. 
If we regard surface density as the limit of yolume density (Art. 249) iriia 

the thickness is indefinitely diminished, it follows at onise by Art. 346 tibat, « 
the normal distance hetween two very close concentric, similar, and sixnili^ 
placed ellipsoids is proportional to the length of the central perpendicular <mtix 
tangent plane, 

<r = xp, 

where p is this perpendicular and X a constant. 

Now if Q is the whole charge on the ellipsoid, Q = a J pdS, where liSis n 
clement of its surface on which the density of electricity is <r. ButJjxiSij 
obviously three times the yolume of the ellipsoid, or 4irabc, its axes being a,i,fc 
llence 

4. To find the surface density at an^ point of an electrified circular plate. 
We have at any point on the ellipsoid 

Put <? = o, and we have - = ^i- ^~l2>®^ ^^** ^© surface density at anj 
point of a charged elliptical plate is 

Q 



«nd by putting a = J, we have for a circular plate, of radius a, 





a — 



4Tr« 



V^a*- 



r being the distance of the point from the centre of the plate. (For this method 
«ee Thomson's Fapers on £lectro8tafic8, &c., p. 179). 



253. Green's Equation. — ^Let fT'and F'be any finite and 
continuous functions of the co-ordinates of a point in space, 
and let 



fp (P (P ^. 



jUvVdoj^ 



dp 



fdUdV dUdV dUdV\ 
\dx dx"" dy dy"" dz dz J^"^' ^° 



where the integral on the left-hand side and the second 



Greenes Equation, 
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integral on the right-hand side are taken throughout the 
f whole of the space inside any closed surface, the element of 
t volume of this space being denoted by dh) ; and the first 
• integral on the right-hand side extends over the whole super- 
^ . ficies of the given closed surface, the elementary length of 

whose normal measured otcticards is dj). For da) = dxdi/dzy 

and 



J Uv Vdoj = 



.d'V 



U 



(d'r dT dT 

1 1- — 

\ dx^ dy^ dz^ 



dx dy dz. 



Integrate Jj^ -j-j dxdydz with respect to ir, considering 

uX 

y and z as constant, the extreme values of x belonging to tho 
two (or any even number of) points, pi 
and ^2, in which the surface is inter- 
sected by the line along which y and z 
are constant. The contribution to the 
integral on the left-hand side made by 
a long and slender parallelepiped pa- 
rallel to the axis of x will then be 




Fig. 251. 



dy dz 



U 



dV' 
dx 



- u 



dx /i 



dydz\ 



dUdV 
dx dx 



dx, ( I ) 



where the suffixes denote the values of the quantities in 
brackets at the points ^2 andj^i. 

Now if dS2 is the element of surface cut off by the parallele- 
piped at Pi, and if X2 is the angle (represented by dotted line) 
made with the axis of x by the normal measured outwards at^;^,. 

cos X2 . dSi = dy dz. 

Similarly, if dSi and Xi (measured in the same direction 
as X2) denote these quantities at^^i, 



cos Xi . dSi = - dy dz. 
Hence (i) becomes 

u'^-^cosXds) ^ (ir^QoaXdS 
dx h. \ dx 



^''^'WJi^''' 
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«nd hence 

A denoting the angle made by the normal at any point vith 
the axis of x. 

In the same waj, if /u and v are the angles made hj ^ 
normal with the axes of y and z, we have 

f^f^r^ [„dV ,o [[{dUdV , , 

(rr'PV, („dV ,„ fff'^CrrfF, , 

JJT— c/<.=Jcr-co8v^^-JJJ^ — rfbefyA. (4) 

Adding (2), (3), and (4) together, we obtain the equa- 
tion (a). 

Cor. "Writing down the value of J Fy 27 dw, and sub- 
tracting the result from (a), we obtain 

n remarkable and very useful equation in which the volume 
integral on the left-hand side is changed into the surface 
integral on the right. 



Examples. 

I. Let Fbe the potential of a system of masses, if, M' (fig, 2521, and let 

fT" = - , -where r denotes the distance of any point ^ 

from a fixed point, 0. Suppose, moreover, for 
simplicity, that Sis a, level surface of the system 
of masses and that it includes If ' in its interior, 
while M is outside it. q ^ ^^M* 

First, let be outside the space included 
byiS'. 

Then it is easy to prove, as in Art. 236, that Fig. 252. 

V " = o ; and since in all parts of the space internal to 5^ we have v F = ol 
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except in those parts occupied by Jf ', in wWch v F — — 4ir/», where p is the 
density of Jf' at each point, the equation (iS) gives 



--i'^'-j;^«-''l>. 



(y) 



dn denoting the element of normal at each point of the surface 8 measured 
outwards. 

r I 

Now ---dS = — zCOB$dS, where is the angle made by the normal at 
an V* 

any point on S with the line joining this point to ; and exactly as in Art. 24?, 

for an external point, the integral of this expression taken oyer the surface 

vanishes. 

Hence (7) gives for an external point 

fd?„_J_(i^<,5. (8) 

J r 4.7r J r an 

Secondly, let be a point in the interior of S. In this case the distance, r, 
of a point in the volume fh)m becomes zero, and we cannot assert that 

V- = o; but this difficulty is avoided by surrounding with an. infinitely 
r 

small spherical surface, and taking as the volume through which the integra- 
tion is performed that contained between the given surface S and the surface of 
this sphere. In this way ceases to be a point within the volume considered, 

and consequently v - is always = o. "We shall, however, have to perform the 

surface integration on the right-hand side of (7) over the surface of this small 
sphere (on which we may consider the potential of the system as constant) as 
well as over S. Equation (7) now becomes 

where V is the potential of the whole system, M and Jf', at 0, and dS' an 
■element of surface of the small sphere, whose radius is r'. Now, dS' = /Vs, 
where ds is the element of surface of a sphere of unit radius cut off by a 
cone whose base is dS' and vertex 0; or, in other words, dS' is of the form 

fT d.V* 
—-r-pdS' = o; 
r dn 



' J-dS' 



and V Ti^'^' = 4^F'> since dn' is evidently - /. "We have, then, 
dn 



or 



fpda f I dV ,r. -ry ^. 

J r 4 IT J r an 



44^ Attractions. Theory oftJw Potential. 

At the point denote the potential of the outside mass^ My by Fo, and that of 
the inside mass M% by Vi, Then obviously I ^ — fg jr^ j ^JiA this equation 
becomes, since V «= Vi + T'o, 



while (8) becomes 



4»J r 



I dV 



I rfF 



2. Any mass contained within one of its level surfaces may be distributeil, 
according to a simple law, over this surface as a thin shell so as to produce the 
same effect as the given mass at all points outside the level surface. 

Let the mass M' alone exist. Suppose that matter is distributed over S so 
that kpf the product of the density and thickness, or the surface density if the 
distribution is truly superficial, at any point is equal to 

I dV 
4ir dn' 

Then the potential of this distribution at an external point, O, is 

I dV 



4»J r 



^ dS. 
r dn 

But, by (f) of last e^^ample, this is equal to F», the potential of M' at 0. 

Again, the whole quantity of matter on the surface is 

4irJ dn * 

but, remembering that dn is here measured outwards, this is equal to M' 
(Art. 241). 

3. In the same case the superficial distribution which replaces M' produces 
constant potential at all points inside the surface. 

This at once follows from (e), since To = o, there being no external mass. 
The constant internal potential is, therefore, the same as that on the surface. 

4. Instead of the system, M, M% of which one portion, Jf ', is Internal, and 
the other external, to a given level surface, Sj of the system, may he substi- 
tuted a distribution on the surface itself, with these results : — 

(i). The effect at all points outside S is the same as that of Jf '. 

(2). The effect at all points inside S is equal and opposite to that of Jf. Let \ 

I dV 

Jcpt or for an infinitely thin distribution, the surface density, <r, be . 

4v dn 

Then these results follow at once from (c) and (f), Example i. In this case also 
the mass of the distribution = M\ 



or 
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5. Let M and M' be two quantities, q and — q\ of opposite electricities, 
conceotrated at two points, /and /', and 8 their zero potential surface. 

Then since the potential surfaces are given by the equation 

a' 

— 2- = const, 
r r 

the surface of zero potential is a sphere whose centre and radius are thus 
found — divide the line 11* internally at A^ so that-=-^ = \ and produce //' 

IC a 

to (7, so that r-r = -, ; then C is the centre, and CA the radius of the sphere. 
CA q 

The distribution on this sphere which will produce the effect of /' at all 
external points, and of / at aU internal points, is got by taking the surface- 
density, (T, at any point, P, on the surface equal to times the resultant of 

4"" 

a a* 

the forces -r^ in the direction P/, and -jTSi "^ ^® direction /'P. But this 
force measured outwards from V (along CP) is (^^""575) • ^^» 

Hence 

^~ AtCA.FP' 

'^ The density, therefore, varies inversely as the cube of the distance from J, 
and the sign of the electricity is everywhere opposite to that at I, 

It is of course evident that CI , CF = C-4*, so that / and J' are inverse 
points with regard to the sphere. 

6. An electrified point / is placed in front of a given spherical conductor 
which is connected with the ground; find the density of the electricity induced 
at any point of the sphere. In the last example it is evident that if q' could be 
replaced by the superficial distribution on the sphere, this distribution, if it 
existed, could be replaced by an electrified point at /', whose quantity of elec- 
tricity is equal to that on the sphere (ex. 4), and Uie law of density is that 
given in the last example. 

7. Find the law according to which a giyen uniform attracting bar may be 
distributed over any one of its level surfaces. 

254. Electric Images. — The theory which we have illus- 
trated in these examples, and which is founded on equations 
(e) and {Z) of example i, is Sir William Thomson's beauti- 
ful theory of Electric Images. If an electrified point, /, 
is held outside any conductor connected with the Earth by 
a fine wire (so as to have zero potential) there will be induced 

2 a 
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on the conductor a certain charge of opposite electricity, the 
effect of which at all points outoLde the conductor is the same 
as that of an imagined point, I\ inside the conductor, and 
the effect of which at all points inside is the same as that 
of /. 

If there be a continuous series of external points fonuing 
an electrified body, Jf, there will be a continuous series of 
imagined internal points, forming an oppositely electrified 
body, -Sf' ; the latter is called the electric image of the former 
body in the conductor, and the distribution on the surface 
exerts at all external points the same effect as woidd be pro- 
duced if this distribution were actually replaced by the 
image M\ 



THE EKB. 



